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=—— Preface to the Fourth Revised Edition 


(EEY | 


The present book Mathematics-I has been written according to the latest 
U.P. Unified Syllabus w.e.f. 2011-2012, keeping in view the requirements of the 
students of B.C.A. ISt Semester of all universities in Uttar Pradesh (U.P). 

I feel great pleasure in bringing out Fourth revised edition of this book. 

Efforts have been made to move the types and correct the mismatched cross references. 
I hope there are none now. 

Sequencing of topics in some of the chapters has been altered to make the development 
of the subject matter more consistent. 

Ihave expanded on the contents by adding 150 more solved examples. 

The reference of last year question papers of all U.P. Universities (Unified Syllabus) for 
B.C.A. examination have been mentioned at concerned places. 

In view of the above mentioned features, it is expected that this new edition will prove 
more useful to the readers. 

Any constructive comments for improving the contents of this volume would be 


warmly appreciated. 


— J.P. Chauhan 


(iv) 


IIT 


Preface to the First Edition 


Introduction 


Mathematics-I for B.C.A. has been written to fulfil the needs of B.C.A. students. It is 
needless to say that the Determinants, Limits and Continuity, Vectors and Matrices 
forms the basis of Mathematical analysis and is an indispensable and powerful tool for 
Mathematical. Detailed chapters of Gamma and Beta function, differentiation and 


integration gives the better outline to acquire Mathematics knowledge. 


Features 


Some prominent of this book are: 

Accessibility: Each chapter of the book has been written so that is easily accessible. The 
basic idea of each topic is carefully and clearly explained. 

Prerequisites: Prerequisite topics of each chapter are listed in the contents of the book and 
a basic understanding to those topics will suffice for the study of that particular chapter. 
Exercise sets: Each chapter includes a comprehensive exercise set containing routine, 
intermediate and challenging exercises so that the learners may have sufficient practice in 
the subject. Solutions to all exercises are given at the end of each chapter. 

References: References from previous years question papers of different regions have been 


added where appropriate as an indicator to important topics. 


Goals 


The goal of this book is to present a wide variety of interesting applications of B.C.A. 
Mathematics in a flexible and accessible format. The book entitled "B.C.A. Mathematics-I" 
has been written to meet requirements of B.C.A. courses of all Indian Universities on this 
subject. It covers topics form Determinants, Limit and Continuity, Eigen Values and Vectors 
Differentiation and Integration, Vector Analysis and Matrices. This book contains 
illustrative examples, theorems with proofs and comprehensive exercises that are designed to 
reinforce the learning of Discrete Mathematics, logic and computibility. 

Throughout the book, the subject matter has been dealt in such a simple, logical & 


systematic way that students will not find any difficulty to understand it. 


— J.P. Chauhan 
(v) 
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Determinants 


11 Determinant 


Consider the two linear equations in x 


ax+h =0 ...(Т) 
mx +b =0 2:02) 
From (1), жесі 
а 
Put the value of x in (2), we get 
1 
а) |-— |+ =0 
Е 
ог aby -wb =0 ...(3) 
From (1) and (2) by eliminating х, we find 
la 
=0 ...(4) 
[o h| 


The two rows of д, д and a,b) enclosed by two vertical bars is called a determinant of 


second order 
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а b 

а) апа by 
column | column 2 
Row 1 > | a h 


Row 2 > | a № | 
Each quantity 4 , bj, a,b) is a column or in a row is called element or a constituent. 


From (3) and (4), we know that 
БЕЛЕ 


D by | aby -mh 


а 
aqb — «hj is called the expansion of the determinant of | : | 


h 
|o h| 


© 
ЖО Examples 


4 6 
Example 1: Expand the determinant В 5 | 
ты 


Solution: 


6 
гін x5 -2 x6=20 -12 =8. 


Example 2: Expand the determinant Ё 3 1| 2| 


+ 


p 
Solution: Ё "ааа 
1.1.1 Determinant of Order 3 


ац біз 413 | 
The symbol А=| 421 499 493 | 
| 


|431 432 433 
is called а Determinant of Order 3 and its value is the number 


р | 422 ws | _ - | 421 os| , 4% а)» | 
!! | р аз | 12 | аз Жы 13 ав 432 | 


This is called the expansion of the determinant along its first row. 


A determinant of order 3 has three rows and three columns. It has 3 x 3 =9 elements. 


e Determinants 5 жш 
1.1.2 Determinants of Order 4 
ы 49 43 44 | 
a a 
The symbol A= боро 622 ®з 4 
41 432 443 434 
[441 442 аз д | 
is called a Determinant of Order 4 and its value is the number. 
| оо йз 904 | (ад 923 %4 | ET 922 4 | ET Фо 3 | 
41 | 933 434 |-аз П 933 434 |F 63 |t 42 84 ЕЎ \ 42 833 | 
|442 a43 ад | | 41443444 | | 41442444 | [аар аә аз | 


This is the expansion of A along its first row. The determinant of order 4 has 4 rows and 4 
columns. We can expand it along any of its rows or columns as is the case of a determinant 
of order 3. Proceeding in the same fashion we can evaluate the determinant of order 


greater than 4. 


1.1.3 Minors and Cofactors 


ET 42 43 | 
Minors: Consider the determinant A = | 1 ($9 03 


|а) 42 аз | 


If we leave the row and the column passing through the element а, then second order 


determinant thus obtained is called the minor of the element ар We shall denote the 


minor of the element ау Бу Му. 


Еог Ехатріе: 


|42 аз | 
The minor of the element a5, = = M. 
21 21 
[439% | 
В 41 43 
The minor of the element 455 = bl = Мз» and so on. 
1 3 


In terms of the notation of minors, if we expand A along the first row then 


А-(-1 *la М11%(-1) 724; Mj; + (=D! *3 дз Муз 


= 41 Муу -а>2 М2 + аз Мз. 


Cofactors: The minor M j multiplied by (-1)'*/ is called the cofactor of the element Чу. 
We shall denote the cofactor of an element Бу the corresponding capital letter. 


The cofactor of ау = Ay -(-1)% Í Mi. 
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For Example: 


а а 
The cofactor of the element бур = Аҙ) = САР ыг Mp, =- | s 2 | 
2 3 
ГЕ [а аз | 
The cofactor of the element 444 = Азо = (-1) M3 =- | » % | 
21 3 


Thus, the cofactor of any element а; = (-1)'*/ x the determinant obtained by leaving the row and 
column passing through that element. 
In terms of notation of cofactors, we have 
A= аА +4212 + аз Аз 
or A = 431 Аҙ) + азд Аз) + 433 Азз and so оп. 


Therefore, in a determinant the sum of the products of the elements of any row or column 
with the corresponding cofactors is equal to the value of the determinant. 


Example 3: Find 
(i) Minors 
2 3 5 


(ii)  Cofactors of the elements of the first row of the determinant|4 1 0 |. 
6 2 7 


Solution: (i) The minor of the element 2 is 


E Э| 1х7-0х2-7-0-7 


The minor of the element 3 is 


| |4 0| 

4 101- =4x7-0x6=28-0=28 
| [6 7| 

627 


The minor of the element 5 is 


r2 essel 9; алы 5 а 
| |4 | 

4 1 = =4х2-6х1=8-6=2 
| (6 2| 

62 7 


(1) The cofactor of 2 = (1) +17=+7 
The cofactor of 3 = ae (28) 2 -28 


The cofactor of 5 = Ei! +3 (2) =+2. 


e Determinants 


Example 4: Find the order and value of the following determinants. 


1 1 I 
ML "I т 
à | (i) 3| 

2 -2 1 


Solution: (i) The determinant has 2 rows and 2 columns, so the order of this 


determinant is 2. 


е | 
Let m Е хх хэ ини 


ll 1 I| 
(ii) Тһе determinant |2 ] —3| has З rows and З columns, so the order of this 
|2 -2 1| 
determinant is 3. 
ll 1 I| 
-3 2-3 2 1 
Let a-|2 | -3|=1. a]: +1. 
-2 1 2 1 2 -2 
|2 -2 1| 


(Expanding the determinant along the first row) 
-11():0)-(-2)(-3)у-1-10) () - 2) (-3)} + 1102) (-2) – (2) (Dt 
=(1-6) - (2+6) + (-4 -2) =-5 -8-6=-19. 


623 
Example 5: Expand the determinant |2 3 5. 
421 


Solution: Expanding the determinant along the first row, we get 


6 2 3 
2 3 5 |=6 (cofactor of 6) -2 (cofactor of 2) + З (cofactor of 3) 
|4 2 I| 
-6(3х1-5х2)-2(2х1-4х5)-3(2х2-3х4) 
=6 (3 – 10) -2 (2-20) +3 (4-12) 
= 6 (-7) -2 (-18) +3 (-8) = -42 + 36 - 24 =-30. 


Example 6: Expand the fourth order determinant 


|o 12 3| 
l0 2 0| 
2013 
1210 


[Als 


Solution: Expanding | A| along the first row, we get 
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020 [12 0| 
lA[20-(-D!*! |o 1 3 БЕ зен 1 3| 
2 10| [1 1 0} 
100 10 2 
42-41 о 3) 8-1 5 л 
12 0 12 1l 
12 0 100 102 
|А\=0-|2 1 3|+2|2 0 3|-3|2 0 1 440) 
110 12 0 12 1 
[12 0| 
Now 2 1 3-1 НЬ 47 л 1 то 3) -2 (0-3) +0.(2 -1) =3 
, ни? 10 5117 | Ни 
110| 
[10 0| 
|0 31: ol? 31, ol? 0| 
2 о 3|-1 -1(0-6)-- 
|2 0| Ч) 0 | i 2 | 
1 2 0| 
1.02 
о | ТА 
2 01-1 -0 +2 1(0-2)-0+2(4-0)=6 
|2 1| || 2| 
jl 2 1 


Putting these values in (i), we get 
14|-0-3-2(-6)-3(6)--3-12-18--33. 


Rules of Sarrus 


(For third order determinants only) 


After writing the determinant, repeat the first two columns as below 


23 4 
Example 7: Expand the determinant А = |1 5 3 | by Rule of Sarrus. 
3.05 
Solution: оя E 
о 


5x5) x3) xia кк —[(4х5 х3) + 2 x3 х0) + (3 x1x5)] 
= (50 4 27 + 0) - (60 - 0 +15) 277 - 75 =2. 


e Determinants 


e"? 


@ * . H 
=:Comprehensive Exercise 1.1 
Expand the following by Rule of sarrus 


|1 4 2| |6 3 7| | 3 2-4| 
1. 2 5 3| 2. |32 13:37 3. 5 1 -1| 
[3 6 4| [10 4 11| |-2 6 7| 
2.7 
e, 
=: Answers 
1, 0 2. | 10 EN 155 


1.1.4 Determinant of a Square Matrix 


Let А = (а; nxn реа square matrix of order n. Then the determinant given below is called 
the determinant of the matrix A and is denoted by | A| 


[41 42... а, | Їйл 42:57 Gal 
Т. оі 49.2... 
дема M qeu. cou 
жээ ад An... Чт 
Matrix Determinant 


Since the determinant is always square, therefore, only square matrices can have 


determinant. 
[2 0 5] 
Example 8: Find the value of the determinant of the matrix, 4-13 11 | 
14 6 
Solution: We have, 
2 0 
"ит T ТТ 3-1 5 3. I 
|A 77143 quss ra 
1 4 
=2 (6-4) -0+5 (12 -1)=4 +55 =59. 
1.1.5 Properties of Determinants 
1. The value of a determinant does not change when rows and columns are 


interchanged 
ай q 4 wo % 
Le., w № о |= № by 


& b ej 1а € 6 


10. 
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If any two rows (or two columns) of a determinant are inter-changed the value 
of the determinant is multiplied Бу- 1. 


la h al [ав b «| 
ie., |o by Cy |=-|0 b б 
[з В aj |a Аа | 
If any row ог column of a determinant A be passed over л rows ог columns the 
resulting determinant will be (-1)"A. 


If all the elements of any row (or any column) of a determinant are multiplied 
by the same number k, the value of the new determinant is k times the value of 
the given determinant. 


| a h а | la Аа | 


Le., ka К ke |= а b 8 | 
|8 В o| [в b o| 
If A be an n-rowed square matrix and k be any scalar then 
| KA =k" Al. 


If all the elements of any row (or any column) of a determinant are zero, the 
value of the determinant is zero 


lo 0 ol] |0 a а; 
Le., іш by 250 ог 0 by |-0 
|8 | (0 c ¢3 | 


ЇГ two rows (or two columns) of a determinant are identical, the value of the 
determinant is zero. 


E а A | 4h aq 
Le., а) а) о |=0 or ja h а|15-0 
аз 4 4 |8 № се| 


In a determinant the sum of the products of the elements of any row (ог any 
column) with the cofactors of the corresponding elements of any other row 
(column) is zero. 


If in a determinant each element in any row (or column) consists of the sum of 
two terms then the determinant can be expressed as the sum of two 
determinants of the same order. 


ara h а ай а ай а 
іе, |ао+а № o |=| b су|+| b, c 
сан by 0| |a В | | В c 
If the elements of а row (or column) of a determinant аге added т times the 


corresponding elements of another row (or column), the value of the 
determinant thus obtained is equal to the value of the original determinant. 


|a да | la -rmbh b а | 
ie., Let А-а by c | and N =| ay + mb b, бф 

|в № c | | р + т № c | 
be the determinant obtained by adding to the elements of first column of Am 
times the elements of the second column. 


11 жш 


we Determinants 


12 Product of Two Determinants of the Same Order 


1.2.1 Rule for the Multiplication of two Determinants of the 


Third Order 
а йа іш Bon | 
з В c3 [as Вз тз | 


be two determinants of the third order. 

a ha | од Bn | 

a № о0о Bo Y | 

а by 8 ||оз Вз 7з | 

404 + ha, + доз ар, + АВ + Вз ay + hy) + сүз 

=| 40 + 2092 + C903 әр +В + орз wy + №12 + стз 
(304 +0) + 6303 aĝi + ВВ + саа ау + ву + С3Үз 


This is the row by column multiplication rule. 


Then Aj ‘^9 


Note: The value of the determinant does not change by interchanging the rows and 
columns. Therefore, while writing down the product of two determinants of the same 
order, we can also follow the row-by-row multiplication rule or the column-by-row 
multiplication rule or column-by-column multiplication rule. 


Working rule: In finding the value of a determinant we always try to make the elements 
as zero at maximum number of places in any particular row (or column) and then to 
expand the determinant along the row (or column). 


The first, second and third rows of a determinant are denoted by Ку, Ry, Rg respectively 
and columns by С), С, Сз etc. The addition of R; and m times R ) is written as 
R,=R; + mR j. 

Here К; changes while К j will remain as it is. The interchanging of R; and R j denoted as 


R; (©) Ry. 


| 1 о 02] 
Example 9: Evaluate, A К о o l | [B.C.A. (Kanpur) 2006] 
т o 


where @ is one of the imaginary cube roots of unity. 


Solution: Applying Cj = Cj + Cy + C3 


о 

Пъо+о2 © E |o Е y 

1 o? o? 1 = |0 nu ves C104 0 -0) 
® 1 9| |01 e| 


к- 
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|3x-8 3 3 | 
3x-8 3 |-0.[B.CA. (Allahabad) 2010] 
3 3x -8| 


Example 10: Solve the equation 
| 


Solution: Applying К =R; + Ry + R3 


3 
3 


3х-2 3х-2 3х-2 
3 3x-8 3 -0 
3 3 3х-8 


Taking common (3x — 2) from R}, we find 
1 1 1 

(3х-2)|3 3х-8 3 1-0 

3 3 3х-8 


Again applying С) = С. - Су, C4 = Сз -G 
|1 0 0 

(3х-2)|3 3х-11 0 -0 

[3 0 Зх—11 


Expanding the determinant from the first row, we get 
(3x -2) (Зх - 11? =0 
1111 


? 


= ва? апа х= 
3 


| be a e | |1 а? a | 
Example 11: Show that|ca b 12 12 p 


| ab с e |1 c 2 | 


: [B.C.A. (Bundelkhand) 2007 | 


Solution: Multiplying Ку, R9 and Кз by а, В and c respectively, we find 


abc а? a | 

= |? Р 
abc 

2 3 


abe с г | 


Taking common abc from Су, we find 
12 | h 2 | 
1? png a 


1-6 г | ! c e 


abc 


Example 12: Show that 
lac b 2c а b | 
A= ё р+с+ 2а р |=2(а+»+ў. 
| 


| ё а c+at+2b 


15 жш 


e Determinants 


Solution: Applying Ку = Ку - R3, Rə = К - Кз 


а+р+с -(-0-0) 0 
A= 0 р+с+а -(р-с-а) 
| c а с+а+2р | 


Taking common (a + b + с) from Ку and R3 


=(а+ё+д?|0 1 | 
с a c+a+2b| 


Again applying C5 = С +С, 
1-0 0 
=(a+b+ |0 1 = 
с ate а+с+2р 


Expanding the determinant along the first row, we get 
1 -1 


y 
a+c ctat+2b 


A =(а+р+с 


- (a4 b cy (c+a+2b+a+c) 


=(a+b+c)* (2at 2b + 2c) 


=2(a+b+ c? 
a-b-c 2a 2a 
Example 13: Show that, 2b b-c-a 2b =(a+b+ су. 


| 2с 2c с-а-В| 


Solution: Applying К = Кү + Ку + R3 


ļa+b+c ath+e a+b+c 
-| 29 В-с-а 2h 
| 2c 2c c-a-b 
1 1 1 
-(4-0-0)|2 р-с-а 2b 
2c 2c c-a-b 


1 0 0 | 
=(a+b+c)|2b b-c—-a-2b 2b -2b 
2c 2c - 2c c-a-b-2c| 


= (a b cy (G = С, -CG SC -С)) 
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Example 14: If о be a cube root of unity, prove that (a + bo + са?) is factor of the 


determinant 


la b cl 


рса 


jc a b| 


and show that the determinant is equal to — (а? +P +e- 3abc). 


la b c| lat bo co 
Solution: L с a|- р+со ай) c 


(с а b| |с + aw + bo? a b 


2 


? bel 


a+ bot co bc 
= o (bo + co” + а) са (өз =1) 
(wc + a + bo) 4 b 
Б bc 
= (а + bo + cw) o ca 
|o a b 
2 
[I++ a+b+c шім 
-(а- bo + со?) o с а 
p : аа 
|0 а+р+с ax b «cl 
= (1+ bo + cu?) o? с а | 
|9 а b | 
011 
=(a+ bo + ca’) re beo) a" с | 
о a р | 
0-1 
-(а- ро co”) (a+b д jo” с-а 2 
© a-b b| 


= (а + bw + cw”) (at b+ 


= (а + ро 


сө?) (a ЕВ 


+ с) (a0? - bo” -co + ао) 


c) (а (o? + €) -ba -со) 


=(a+ b+ c) (а + ро + ca? ) (-a— ba? — co) 


--(4408-4 


--(4404 


+ с) (а + Бо + co) (a+ bo + со) 


нс) (e +P +2 — ab — bc — са) 


= - (а? +P + —3abc). 


а (Ву applying C, = С + 9C; + оС) 


(Ry = К + Ro + Кз) 


(C) =C - C3) 


e Determinants 


Example 15: If x, y and z are all different and if | y y? 1+ 


Prove that xyz =-1. 


| x x) 142 | 
Solution: We ца! у у? 1+ y | 
| z 22 1+2 | 


| x x? 1+3 | 
У |=0 
2 1423 | 


| 22 


Expressing the given determinant into two determinant, we get 


Ix 2 if lx 2 8 
у 7 ны У y |=0 
2 2 3 


[2 


1| |2 2 


Taking x, у, 2 common from Кү, Кә, Кз of IInd determinant, we get 


| х xX 1 1x x 
2 21 
Ё У lexz| у у |=0 
|2 22 | lz 2 
| x x? 1x x 
> 4 y Уч y y |=0 
E z 2 lz 2 
|1 x x 1x x | 
= 1 у J +xyz|l y J =0 
|! z 2? lz 2? | 
lx x 
> (1+ xyz)|]] y y? =0 
lz 22 
=> 1+ xyz =0 or xyz =-l1. 
d a be 1 d. x] 
Example 16: Prove that 12 b cal=-\e P e 
2 c ab а в с | 
Ы а 4 
Solution: We have, ч b “ 
2 с ab | 


| C 
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Multiplying Кү, Ro, R4 by a, b and с respectively, we get 


og abc | | a3 а? 1| 
EE UE m Tr 
abc с 
|^ c abe | 2 21 | 
а а | 
=|P 12 1 (Сі _— бу) 
egi 
Meel | 1 l 1 | 
=-|1 ВЕ P e (By interchanging row and column). 
! 200 | ore 


Example 17: Show that x = —(a + b + c) is one root of the equation 


| х+а b C 
| b X+C a | =0 and solve the equation completely. 
| e а x+b| 


Solution: Applying C, = С + C5 + Сз, we find 
х+а+р+с р с 


x+a+b+c хас а |=0 
х+а+р+с а х+Ь 


ll b с 
ог (х+а+Ь+с)|1 хас а |=0 


ог(х+а+р+с) |0 x-b+c a-c |-0 (К = К -№, В = Кз - К) 


On expanding the first column 
(х-а-0р-0)| х-0-0)(х40-с)-(4-0)(4-0)|-0 
(x+a+b4 с) [x2 (b cy (а^ ac — ab + bc)| =0 


(x+a+b+ c) [42 -P -e +2b -8 + ac + ab — bc] =0 


(х+а+ЁЬ+с)(х^ P-e a + ab + be +ca)=0 


> ейһегх+а+р+с=0 or x? -æ -b - +ab+be+ca=0 


> х=-(а+} + с) 


or vate - I? + c —ab—be-ca 


e Determinants 


Example 18: Show that 


1-42-00 24 -2) | 
| 2а) 1-2 +P 2а Um 
| 2b -2а 1-4 -b| 
1442-1224 -2b | 
Solution: ны 2ab 1-2 +12 2a | 
2b -2а 1-2 -b | 
Applying Cj 2 Cj - DC4, С. = С; + aC, 
14d + 12 0 -2р | 
= 0 lea +07 2а 
(++?) -ай+а +?) 1-84 -h | 
г d —2Ь | 
2144-2810 1 2а 


b o-a 1-2-0 


Applying Кз = R4 – рК, we get 


го -2b | 
-(ü-dPyj|o 1 2a 
0-4 1-4 Р 


Expanding along the first column, we get 


=+ +PP Оа а) 2421 
=(l+ +P) (+a ap) 
= (1+2 +P) 


Example 19: Show that 
a b с 
a-b b-c с-а|-а +1 «c -3abc 


b+c cta a+b 


| a b г | 
a-b b-c с-а| 


[b+c c+a a+b| 


Solution: L.H.S. = 


Applying Cj = Cj + С» + Су, we get 
| a+b+c b с | 
5 0 b-c с-а 
|2(а+Ь+с) ста а+ | 


17 
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Taking common (a + b + с) from Cj, we find 
l b с 
=(а+Ь+с)|0 b-c с-а 
2 cta a+b 
Now, applying R4 = R4 -2Қ 
| 1 b с | 
=(a+b+c) |0 b-c с-а | 
|0 c*a-2b acb-2c| 
Expanding the determinant along first column, we find 
i | b-c c-a | 
Tet TO аш a* b -2c| 
=(a+b+c)[(b-c) (a+ b-2c) - (с-а) (c+a-—2b)| 
=(a+ b+ c) [арч I? -2bc - ac - bc + 2c? - — ac + 2be + ac + а? — 2ab] 


=(а+р+с) (а? +P аы — ab — bc — са) 
та +53 +63 -3abc 
Example 20: Prove that 


b+c a+b а 
А=|с+а bec bid +1 +0 -3abc 
a+b c+a c 


Solution: Applying С = Cj + Сз, we get 


|а+Ь+с a+b al ll a+b al 
A=la+b+c b+c Жэ bas 2 
[ac btc с+а с| |1 с+а с| 


Applying Ry = К, - Ry, R3 = Кз -Ri 
l a+b a | 
=(а+Ь+с)|0 c-a b-a 


О c-b с-а| 

с-а р-а 
-(а-р-с) 

c-b с-а| 


=(at+b+c)[(c—a)* —(с—Ь)(Ь-а)] 


=(a+b ое + а? 2ас bc + ac + D? — ab] 


=(а+р+с) [а^ +102 + — ab — bc – ca] 


та +P +63 —3abe 


e Determinants 19 


Example 21: Show that 
а? bc 2 
а^ + ab 12 са 


ар 12 + be c 


=40 Ро. 


Solution: We have 


a be c +са 
а^ + ab 12 са 
ар b bc c 


Taking common a, b and c from Cj, Cy and C5, we find 


a € ста 
=abc\at+bhb b a 
b b+c с 


Applying Сз = Сз - (Cj + Cy) 


| a c с+а-а-с| | а с 0 | 
ее дай 3 a-a-b-b|- abe atb b -2b 
| b bec c-b-b-c| | b b+c -2b| 
| а c o] 
-(ab)(-2p|a-b b 1 
| b bec 1| 
Now, applying R4 = R4 – К, 
a c 0 
ас 
з--206с|ажВ b 1 -2аўс|_, [ede Quo 4202 
| -a e 0| 
Та b+c 
Example 22: Showthat|] b с+а|=0 
l c a+b 
|1 а b+c| 
Solution: Let А-| b c+a 
П c a+b| 
Applying Сз — Сұ + Cy, we get 
ll a а+Ь+с| Пап 
А-| b р+с+а|(=(а+р+с) |1 b i = 0), since Cj and Сз are identical. 
1 с а+р+с| [1c 1| 


Taking a + b + c common from Сз 
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Example 23: Without expanding, show that 

|122 be b+c | 

|. са cta P^ 

Ша ab a*b| 


1262 be b+c 


Solution: Let ^-|c d са с+а 


d? ab a+b 


Multiplying the Ist, 2nd and 3rd rows by a, b, c respectively, we get 


| ab? abc ab ас | 


2 | be 1 ab + ac | 

Жэ be? a bea be ba se ca 1 be+ba 
abc abc 

САА сар са + cb | [ab 1 ca cb | 


Taking abc common from 15 and 2nd columns 


[bc 1 ab+ bc + ca | 
= abc | са 1 ab+ bc + са |, applying C4 > Сз +С, 
[ab 1 ab+ bc + ca | 


[bc 1 1| 
= abc (ab + bc + са) |ca 11), 


[ab 11| 
Taking (ab + be + ca) common from third column 


=0, since Cy and Сз are identical. 


Example 24: Show that 
|[р-с с-а a-b| 
с-а a-b b-c 


(4-9 b-c с-а| 


-0. 


|)-с с-а a-b| 
с-а a-b b-c 


(4-4 b-c с-а| 


Solution: Let A= 


Applying Ку > Кү + Ro + Кз, we get 
0 0 0 


А=|с-а a-b Ь—с|=0,вїпсе ай elements of Кү are zero. 
a-b b-c с-а 


21 жш 
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Example 25: Prove that 


l+a 1 1 
А=| 1 l+b 1 =ак{+1+у 1) = abe + ab be on 
a b c 
| 1 I. lee] 


[B.C.A. (Lucknow) 2007] 
Solution: Taking a, b,c common from first, second and third columns respectively, we get 


|1 1 І | | 111 1 1 | 
-ж1 = - 1+=+= + 
а р с | | a b c b с 
А = abc : Та 1 жз Тл. l 14 : : 
| a b с | | a b c b с 
| 1 ТЫР ГІТ ! ! 35 | 
| а р c | | a bc b c | 
Applying Cj > С, + С + C5 
1 1 | 
Е = 2 
р с 
E +) Lo l | 
а с b с | 
1 1 Ын 
b с | 
| pL. 
Taking | 1+ — + — + – | common from Cj 
a b c 
ІТ 
с 
ва [+++] 0-1 0! 
5 i 0 1 
abe (re +4 5+ P) ae + ab + be + oa 
a b c 
Example 26: Prove that, 
x—-y-z 2x 2x | 
А=| 2y у-Хх-Ё 2у Jae y +2). 
22 22 2-х- j| 
Solution: Applying Кү > Кү + Ro + Кз, we get 
vt ytz x+y+z xt yptz| 
A= 2y y-x-z 2y 
2z 2z 2-х-))| 
| 1 1 г | 
=(x+ y+z)|2y y-x-z 2y | 
| 22 22 z-x-y| 
| 1 0 0 | 
=(х+ y+z)|2y -(x+ y+z) 0 БЕРЕ, 
|22 0 -(x* y+z)| 


[Applying Cy > Сә С 1 C3 > Сз С] 
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Example 27: Solve the equation 

|х-2 2х-3 3x -4 | 
x-4 2x-9 3x-16/|-0. 
|х-8 2х-27 3х-64| 


Solution: Applying Ry > Ry – Ку, Ry — R4 — Ry, we get 
| 
| 
Expanding the determinant along the first row, we get 
(х-2)6-(2х-3)4+ (8x-4)1=0 


бх-12-8х-1243х-4-0 


or x-4=0 or x =4. 


x-2 2х-3 3х-4| |%-2 2х-3 3х-4!| 


N 
| 
с 
| 
ын 
№ 
1 
© 
© 
^ 


6 -24  -60| | 1 4 10 | 


"T 
e 


=:Comprehensive Exercise 1.2 
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1. Evaluate the following determinants: 
ab x+y 1 
1 | ii 
0) -b a| 01) хз х? -ху+ у | 
2. Evaluate to each of the following determinants: 
13 -l 1 2 3| 
(1) }-2 1 2 (ii) 12 3 6 
4 5 Ц х yz 


|sin 10° —соз 10° 
3: Show that! . =]. 
[sin 80° cos 80° | 


4. Find the cofactors of each element of the following determinants: 
0 12 1 b 
5 7 | а bc 
(1) 8-1 (ii) |] 4 I (iii) 1 b ca 
| | o 2 7 l c ab 
5. Using the method of cofactors find the value of determinant 
la b+c 
l b cta 
| l с a+b | 
6. Evaluate the following determinants: 


la-b b-c c-a] 
|h-e с-а a-b]. 


[с-а а-р b-c| 


10. 


11. 


12. 


13. 


14. 


15. 


Determinants 25 жш 


ah g l a bc 1 1 1 
hb f 8. |l b ca 9. о. В y 
lg fel || c ab| B+y ү+= оа + В 


Without expanding the determinant, show that ( t D + > + 8 is a factor of the 
a с 


l+a 1 1 
determinant] 1 1-7 1 
1 1 l+c 


Using properties of determinants, show that 


а+р+ 2с а р 
с 2a+b+c Ь -2 (a b c 
C a a+2b+c 


Using properties of determinants, prove the following results: 


x+9 x X 

(1) x x9 x |=243 (х +3) 
х x х-9 
х-4 х х 

(ii) x x-4 x |-16(3х-4) 
x х x+4 


x+4 2x 2X 
(iii) | 2x ха4 2x |2(5x44)(4- x 
2x 2x х+4 


b+c cta ath a bc 
(iv) |с+а a+b Ь+с|=2|Ь c a 
a+b b+c ct+a cab 


Prove the following identities 


x y z| 

= ж 2 |е у) (у= 2) (2-х). 

хэ y 2 | 

la æl 

1 b P |=(a-b)(b-c¢)(c-a)(a+b+ co). 

lc e 

а+р+с —¢ -b | 
ni а+р+с -а =2 (a+ р) (b c) (с+а). 
-=b -а аж-с| 
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1 b+c P? +c | 


16. |1 с+а +a - (a — b) (b — c) (c — a). 


l a+b @ + | 
-g ab ac 
17. | ba -Р 10|-4421222 


ac b _ 2 


Solve the Following Equations: 
x+1 3 5 | 

18. 12 x«2 5 |=0 

2 3 x«4| 


xta b с 
19. а хар с [20 
а b х 
|3х-8 3 3 | 
20. 3 3х-8 3 |-o 
| 3 3  3x-8| 
о?“ 
е . 
=: Answers 
ME «+h (i) y 2. (i) 35 (1)3х-2 


4. (i) Ап =-1, Ajo ==3, 451 --7, Aoo ex 


(ii) А =25, Ауд --2, Ai3 --17, А5 =-1 402 =—10, 
Әз =5, Азу --7,Аҙҙ =2, Аз5 =-1 


(іі) Aj, -а(07-с2),Ар) =a(c —b), Аз =с-В Ay, = – a), 
А,» =b (a-c), Aga =а-с, Азу =¢(@ — №), Ag -с(р-а), 


Азз -0-а 
=, 0 6. | 0 
7. | abc +2 fgh - af? — bg? -ck 8. | (a-b) (b —c) (с-а) 
o о IS 1,1,-9 
19. | x 0, - (а+р+ c) 20. p 
Super 


e Determinants 


15 Solution of Linear Eguations (Cramer's Rule) 


Solution of Simultaneous Linear Equations by Determinants (Cramer's rule)- 


Let us solve the following equation: 
ax+hby+qz=d 
MX + № y + cz = 0 
ax + by y + 632 = d3 
aq ha 
Let А-а b c 
аҙ by с; 
ах bh q 
Or ХАт-а,х № о 
вх by 6 
[Cy =C] + yC +263 ] 
aqxthyt+az A q d h d 
> хА=|ах+у+о2 b о= |0 b © = Д 
ах+у+о b o| |в В o 


x 1 
=> — = — 
Ap A 
Similarly 28-23. 2021 
A A’ Az A 
= Жо. Rm 
A, А) А; A 

А А А 

> gel, ys, в=-3, 

A A 2 


Note: If A = 0 then the system is not consistent 


Example 28: Solve х-2у-4-3у-6 


2x+4y+z=17 
3x +2 y+9z=2 
Using Cramer's rule. 
Solution: 4-2 y+3z =6 
2x+4y+z=17 
Зх+2 y+9z=2 
1-2 3 
Let А-|2 4 1|= (36-2) +2(-3 +18) +3(4-12) =40 
3 209 


Thus, A #0 and therefore, the system has unique solution given Бу 
to y zol 


A A А; A 
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е 26 
6 -2 3 
where A,=|17 4 1 =6(86-2)+2(153-2)+3(34-8)=584 
2 2 9 
16 3 
Ay =|2 17 1| =1(153-2)-6(18-3)+3 (4-51)=-80 
329 
1-2 6 
Ag =|2 4 17|=1(8-34)+2(4—51)+6(4-12)=-168 
322 
А 584 73 A, -80 А; 168 21 
«cU ар 35 da ар лд 49 5 


Example 29: Use Cramer's rule to solve the following system of equations 


3x+ y-zzl 5х+2 y+3z=2, 8х+3 yt+z=3. 


Solution: 3x+ y-zzl 
5х+2 y+3z=2 
8x+3 у+2=3 
3 1-1 00-1 
14 5 
Let А=5 2 3|=|14 5 35-11, 4 =- (56-55) =-1 


83 1 114 1 
[IG >С +3 Сз, С > C$ +C] 


Thus, A #0 and therefore, the system has а unique solution given Бу 
х y z l 


A M A, А 


x 2 
= aaa Sa г |3 1-1 
22 3l |52 3 2 52 3 
зз 11,83 1 |8 3 8 3 
11-1 
А, =|2 2 3=0 
3 3. ] 
Кб асс o v0] 
3 1 -1| |0 0 -1 т 
дуе |620. 5 3|= |а a 7:06-59-44 
83 1) пал 
811 
Аз=5 2 2|=0 
833 
у.а l 


e Determinants 


Ог 
Непсе, х=0, у=1,2=0 


Example 30: Use Cramer's rule to solve the following equations: 


x- y-z=]; y-z-x=l,z-x-y=l 


Solution: x- y-z=l 
-x+ y-zzl 
-x-y+z=l 
ІС» > С і С, Сз > Сз і С] 
1-1-1 ] 0 0 
0 -2 
Let А=-1 1 -1|=|-1 0 -2|-1 --4 
-2 0 
-1-1 1 |-1-2 0 
Thus, A #0 and therefore the system has a unique solution given by 
LN ДИЛЕ гэ! 
А’ № А; А 
х z J = 2 = 1 
1-1-1 1 1-1 1-11 1-1 -l 
1-1 1 1 1-1 1-1 1 -1 1--1 
1-1 1 -1 1 I -1-1 1 -1 -1 1 
[С > С» + C: C3 > Сз + С] 
1-1-1 100 0 
A-1 1 -1[[=|1 2 0-1 Р нэх гаа лаг. 
1-1 1210 2 
[С > С; + Сз, Cy > С + C3] 
1 1-1 00 -l ә 
Ао =|-1 1 -12-2 0 -І--іІ --(-4-0)-4 
2 0 2 ( ) 
-] 1 1 0 2 1 
1-1 1 0-1 0 
А,--1 1 1= 0 1 2 = Кил 
-1-1 1 -2 -1 0 
The solution is given by Beca АН. 
A, A, А; А 
бї LI NE NE: 
4 4 4 4 
Hence, хэ-1 у=-1, z=-l 


Example 31: Apply Cramer's rule and solve 
3x+5 y-7z =13 
4x+ y-12z 26 
2x49 y-3z 220 


27 
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Solution: 3x+5 y-7z=13 


4x * y-12z 26 
2x9 y-3z 2-20 
[Cj > Cj - 465; C4 > С. +12С„] 
3 5 -7 -17 5 33 
Let А=|4 1-121-1 0 1-0 = 
2 9 -3 -34 9 105 


l 3 
--17 --17(105-106) =17 
2 105 


Thus, А #0 and therefore the system has a unique solution given by 


x y z l 
Ар № № А 
x _ J 2 1 


13 5 -7 3 13 -7 “13 5 1313 5 -7 
6 1 -12 4 6 -12 41614 1 -12 
209 -3 2 20 -3 2 9 2029 -3 


Гоо оооу еа 
13.5. —7| |-17 5 53 


Аз 6 1 -12 ого ШЕ 2 
й ры 71-34 105 
20 9 -3 -34 9 105 
17 Jh 17 (105 2-106) =17 
ни лы нь сэнс 
Expanding the determinant along first row 
1 —7 
Ж. 6 -12 4 -12 4 6 
Ay =|4 6 -12|-3 - - 
20 -3 2 -3 2-20 
2 20 -3 


-3(-18-240)-13(12-24)-17(80-12) 
-3(222)-13(12)-7(68) 2 666 -156 -476 =34 
еер елене 767 
3 5 13| |-17 5 -17| |-17 -17 


Аз=4 1 6j=| 0 I О|= -0 
2 9 20| |-34 9 -34 -34 -34 
The solution is given by E 088. 
Ар А Аз A 
x py. zo d 
17 34 0 17 
Hence, x=], у-2,2-0 


Example 32: Solve Бу Cramer's rule the following equations 


х+ y+z=2, х+2у+32=1 3x+ у-52-4 


e Determinants 
Solution: x+ y+z=2 
х+2у+32=1 
3x+ у-52-4 
ph I 1 0-0 8j 9 yd 
Let А=|1 2 3|=|1 12 
3 1-5] |3 -2 -8 3 Э 63 -4 
1 
-1 =-8+4=-4 
219112 
Thus, A #0 and therefore the system has a unique solution given Бу 
MN NN AD 
A Ау) Аз 
х у _ 2 _ 1 
2 1 ит 2 1 1-1 2 1-1 
12 31101 3 ї 2 1 2 3 
4 1-53 4 -5 3 1 4 3 1 -5 
21 1 
А|-11 2 3| 2-16 
4 1-5 
[Cy > C -2 Су, Сз > Сз - Cj] 
1-2 1 1-0 0 
-1 2 
Ау =|1 I 3141 -1 21- 9 ате 
3 4 -5 3 -2 -8 
[Cy > G - GC > Cs -20 ] 
1 2 1 Q 0 1-1 
Аз=|1 2 1|=[1 1-1 |= -2-2--4 
-2 -2 
3 1 4 3 -2 -2 
yz] 


The solution is given by 


хр _ 1 
-16 12 -4 4 


or 


Hence, х=4, y=-3,z=1. 


Example 33: Solve by Cramer's rule 
2x+3 y-3z=0, 5x-2 у+22=19, х-7у-52-5 


Solution: 2x*3y-3zz0 
5х-2 y+2z=19 


29 


Х%7у-52-5 
2 3 -3 2-11 7 бу > Сә — 76,63 > Сз +54 
Let А-|5 -2 2|-|5 -37 27 


1 7 -5 l 0 0 
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-11 7 
“1-37 27 . 
Thus, A #0 and therefore the system has a unique solution given by 


x y z l 
Ар № А; A 


0 3 -3 2 0 -3 2. X3. © 2 3 -3 
19 -2 2 o; 19 2 5 -2 19 (5 -2 2 
5 7 -5 1 5 -5 1 7 5 Ї 7 -5 


[C5 > C, + С, | 
0 3 -3| JO 0 -3 


19 0 
Ар-19 -2 2|-19 0 21--3|, 9 
5 7-51 |5 2 —5 
--3(38-0)--114 
[Cy > C5 -5C,, C4 > Сз +580] 
20-3 2 -10 7 
А =5 19 21-15 6 oy ^ 7 
он E “4-6 27 
1 5-5 |I 0 0 
=1(-270 + 42) 2-228 
[Cy > Cy -7G,, Сз > Сз -56] 
2 3 01 12 -Il -10 
A, =|5 -2 19-5 -37 -6\=1 710 
сан ни E B WEM ЫГ M 
1 7 5| 1 0 0 
-66-370--304 
The solution is given by 
1 
Ар № № А 
х у 2 1 
ог = = = 
114 228 304 38 
Непсе, xz3, у=6, 2-8. 


Example 34: Solve the following system of linear equations: 


x+ y+z=l 
2x+3 y+z=4 
4x+9 y+z=16 
1 l I 1 0 0 С, >С›-С 
Solution: Let A-2 3 1|-12 1-1 
4 9-1 |4 5-3 C > €, -C 


1 -l 
5 -3 
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Thus, A # 0 and therefore, the system has a unique solution given by 
x. Ул. 2. 1 
А А; А; А 
х у 2 1 
i r a p 1211 т NE 
4 3 1 2 4 I 2 3 4 2 3 1 
l6 9 1 |4 16 1 4 9 16 4 1 
[Cy > С» - C C3 > C3 - Cj] 
1 1 I 1 0 0 -] -3 
A24 3 1-4 1 3 1-1 
16 9 1 16 7 15 7 -15 
-15-21--6 
[G > C -C G > С - Cj] 
1 1I jl 0 о 2 -l 
A,=|2 4 1-2 2-1 =1 
4 161 |4 12-3 -12 -3 
-(-6-12)-6 
[C3 > Сз -G,,C, > C - C] 
1 1 I 1 0 0 ] 2 
A422 3 4|-2 1 21-1 -(12-10)-2 
4 9 16 (4 5 12 5 12 
The solution is given by 
х yp 2 1 
М А; A А 
х y z 1 
586 22 
Hence, Х--3, у=3,2=1 
Example 35: Using Crammer's rule solve the following system of equations: 
2x-3 y+z=7 
2x+ y-zzl 
4у-32--11 [B.C.A (Agra) 2002] 
Solution: We have 
2x-3y+z=7 aL) 
2х+ y-zzl (2) 
4у-32--11 3) 
2-3 1| |2 -3 1 
Let А=|2 1--11410 4 -2|-2(12-8)-40 


0 4 3 |0 4 3 


Thus, A #0 and therefore the given system has a unique solution, given by 
x y z d 


A А) Аҙ А 
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7 -3 1 
i.e., Ау = 1 1 -=l J=7(8+4)4+3(8-11+1(44+11) =40 
-11 4 3 
2 7 112 7 1 
Ay =|2 1-11-10 6 -21-2(-18-22)--80 
0 -11 3| JO -II 3 
(Ry = Кә - Rj) 
2 -3 7 
Аз =|2 1 1|=2(—11-4)+3(—22 -0)-7(8-0)--40 
0 4 -Il 
Hence, "m у= шин 2, Жз... Ө 1 
40 40 40 
i.e., x=], у=-2, z=-l. 


= 
=:Comprehensive Exercise 1.5 


1. Solve the following system of equations using determinants only 
х+2 y+5z=23 
Зх+ у+42=26 
6x+ у+72 =47 
2. Solve the equations (by Cramer's rule): 
x+ у+2=1 
3x+5 y+6z =4 
9x+2 y-36z «17 [B.C.A. (Purvanchal) 2006] 
3. Using determinants, solve the following system of equations 
х-у-3 
2x+3 y+4z=17 
у+22=7 
4. Apply Cramer's rule to solve the following equations 
X*ytzz-l 
x+2y+2z=-4 
x+3y+ у2 =-6 
Э; Solve the following equations 
х+9у-2=4 
2х+7у+32=7 
3x+10y+4z=9 [B.C.A. (Garhwal) 2010] 


e" 


Фф 
=: Answers 


ШІ x=4, y-2,2-3 p к=з) у=Ье= = 3 r--L у-2,2-4 


4. | xzLyz-Lzz--l 5 х--3,у-12-2 


%%% 


Algebra of Matrices and 


Type of Matrices 


21 Matrices 


Let us consider a set of simultaneous equations 
х+2у+32+41=0 
4x+6y+5z+7t=0 
3Sx+4y+2z+6t=0 
Now, we write down the coefficients of x, y,z and t of the above equations and enclose 
1234 


them within brackets and we get А =|4 6 5 7 
3426 


The above system of numbers, arranged in a rectangular array in rows and columns and 
bounded by the brackets is an example of a matrix. The horizontal lines are called rows and 
vertical lines are called columns of the matrix. 


There are З rows and 4 columns in this matrix. The numbers 1, 2, 3, 4...... constituents 
of this matrix are called elements. It is termed as 3x4 matrix, to be read аз [3 by 4 
matrix]. In the double subscripts of an element, the first subscript denotes the row and 
the second subscript stands for the column in which the elements lines, lies in the i 


row and ia column. 
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Thus, 424 = 7. There is a lot of difference between a matrix and a determinant. The value of a 
determinant is a number. Matrix is not a number. It has no numerical value. Matrix gives some 
information. As elements in the above matrix аге the coefficients of x, y, z and t. Here, there are 
few examples of the matrix. 


23 4 
abcd 
A= В-|5 6 7 
1234 boi Е s 
2 3x3 
a 1 Шр] 43 ОРИ An 
Пээ а 
Ап m x n matrix in general form is written as 21 %22 93 2h 
431 439 433 а a3 n 
йм] Am2? 213 Amn 


Matrix A is also represented in short form А = [a; " 


2.1.1 Type of Matrices 


(i) | Row Matrix: If a matrix has а only one row and any number of columns, it is called 
a row matrix eg., [1 2 З 4],4 is a row matrix of the type 1 x4. 


(ii) Column Matrix: A matrix, having one column and any number of rows is called a 
1 
column matrix e.g., |2 |іѕ a column matrix of the type 3 хі. 
3 


(іі) Null Matrix or Zero Matrix: Any matrix, in which all the elements are zeros, is 


called zero matrix or null matrix. [B.C.A. (Meerut) 2008] 


000 
€. is zero matrix of the type 2 x3. It is usually denoted by 0. 
000 D x3 


(iv) Square Matrix: A matrix, in which the number of rows is equal to the number 
12 


of columns, is called a square matrix. e.g., | 4 


| х2 [В.С.А. (Meerut) 2009] 


The element on the principal diagonals are 1,4. In general the elements, 
411, 422, (533.....(,, are called the diagonal elements and the lines along which 
they lie is called the principal diagonal of the matrix. 


(у) Diagonal Matrix: A square matrix is called a diagonal matrix, if all its 


non-diagonal elements are zero. [B.C.A. (Meerut) 2008, 2009] 
100 
€g,|0 3 0 
00 4 


Thus, Diagonal matrix can be written as diagonal (1, 3, 4). Thus, A = [4; jlmxn 18 
diagonal matrix if а= О for i j. 
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(vi) 


(vii) 


55 == 


Scalar Matrix: A square matrix A = [а, jl is said to be a scalar matrix if 


[B.C.A. (Meerut) 2009, 2010] 
(a) all its non-diagonal elements are zero. 
(b) all its diagonal elements are equal. 


o when 12) 


E es for example 


Thus, 4} = | 


о ом 
әм о 
№. >: =, 


This scalar matrix can be written as diagonal (2,2,2). 


Unit or identify Matrix: A diagonal matrix is called a unit matrix if all the 
diagonal elements are 1 and non-diagonal elements are zero 
[B.C.A. (Meerut) 2008, 2009] 


10 0 
1 0 
e.g., h= , 3 = 0-1 0|1,- 
001 


A square matrix is said to be a unit matrix ог identity matrix if 


(a) all its non-diagonal elements are zero. 


(b) all its diagonal elements are each equal to 1. 


О when ij 
Thus, A -[aj] is said to be a unit matrix if a; = 


! |l when i=j 


It is denoted Бу I, І, is a unit matrix of order л, in unit matrix А =[4;;], aj; =l 
when i= j and a, ;=0 when i# j. 


(viii) Transpose of Matrix: If in a given matrix A, we interchange the rows and the 


(ix) 


corresponding columns, the new matrix obtained is called the transpose of the 
matrix A and is denoted by A' or АТ. 


abe ad g 
For Example: ҒА-|4 e f| A=|b е h 
g hi c f i 


The transpose of a matrix А = [а; тн is defined as the matrix Æ = [2] ор 
where bij = jp in other words the (i, j)'^ element of A is the (j, i^ element of А 


Symmetric Matrix: A square matrix A = [а: 1 is said to be symmetric if its (i, j) th 


element = the element (j,i) th of La; 1 in short G; =4;; 


Hence, A'=A [B.C.A. (Meerut) 2009] 
ah g 2 3 4 

For Example:|h b f|;|3 1-2 
g f c| 14-2 0 


(х) 


(хї) 


(хїї) 


(xiii) 


(xiv) 


(xv) 


56 MIN В.С.А Mathematics-I (Unified) 


Skew symmetric Matrix: A square matrix is called a skew symmetric matrix if 
ау=-—аң and ай the diagonal elements are zero [B.C.A. (Meerut) 2008] 
0 -h g 
For Example:|h 0 -f 
g f 0 
Hence, А'=-А 


Upper Triangular Matrix: A square matrix, all of whose elements below the 


principal diagonal are zero, is called an upper triangular matrix. 


Thus, A = [4i Лихи 18 an upper triangular matrix if 8,,-0 for i> j. 
123 

For Example:|0 4 5 
0 0 6 


Lower triangular Matrix: A square matrix all of whose elements above the 


principal diagonal are zero, is called a lower triangular matrix e.g., thus, A =[a; jl ын 


is a lower triangular matrix if а; = 0 for i « j. 


100 
For Example:|2 3 0 
456 


Orthogonal Matrix: A square matrix is called an orthogonal matrix, if the 
product of the matrix A and its transpose matrix А' is an identity matrix, e. g., 
A. A' = I. 


if | A| 2I, matrix is proper. 
Conjugate of a Matrix: A matrix obtained by replacing the elements by their 


corresponding conjugate elements, is called conjugate of a matrix and denoted 


by A. For Example 


M 2-3i 4 1-і 243i A 


if . . ‚| Пел A = . . | 
7-21 -i 3-21 7-21 і 3-21 


Matrix А9: Transpose of the conjugate of a matrix A is A9. For example, 


2-1 9 i 2-i 3 -i 

Let А= : : > . | conjugate of matrix 
l-i 1+2: 0 1+7 1-2i 0 
2-і Ізі 


А9-13 1-21 
—i 0 
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(xvi) Unitary Matrix: A square matrix A is said to be unitary matrix, if А9.А-1 


Ізі =l+i 
2 2 
For Example: A = | . 
P пе 
2 2 


(xvii) Hermitian Matrix: A square matrix А = (ау) nxn is called Hermitian matrix, if 


every (i, j) the elements of A is equal to the conjugate complex (j, i) the element 
of A. In other words dj = dj 


i 24-31 3-1 
For Ехатрїе:|2-31 2 1-21 
3-1 1-21 5 


Necessary and sufficient conditions for a matrix to be Hermitian is that A = A9 


i.e., conjugate transpose of А. 


Or A = (A) 


(хуш) Skew Hermitian Matrix: A square matrix А = (4i j) nxn is said to be Skew 


(xix) 


(xxi) 


Hermitian matrix if every (i, j) the element of A is equal to negative conjugate 


complex of (j.i) the element of A. 


If other words а= -4) 
i 2-31 4-5 
For Ехатріе:|-(2-3) 0 24 
— (4-5) 21 -31 


The necessary and sufficient conditions for a matrix А to be Skew Hermitian 
matrix is that A =—A or (А) =-А. 


Idempotent Matrix: A matrix such that A? = Ais called idempotent matrix 


2 -2 4 2 -2 4 
For Example: A -|-1 3 4|-А -АА-1-1 3 4|=А 
1 -2-3 ] -2 -3 


Periodic Matrix: A matrix A is called a periodic matrix АКТ = A, where kis a +ve 
integer. If kis the least +ve integer for which A= A,then kis said to be the period 


of A. If we choose k =1, we get A? = А and we call it to be idempotent matrix. 


Nilpotent Matrix: A matrix is called a Nilpotent matrix. If A20 (null matrix) 
where k is a + ve integer. If however К is the least ve+ integer for which А*= О, 


then k is the index of the nilpotent matrix, 


uu 58 о В.С.А Mathematics-I (Unified) 


a P 
For Example: A = 
-a -ab 


A is a nilpotent matrix whose index is 2. 

(xxii) Involuntary Matrix: A matrix is called an involuntary matrix if А? =1 
(Identity matrix). Since В =I always. 
2. Unit matrix is an involuntary matrix. 

(xxiii) Equal Matrix: Two matrices A = (а) апаВ= (б) are said to be equal matrices 
if 
(a) They are of the same order. 


(b) The elements in the corresponding position are equal i.e., aj = bij, for each i 
and j. 


Example: Find the value of x, y,z and a which satisfies the matrix equation 
х+3 2у-х 10 -17 

2-1 4а-6 | |13 -124| 

Solution: As the given matrices are equal, so their corresponding elements are 


also equal, 


x+3 = 10 

2у+х=-17 
->Х-7,у--12,2-14,а--3/4 

2-1 = 13 

4a-6 = 12а 


(xxiv) Sub-Matrix: A matrix which is obtained from a given matrix by deleting апу 


number of rows and number of columns is called sub-matrix of the given matrix. 


abe 
a b 
For Example: The sub-matrix of|d e f|is | | 
е 

g hi 


(xxv) Non singular and singular matrix: A matrix А is said to be non singular if 


|A| #0, if| A| 20 then A is said to be singular matrix. 
[B.C.A. (Meerut) 2009] 
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© 
—_— Examples 


Example 1: Show that if A is an orthogonal matrix then its determinant, | A| = 1. 


Solution: А A'=I, since A is orthogonal matrix taking determinant on both sides, we 


have 
р 
[A| [A=]. |Æ]=A 
> | A| | A] =1 
= |AP =1 
> [4[=1 


Example 2: If A is orthogonal matrix show that A' is also orthogonal. 


Solution: If A is an orthogonal matrix, then 


AN=A’ А=1 
=> (A A’) =(A’A) =I, Г-1 
= (A’) A2 (А) (A) =I 


Hence, A' is orthogonal. Transpose of an orthogonal matrix is also orthogonal. 


Example 3: If A is an orthogonal matrix, show that Alis also orthogonal. 
Solution: Ais an orthogonal matrix 
> AA'=AA=I 
Taking inverse on both sides 
(AA y! =(А' Ay! =I 
= (A) (AP! = (А) (AY =1 
> (Aly AT! = АКА) =1 


Непсе, Alis orthogonal. 


Example 4: If A and B are two orthogonal matrices, show that AB is also orthogonal 


matrix. 
Solution: A А'= А А = I as А is orthogonal matrix 
B BP’ = B’ B =1 as B is orthogonal matrix 
(A B) (A B) = (АВ) (B' A’) = A(BB’) А'= (АТ)А'= А А'=1 
Similarly, (A B) (A B) =(B’ A’)(A В) = B'(A' A)B = BIB = В'В. =1 
(AB) (AB)'=(AB)' (AB) =I 


= AB is orthogonal matrix. 
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Example 5: Define an orthogonal matrix and prove that the matrix 


cosa sing]. 
. is orthogonal. 
-sina cos 


Solution: A square matrix is said to be orthogonal if A А’=1 
cosa — sing 
sina cosa 


—sina cosa 


cosa sing 
Let | | апа А’ = | 


АА cosa sinal[ícosa -sina 
71-80 cosa | [sina cosa 
— cosasinga+sina@ cos " 


cos? а + sin? о 
sin? at cos? о 


— sin 0 COS Q + COS Q sina 
10 

= =] 
01 


Hence, A is an orthogonal matrix. 


-1 2 2 
Example 6: Show that A == 2 -1 2 lis orthogonal. 
2 2-1 [B.C.A. (Meerut) 2007] 
=| 2 2 -1 2 2 
Solution: We have А-д 2-1 2| A= 2-1 2 
2. 2-1 2 2—1 
-1 2 21|1-1 2 2 90 о по о 
- даа! 2-1 2 2-12|-2|09 01-10 1 OFT 
2 2-112 2-1 00 9 001 
= АА’=1 
= Ais orthogonal matrix 
0 28 ү 


Example 7: Determine the value оѓо, В, ү, when}a В -y |is orthogonal. 
о -B 7 


0 2p ү 0 a о 
Solution: Let, A=|a В -y, А=| 28 В -B 
Y-Y Y 


a -p 7 


If A is orthogonal matrix then А А' = T 


020 1110 a a] 1 
a 8-ү||28 B -В|=|0 
0 


> 
о-В Ү||ї -y Y 


0-0 
I 0 
0-1 
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А+? 2-7 -28-7 | роо 
ог 28°-ү a +2 +2 о2-В2-ү2 1-010 
ӘК a-p =f оз d O 


Equating the corresponding elements, we have 


АР +7 =l СИ ыы 
Е =0 ий! E ub EB 
о? «psy = 

as jesd ! шеші 


Example 8: Prove that every square matrix can be expressed іп опе and only one way as a 
sum of a symmetric and a skew symmetric matrix. 
[B.C.A. (Rohilkhand) 2003, B.C.A. (Meerut) 2010] 


Solution: Let A be a square matrix. It can be expressed as 


A= (АА) + (А-А)=Р+0 
1 , 1 , 
where uu шашиныг 


Now, we have to show that P is symmetric matrix and Q is a skew symmetric matrix 


ta ae ay дуу (Аб 
ла ATA наас 


P 


1 Ке ТЕЗ О D S Ш 
gro pcm e (Аел уе эээ 


1 
A-A')= 

2 ( )=-Q 

Hence, A = Р + Q, where Р is a symmetric matrix and Q is a skew symmetric matrix. 


Uniqueness: Let A = R + S be another expression of A where К is symmetric matrix and 5 


is a skew symmetric. 


R'-R, S’=-S 
Now А’=(В +5) -8-5-8-85 
1 ; 1 ; 
> R=5(A+A’)=PandS=>(A-A’)=Q 
So A=R+S=P+Q 


Hence, A = P + Qis the unique expression, where P is a symmetric matrix and Q is a skew 


symmetric matrix. 
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4 2-3 
Example 9: Express the matrix А =| 1 3 -6 | аз the sum of a symmetric and a skew 
-5 0 -7 
symmetric matrix. 
4 2 -3 4 1-5 
Solution: А=| 1 3 -6) А’=| 2 3 0 
-5 0 -7 -3 -6 -7 
4+4 2-1 -3-5 8 3 -8 
А+А’=| 1+2 3-3 -6+0|=| 3 6 -6 (1) 
5-3 0-6 7-7 8 -6 -14 
4-4 2-1 -3+5 01 2 
A-A'2|1-2 3-3 -6-01-41-10 -6 ...(2) 


-5+3 0+6 -7+7 2 6 0 
Adding (1) and (2), we have 


8 3 -8 01 2 
2A=| 3 6 -6 + -1 0 -6 
-8 -6 -l4 -2 6 0 
4 -4 0 1 1 
2 2 
> А= 2 3 3 : 0-3 
2 2 
-4 -3 -7 -l 3 0 


[Symmetric matrix] [Skew-Symmetric matrix] 


1 1-4 2 
Example 10: Prove that matrix А =|1+i 3 i |15 Hermitian. 
2 =] 0 
1 1-1 2 1 1-1 2 
Solution: We have А =|1+ї 3 ijandA=ll-i 3 -1 
2 =i 0 2 i 0 
1 1-1 2 
(A) =|1+1 3 i|2A9?-A 
2 -i 0 
= Ais Hermitian matrix 
i 342i -2-i 
Example 11: Show that А-|-3--21 0 3-41|18 Skew Hermitian matrix. 
2-1 3-41 21 
-і 3-21 -2 +1 
Solution: A =|-3-2i 0 344i 


2-1 -3+41 21 
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-і -3-2i 2+1 і 3-21 -2-і 
(A) 2|3-2i 0 -344i|--|-342i 0 3-41|=-А 
-2-1 3-4і 21 2-1 3-41 21 
> A? =-А = A is Skew Hermitian matrix. 


Example 12: Show that every square matrix can be expressed as R + iS uniquely where R 
and S are Hermitian matrices. [B.C.A. (Lucknow) 2010] 


Solution: Let A be any square matrix. It can be rewritten as 


A= 


(А+ A9)4 | 1 (A amnes 


Where Rz 


Now, we have to show that R and S are Hermitian matrices. 


R° = (А+ Ae)? = 5 (AP + (д®)%) = (AP А) 5 (A+ AS) -R 


Thus R is a Hermitian matrix 


6 
e. |I (| =l өө -l,40 өүөү —1,40 
Now S ET ^| 22 А’) 217 (А9) y A) 
=> (4-49) =5 


Thus 5 is Hermitian matrix. 

Hence, А = R + iS, where А and S are Hermitian matrices 

Now, we have to show its uniqueness. 

Let A = P + iQ be another expression, where P and Q аге Hermitian matrices i.e., 
P? =P, Q? =Q. 

Then, A? =(P + iQ = P? + (iQ? =P? - iQ? =P -iQ 

A=P+iQand A9 2 P- iQ 
> Р=5(А+ А®)= Rand Q- ;-(A- А®) =5. 


Ї 


Hence, А = К + iS is the unique expression, where К and S are Hermitian matrices. 


1+7 2 5-5i 
Example 13: Express the matrix. A =| 2i 2-1 4+21|а5 the sum of Hermitian 
-1-1-4 Г 
and Skew Hermitian matrix. 
l+i 2 5-5і 
Solution: Given that A =| 21 2-1 4-21 „(Ту 
-1-1 -4 7 


Непсе, А 18 unitary matrix. 
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l-i 2 5457 
> А-|-21 2-і 4-21 
-l-i -4 7 
l-i 2i l-i 
A® =| 2 $24 -4 |=(А)' ‚..(2) 
5+51 4-21 7 
2 2-21 467 
()+(2) = А+А9 =|2+2і 4 21 
4-6: -2i 14 
1 ПЕ ЖЕРІ. 
Let К- (АХА) Іні 2 i 243) 
2434 -i 7 
21 242: 6—4: 
(1)- (2) > А-А6-|-2-21 2i 8-21 
-6-41 -8-21 0 
i [+7 3-21 
> 5(A-A®) = =. 4 4+1 ...(4) 
20-29% ыалы 0 
Hence, from (3) апа (4) we find 
1 l-i 2-31 i ї+ї 3-2i 
А =|1+1ї 2 Ї + |-l+i i 4-1 
2+3i -i | -3-2i -4+i 0 
[Hermitian matrix ] [Skew Hermitian matrix] 
E Prove that the matrix 1577 [is umi 
: Г that t trix — t 
xample rove a е ma x B 1-4 _1 15 UNI агу 
Sm L A 1411 1-1 АВГАЙ y jl 1+7 
: t = — = — 
olution: Le 531 -I = [А] JS ui 
] 1+7 1 1-1 
PCR | i | 
4811-47-12Га8:11-4-4 
114441) 4144-0401 1[3 По 
я аре Genet] 310 31:10:21” 
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Example 15: If А апа В are two unitary matrices, show that AB is unitary matrix. 
[B.C.A. (Meerut) 2000] 


Solution: We have AA®=A® A=I 


B B? - B9B =1 
as A and B are unitary matrix 
Now (AB)(AB)® =(А B) (B8 A9) = A(BB®)A® = AI A9 =A A9 =I 
Again (АВ) (AB) = (B9 A9) (AB) = B® (A9 A)B = B? (I)B -В9В = I. 


Hence, AB is unitary matrix. 
Example 16: If A is a unitary matrix, show that АС! is also unitary. 


Solution: Since А is unitary matrix then 


AA9 = АЗА =1 
> (А gr -(A9A) =I (by taking inverse) 
> (АҒЫ? А- Ac (act? =I Alis unitary matrix. 
2 -2 -4 
Example 17: Show that the matrix 4-1-1 3 4 | is Idempotent 
] -2 -3 


Solution: Asi) 3° 414 з 4|=|-13 4]=A 
12: 6811. x3 3 | cs 8 


A? -A-3is Idempotent. 
Example 18: If B is Idempotent matrix, show that А =(1- B) is also Idempotent. 


Solution: Since B is Idempotent matrix then B? - p. 


Now A? 2 (I- В)? -(1-8)1-8) -I-IB-BI« В? =1-В-В+ В? 


=1-2В+В=1-2В+В =1-В = А 


= А is а Idempotent matrix. 


—5 -8 0 
Example 19: Show that the matrix А = З 5 0 |1 Involuntary 
1 2-1 


[B.C.A. (Rohilkhand) 2004] 
-5 -8 0][—5 <8 о] fio o 
Solution: АЗ = АА=З 5 0О||3 5 014-101 Ol|-I 
Е -1||1 2 -1| Jo 01 
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Example 20: Show that A is involutary, if and only if (I + A)(I — A) =0. 


Solution: Let A be an involutary matrix of order л 


Then А? =I = I- A220 5 P -4? -0-41-А)(1-4)-0. 
Conversely if (J + A)(I - A) 20 
> P -IA+ AI-A* =0 
- Р-А+А- А? =0 
> P А? =0 
> Ает 


0-1 
Example 21: Show that the matrix А "lo | is a nilpotent matrix 


o 1]fo 1] fo о 
Solution: А? -А.А = = =0 
o ollo ol 10 0 


Hence, A? is nilpotent matrix of order 2. 


е" 
е 


*:Comprehensive Exercise 2.1 


1 2 2 
3 gw 3 
l. Show that the matrix = is orthogonal matrix. 
-2 2 | 
3 3 3 [B.C.A. (Meerut) 2006] 
1 1 -1 
43 46 42 
2. Verify that the matrix A = X - 0 |15 orthogonal. 
1 1 1 
43 46 2 


3. Define orthogonal matrix and show that 


со80 0 sin 
А= 0 1-0 is orthogonal. 


-sinO 0 со$Ө 


1 о 53 
- 1 6 1 

4. Express the matrix 3 9 71 as the sum of а symmetric and a skew 
4 -4 -2 0 


symmetric matrix. 
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5. If A and В be two symmetric matrices of same order, show that AB is symmetric if 
AB = BA. [B.C.A. (Meerut) 2003] 
6. Which of the following matrices are symmetric? 
ah g 1 3 4 
(à) |] p f 6 {з 5-1 
g fc 4 -] 0 
2 4 8 0-1 
б) 16 2 6 (4) зо 
4 6 2 5 6 0 
7. Which of the following matrices are skew symmetric ? 
-1 2 -3 0-23 
(0) |2 -1 -4 12-04 
3 4-1 3 -4 0 
0 -2 3 0 a b 
- 07 (d [ао = 
-3 -7 0 -р c 0 


8. Define with examples (i) symmetric and skew symmetric matrix (ii) orthogonal 


matrix. [B.C.A (Meerut) 2004] 


9. Which of the following matrices are Hermitian and Skew Hermitian? 


т Bef Зе] 4 2-1 4081 
а) 124:2 4-1 (b) [2+; | 2-51 
Заг 4+1 3 5-2i 2+5i 2 

2i -3 4 0 1-2 343) 
(с) 3. 3i -5 (d 1:1-: 0 ei 
-4 5 4i -243i 6i 0 


Е io. 
—== 15 unitary. 
J2}-i -1 1 


10. Show that the matrix А = 


11. Prove that the following matrix is unitary 


(1+2 


0 


1 
12. Show that matrix A "lo 1 


| is involuntary matrix. 
1 1 3 
13. Show that the matrix A =| 5 2 6 | is nilpotent and find its index. 
-2 -1 -3 
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1-3 -4 
14. Show that the matrix A2|-1 3 4 |15 a nilpotent matrix. 
1 -3 4 


15. Distinguish between matrix and determinant with example. [В.С.А (Delhi) 2008] 


16. Distinguish between the following: 
(i) Scalar matrix and unit matrix 
(ii) Square matrix and non-singular matrix 
(iii) Diagonal matrix and symmetric matrix [B.C.A. (Meerut) 2009] 


e" 


E 
=: Answers 


6. |(a) (b) 7. | (©), (d) 


©, (5) is Hermitian, (с), (4) be Skew Hermitian matrices. 


13. | 3 is least positive integer such that АЗ =0. Hence the index of the given matrix 
is 3. 


29 Addition of Matrices 


Let A= (4/тхи В= (0) пхп be two matrices. 
The sum A + B of A and В is defined as А + B = (су) where Cj = ay + bij for each i and j. 


Remark: Two matrices can be added if they are of the same order otherwise not. 
2.4 1 0 +1 4-0 3 4 
sel 2 4| бо 84411740 


2.2.] Properties of Matrix Addition 


Let A= (аң) mx В= (bi) mxn be the matrices of the same order тхл. 


( Commutative Law: А+ В = В+ А 


Proof: А+В = (а) xn + 17777 


- (а) + хп (Addition of two matrices) 

= [by + ajj ]mxn (Commutative law of addition of numbers) 
= ШІ + 7772 (Addition of two numbers) 

-В-А 


(ii) Associative Law: Let А,В апа С three matrices each of the same order тхл, 


then (A+ B)+C=A+(B+C). 
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Proof: Let А = (4) пхт В = (bi)mxa С = (Ci) mxn 
Then (А+В)+С -(афаз mn оњ 
= [ау + хп + [с] (Addition of A апа В) 


= Гау + bij) + Cijlmxn 


=a.. + (b.c. 
La + (By + cy) на (Associative law of Addition of numbers) 


= [4 хи + (b; + Си) тхл] 
=A+(B+C) 
(iii) Existence of additive identity: Let A = [а] be any m x n matrix апа О be the 
mxnnull matrix, then 


А+О=А=О+А 


Proof: А-О- (ау + О] их -[aij] mxn= A 


О-А-(О- ау хп = [aij |mxn= A 
Hence, A+O=A=O+A 
(iv) Existence of additive inverse: Let А = (а; be m xn matrix. 
There exists another m хп matrix B such that 
А-В-О-В-А 
where О is the mxn null matrix. 
Here, matrix B is called the additive inverse of the matrix A or negative of A. 
Also the (i.j.) element of B is — if A= [а] 
(v) Cancellation Law: Let А,В апа С be three matrices of the same order тхл. 


A+B=A+C —BzC (Left cancellation law) 
В-А-С-А-эВ-С (Right cancellation law) 
Proof: Given A+B=A+C 


Adding —A to both sides we have 
А+(А+В)=-А+(А+С) 


(-A+ А) +В = (-A+A)+C (Associative law of matrix addition) 
О-В-0-С 
В-С 


Similarly the right cancellation law. 


Theorem: Prove that the transpose of the sum of two matrices is the sum of their transposes i.e., 
(А + В)'= А'+В' 


m 50 42222222022 В.С.А Mathematics-I (Unified) 


Proof: Let A = [а], B= 1 be mxn matrices, since A апа В are both mxn matrices, 
therefore A + В exists and is a mx n matrix. Hence (A + В) is an nx т matrix. 


Now, А! and В” are both ихт matrices, so that А'+В' is also ихт matrix. Thus the 


matrices (А + В) and А' + B' are comparable, each being их m. 

(i j) the element of (A + B)'= (j,i) the element of (A + B) 
зарж ру 
- (j, i)th element of А + (j, ith element of В. 
= (i, j)th element of A' + (i, j)th element of B'. 
= (i,j) th element of (A'+ В!) 


Thus, the matrices (А + В)" and А' + В' are comparable and their corresponding elements 


are equal. 
Hence, (A+ BY =A’+B’ 
2 3 4 13 2 
Example 21: If A2|] 2 3], B=|-1 0 1 {5һоу аА +В= В+А 
1-1 2 0-0 3 
23 4 13 2 
Solution: А+В=1 23|-4|-1 0 I 
1-1 2 о 0 3 


В+А=|-1 0 14141 2 


1+2 3+3 2-4 3 6 6 
=|-1+1 0-2 1+3 |-|0 2 4 242) 
0+1 0-1 342 1-1 5 


From (1) and (2) A+B=B+A 


(vi) Scalar Multiple of a matrix: Let A be a matrix and k be a number. Then АА is 
defined as the matrix each element of which is k times the corresponding 
elements of the matrix. 


NE -— NE 
ог wamp'ect|4 5 6) 116 20 24 


In symbols if А = [а;]. then k A=[k ai]. where К is a scalar. 


БІ жш 
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23-1 10 6 
Example 22: ҒА-|І 2 0), В-|2 4 (01|хуегҒу2(А-В)-2А-2В 
3 4 1 31-1 


2-1 9-0 -1-6 % 9. 5 
Solution: А+В=|1+ 2 2-4 0-401-13 6 0 
3-3 441 1-1 6 5-0 


2х3 2х3 2х5] [6 6 10 
2(А-В)|2х3 2х6 2х0|1-16 12 0 (1) 
2x6 2х5 2x0| [12 10 0 


2 3-1 2x2 2x3 2х-1| (4 6 -2 
2А-211 2 0|-12х1 2x2 2x0 (-2 4 0 
3 4 1 2x3 2х4 2х1 6 8 2 
10 6 2х1 2х0 2х6 2 0 12 
2B=2|2 4 0|-12х2 2x4 2x0 |=4 80 
3 1-1 2x3 2х1 2х-1| (6 2 -2 


4 6 -2 220-712 
2А-28-12 4 01-14 8 0 
68 2 6 2 -2 


4+2 6+0 -2412] [6 6 10 
=|2+4 4-8 0-0 |46 12 0 i95 
6+6 8-2 2-2 | [12100 


From (1) and (2) we find, 2(А + В) =2A+2B 


qur 


Ф 
*:Comprehensive Exercise 2.2 


3 4 1-3 
1. ІҒА-|2 1| В-|2 2|їїл43А-2В. 
10 3 1 
2 41 015 -1 2 
2. 1ГА-1 5 0|, В-|-2 2 6,С= 132], 
0-1 2 -1 3 7 1 


verify that A+ (B + C) = (А+ В) + С. 


3 Gi 3 х у x 6 4 x+y баа 4 
А iven 3], |= EEA + NES ind x, y and z. 
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т 
e; 
t: Answers 
7 6 
1. 22-1 3. х=2,у=4,2=1,0=3 
-3 -2 


25 Multiplication of Matrices 


Let A = [aj], xn and В = 17777 be two matrices such that the number of columns in A is 
equal to the number of rows in B. Two such matrices are said to be comfortable for 
multiplication. 


Then C = [Cij lmxp such that 
n 


C=}, ау Dig = ад By + ajg 2... Аа, ды 
j=l 


is said to be the product of the matrices A and B i.e AB = C 


A is called as prefactor and B is said to be postfactor in the product AB and 
multiplication is raw by column. 


012 1-2 
Example 23: ТА=|1 2 3|апаВ=|-1 0 
23 4 2 -=l 


Obtain the Product AB and explain why ВА is not defined. 


Solution: The number of columns in A is 3 and the number of rows in B is also 3 therefore 
the product AB is defined. 


0х1-1х (-)-2х2 0x(-2)*1x0 4*2 x(-1) 
=|1х1+2 x (-) «3x2 1х(-2)-2х0-3х(-1 
2х1+3 x (-) +4х2 2х(-2)+3х0+4х(-1) 


0-1+4 0+0-2 | |3 -2 
211-246 -2-0-3 |=|5 -5 
2-348 -4-0-4 7 -8 


Since the number of columns 2 of B is not equal to the number of rows 3 of A, BA is not 
defined. 
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2.3.1 Properties of Matrix Multiplication 
(i) Matrix Multiplication is not necessarily Commutative 

AB + ВА [B.C.A. (Meerut) 2001] 


Proof: There are three cases. 


Case I: Let the matrix A be m x n and the matrix B be n xk. The product BA does not exist. 
Since the number of columns of B is not equal to the number of rows in A.BA is not 
comfortable. 


Case II: Let the matrix А be m xn and the matrix В be nx m. Then matrix АВ and matrix 
ВА exist, but matrix AB is m x m while matrix ВА is n x. 


AB + ВА 


Case Ш : Let the matrix A be nx nand the matrix B be nxn. The matrix АВ and the matrix 
BA exist but AB and BA may or may not be equal. For example 


21 12 
Let A= and B = 
3 0 14 
" ap [2 И 21012111 2x2«1x1] [5 5 
єп “Із ofli 1 зхї40х1 3х2-0х1| 13 611 
12] [2 1] (1х2-2х3 1х1+2х0] [8 1 
and ВА = х = = 
1 1|*3 ol |1х2+1х3 1х1+1х0 | 15 1 
AB 2 BA 


(ii) Associative law of matrix multiplication 


A(BC) = (AB) C 
where A, B and C are matrices comfortable for products. 
Proof: Let A = (ау) mxm В = (bi) хр, С= (с) уха 
Let AB = (4, )тхр 5 di- -X ад by 


p 
BC = (ey) ид» бу? Y, by су 
ка 


The order of A(BC) and (AB) C is mxq 


п 
(i,j) the element of A(BC) = У, аер. 


Р п 
Зул 4% 21 > [X г) 
кг Ма 


Р 
= Y, dic = (ij) " element of (AB) С 


Hence, A(BC) = (АВ)С. 
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(iii) Distributive law of multiplication over addition 
А(В + C) = AB + AC 
Proof: Let A = (44) тхл» В = (03) хр, C= (су)лхр 


So, AB, AC are of each order mx p. The order of AB + AC is also m x p. 
As B + C is of order их p, so A (В + C) is of the order m x p. 


n 
(i j)th element of A (B +С) = У ар, (by; + Cy). 
k=l 


n n 
= У, (а,б + ney) = У, а Dy + DL ак бу 
k=l k=l k=l 


= суул element of A В + (i, j)th element of AC 


= (i,j) element of (AB + AC) 
Hence, A (B + C) AB + AC. 


Theorem: The transpose of the product of two matrices is the product in reverse 
order of their transpose i.e, 

(A BY =B’ A’ 
Proof: Let A = (4) mx В = (01р be two matrices о the type m x nand nx p respectively. 


Then A -| су шхи» 6i 


ў = ан and В'= [41 хээ а. =b 


ij ji 
we know that the order of AB is mx p 

The order of (AB)' is pxm. The order of B' A' is рхт 

The (i, j)th element of (AB)'=(j, ith element of AB 


n n 
-У, -У, суй, 
k=l k=l 


п 
=У Часы = (i, j)th element of В’. A’ 
kel 


Hence, (АВ) = B' A’ 


© 
и Examples 


Multiplication of Matrix 


Example 1: If A,B are square matrices, such that A? =A and B? = В show that 

(АВ)? = AB, if A,B commute. [B.C.A. (Meerut) 2001] 

Solution: (АВ) = (АВ) (АВ) = A(BA)B [АВ = ВА] 
= А(АВ)В = А? B? = АВ [42 = А, B? = B] 
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1-2 3 сг 
Example 2: itA-| 4 2 5 and В =|4 5| find АВ and show that АВ #ВА 
2 1 


[B.C.A. (Meerut) 2001, 2003] 


2 3 
1-2 3 
Solution: ав | 4 5 
-4 2 5 
2 1 
2-8-6 3-10-3 0 -4 ' 
(1-848410 -12-10-51110 3 ant) 


23 1-2 3 2-12 4-6 6-15 
ВА =|4 5 | |- 4-20 -8-10 12-15 
2-4 -4+2 6-5 


-10 2 21 
=|-16 2 27 al) 


From (1) and (2) AB #BA. 


0  -tan95 
Example 3: If A= and I be a identify matrix prove that 
tan 95 0 


соѕӨ -sinO 
asaza- | | 
80 cos@ 


[B.C.A. (Delhi) 2004] 


= 9 2 9 
Solution: ЦОЛ! Ч ВЭ PL las 9 x d NI 
2 2 
" 0 О -tan% Е 1 tan 95 
a-a ! к 0 ШЕР 1 | 


sin 0 — cos Ө 810 со50 


cos 0 —sin Ө 1 їап0/21|со80 -сіп0 
(I-A) = 


m 1 


cos Ө + tan (6/2) іп -sin Ө + cos Ө tan (0/2) 
— tan (0/2) соѕ Ө --віп0 «ап (0/2) sin 0 + cos Ө 


р С ee) sin Ө sin Ө + cos Ө = 
соз (0/2) cos (0/2) 
зїп (0/2) cos Ө + sin 0 ane) sin 0 + cos 0 


cos (0/2) cos (0/2) 


2 1 cos Ө cos (0/2) + sin (0/2) ѕіпӨ —sin Ө cos (0/2) + cos Ө sin (0/2) 
© cos (0/2) |—5їп (0/2) cos Ө + sin Ө cos (6/2) sin (0/2) sin Ө + cos 0 cos (0/2) 
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cos 8-2 —sin 8-2 
Е 2 2 
Б 0 
к % sin Ї - 2) СО$ (o - 2) 
2 2 


cos0/2 -sin0/2 
_|cos0/2 сов0/2 -| l lid 


sin0/2 соѕ0/2 tan 0/2 1 
соѕ 0/2 сов0/2 


From (1) and (2) 


cos0 —sin®@ 
п Аа-а | 


sin Ө cos Ө 


Example 4: Show that 


со80 —sin@]_ 1 -tan 0/2 1 tan Ө /2 pt 
sin 0 cos0| |tan0/2 1 = tan 0/2 1 


[В.С.А. (Каприг) 2005] 


cos0 -sin 1 tan 0 /2 
Solution: We have 


sinO0 соѕӨ | | – tan 0/2 І 


Е соѕ Ө + ѕіп Ө tan0/2 соѕ Ө tan 0/2 —sin 0 
~ [sin 0 – cos 0 tan 0/2 sin Ө tan Ө /2 + cos Ө 


СЕРЕ ИРУ. 
Ш cos 6 /2 сов (0 /2) 
sin 0 — cos Ө sim (0/2) sin 0 Bin Qd) + cos Ө 
соз (0/2) (cos Ө /2) 


1 cos Ө cos 0/2 + sin0sin0/2 cos Өѕіп 0/2 —sin Ө cos 0/2 
~ cos 0/2 |sin0 cos 0/2 — cos 0sin 0/2  sinO sin 0/2 + cos 0 cos 6/2 


Е 1 со8(0-0/2) -sin(0—0/2) 
~ cos 0/2 |sin (0 20/2) cos (0 - 0/2) 


1 |. Е | 1 юэ 


Em sin0/2  cos0/2 tan 0/2 1 
ог 
с080 -всіп0 1 — tan 0/2 1 tan Ө /2 Б 
sin@ cos@| |tan0/2 1 — tan 0/2 1 


3 1-1 
Example 5: If | 


01 ‚| find AA’ and show that AA’ is symmetric matrix. 


3 0 
[веки = ly aL 


3 1 -I 
Solution: л] 
-1 2 


01 2 
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3 1-1 9-1-1 0-1-2 ll -l 
AA = 1 lļ= = 
041 2 0-1-2 0-1-4 -1 5 
-] 2 
Here a9 249; 7-1 


Hence, A A’ is symmetric matrix 


-1 2 


А2 -5А+ 71, = О, where I; is 2 x2 unit matrix. 


3 
Example 6: Show that the matrix | | is a solution of the equation 


[B.C.A. (Meerut) 2000] 


— 3 3m 1 9-1 342 8 5 
Solution: А? = А.А = о ur LE sd) 
CANC LENS = , 
К ЗЕ шаг 
a col) О 79 5 
Дю lo 7 юм? 


Adding (1), (2) and (3) we get, 


pem 8-5] [eis 5] 7 0 
Rod cm NEMUS 


8-154247 5-540 0 0 5 
71-5-5-0 3-10-7| (0 01: 


Hence A is solution of A? -5A +7 I, =O 


1 0 01 
Example 7: IfI 4 | апа zali 1 prove that (21 +3E) =8Г + 36E. 


[B.C.A. (Delhi) 2006] 


1 0] f2 0 0 1] fo 3 
Solution: ЛЫГ АЕ оазе =з о 2-0 | 
азе 12 97.19 3] _[2 3 
el j=l 2 1 allo | 
asap P 3][2 3] [4 12 
= 5|о:2| 0-4 
21.3 8.4 12][2 3] [8 36 
QI +3EV =, allo ah 8 "e 


Р 8 [| ч | 8 | 
81+36Е = + = ...(2) 
0 8 о о| {0 8 


From (1) and (2) we have, 
(21 - 3E? =81+36Е 
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Би їлА-1 | В“ Hand 
xample 8: =j .8-1, ап 


(A+B) = A? + B? +2 AB, find a and b. 


Solution: Given (A + B =A? + B? +2 АВ 
> (A+B)(A+B) = (A? +В?) +2 АВ 
=> АА+АВ+ ВА + ВВ = А2 +В? +2 АВ 
= А2 +АВ+ВА +В? =A? + B? +2 АВ 
=> ВА-АВ. 


b -le wr ie a 


=» 
a+2 -а+1 a-b 1+1 
=> = 
b-2 b-1| |2а+Ь 2-1 
= ағ2д-а-Р, -а+1=2 -а--і 
апа b-2=2a+b, -b-12-125--2 
а=-1, b=-2 
3 -4 & |l+2k -4k 
Example 9: If A = 1 1 show that A*= k 1-2k where k is any positive integer. 
[B.C.A. (Meerut) 2005, 2006, 2007] 
2 3 --4113 -4 9-4 -12-4 
Solution: А“ = А.А = = 
1 1111-1 3-1 4-1 


[5 -8] [1+2@) -40) 
-| ME (2) 2 


Thus, theorem is true for k =2 


Now assume that the theorem is true for k = n 


ди 1+2n -Я4п 
nm 1-2n 


1+2и -4n ||3 -4 
1-2n||l -1 


qe An р 


A™ = 


3n+l-2n —4n-l+2n 
_|3+2л 4-4n| |1+2(и+1) 4 (n4 1) 
"inel o -2n-1| |+) 1-2(и+1) 


This theorem is true for = n+ lif it is true for k =n. 


But it is true for = 2. Hence, it is true for all values of k. 
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11 lon 
Example 10: If A= b | prove that A" "lo | where л is а positive integer. 


ип 2 
Solution: A" =А.А= = 
o TIO 3| lo 1 


Thus, the theorem is true for n = 2 


[B.C.A. (Delhi) 2002, 2007] 


Now assume that the theorem is true for n 


lon 
А” = 
АРЧ — АА |! п||1 1 _|! n+l 
0.1110 0-1 


Thus, theorem is also true for (n+ 1) if it is true for n. But it is true for n = 2. 


Hence, by law of induction it is true for all positive integral values of n. 


cosa sing 


Example 11: ил . 
—-sina cosa 


| prove that 


7 к. ела 


-sinna со8ло [B.C.A. (Meerut) 2002, 2008] 


е 2 cosa sing cosa sina 
Solution: А“ =А.А=| . | 
-sina соѕа || -ѕ5іпо cosa 


cos? о- sin? о COS а 8110-5110, cos Q 


—sinQ cosa—cosa@sina —sin? a+ cos? о 


| cos2a сіп si 


-—sin2a соѕ 20 


Thus, the theorem is true for n = 2 


Now assume that the theorem is true for n 


с АЛ соѕ поа sinna 
о = А 
—sinna® соѕ ла 


ди дп д | COS ло. all соза ын 


-sinna cosna ||-sina cosa 


COS NQ cosa—sinnasing COS NQ SİN Q + cosa sin na 
Ё 81110 cosa—cosnasing  —sin na sin Q + COS ИО COS | 
cos(na+a) ѕіп (na +) 
m | sin(na +)  cos(no “| 
cos(n+ l)a sin (n+ l)a 
3 ü sin(n+l)æ  cos(n4l) ij 
Thus, theorem is also true for n+ lif it is true for n. 


Hence, it is true for all value of n. 
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cosa —sina 
Example 12: If A, -| 


. [inen prove that 
sina cosa 


(0) Ag) А-а) 71 (1) (Ag Ag) = A (a +5) [B.C.A (Rohilkhand) 2002, 2005] 


. cosa —sing 
Solution: Ag |. , 
sina cosa 


С08(-0) -sin УЫЛ ES sina | 


sin(-«) с0$(-0) | |-sina cosa 


0) cosa -—sina cosa sina 
i : 

sina cosa] |-sina cosa 

cos? а + sin? a sina cosa -cosasina | |l 0 

715-315 

В cosa -sing | | со5В -sinp 

(1) Ag. Ag = : . 

sina cosa ||sinB соѕВ 


s соѕ — sino sin B — cos a sin B -sin a cos В | 


sin & cos 0, —sin Q cos Q sin? AF cos? о. 


sina cos В + cos о sin В -sin Q sin В + cosa cos В 


соѕ(о + B) -sin(a +В) 
| ле 


sin(a + В) соѕ(о + В) | 


1 1-1 -1-2 -1 
Example 13: ҒА-|-2 3 -4|, В=| 6 12 61, 


3 -2 3 5 10 5 
prove that AB=Obut BA zO 


1 1-4111-1-32 -1 
Solution: АВ-|-2 3-4 6 12 6 


3 10 5 
146-5 2412-10 1-6-5 


2-18-20 4-36-40 2418-20 
3-12-15 -6-24-30 -3-12 +15 


00 0 
00 0|2O 
00 0 


E 3-2 3 
B -1-642 148-3 0-5 6 


-16-24-18 6-36-12 6-48-18 |-|0 30 -36|-О 
5-20-15 5-30-10 -5-40-15 0 25 -30 
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Example 14: Find three matrices A, B апа C such that B + C but AB = AC. 


[B.C.A. (Rohilkhand) 2005] 


1-3 2 1 4 1 0 2 1-1-2 
Solution: Let A =|2 1-31,8-12 11 11,С4«413-2-1-1, 
4 -3 -l l -2 1 2 2-5 -1 0 


1-3 211 410 3 -3 0 1 
Thus, AB =} 2 1-312 1 1 1 f=; І 15 0-5 
4 -3 -1||1-2 1 2 -3 15 0-5 


1-3 2112 1 -1-2 3-3 0 1 
And AC =|2 1-3||3 -2 -1-1|=| 1 15 0-5 
3 -1|12 -5 1 0 -3 15 0-5 


Hence, AB = AC but B z C. 
1.2 2 

Example 15: Show that А =|2 1 2 [satisfies the equation 4A? -4A-5I= O, where I 
2 2 1 


is the identity matrix and O denotes the zero matrix. Hence or otherwise find the inverse of A. 
[B.C.A. (Meerut) 2001] 


1+4+4 2+2+4 2+4+2 9 8 8 


1 2211) 2 2 
Solution: A? =|2 1 2||2 1 2|=|2+2+4 44144 4-2-21-18 9 8 
2 2 1||2 2 Ц |2+4+2 44242 4+4+1 8 8 9 
12 2 4 -8 -8 
-4A=-4/2 1 2 |=|-8 -4 -8 


2 2 1| |-8 -8 -4 


1 0 0| |— 00 
-31--510 1 01-|0-5 0 
0 0 1| {0 0-5 


9 8 8] [-4 -8 -8 5 0 0 
A^-44-5I1s|8 9 8|+|-8 -4--814| 0 =5 0 
8 8 9| |-8 -8 -4 0 G@ 55 


5 A? -4A-5I 20 multiplying АТ! on both sides 


A-AI -5A =O or 5A 12 A-AI 
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12 2 100 1-4 2-0 2-0 3 3 2 
or 54122 1 2| -440 1 0ļ|=|2-0 1-4 2-0|-|2-3 2 
221 001 2-0 2-0 1-4 2 2-3 
-3 2 2 
Непсе, АЛ - 2-3 2 
2 2—3 
3 -3 4 
Example 16: If A=|2 -3 4| prove that A? = A7! 
0-11 


[B.C.A. (Rohilkhand) 2003] 
3-43:41Ї <3 4| [3 -4 4 
Solution: А“^=|2 23 Alle -3 je 0 51 o 
Gap TG т | 398 
3 -4 4][3 -4 4] [10 0 
At aA =| 0 -1 0|| 0—1 O50 1 0 her 
2 Sm 49 0 1 


A* «I multiplying АТ! on both sides 


АЗ =A! 


Example 17: Find the product of the following matrices. 


ah g\\x 
[x y z] hb fily 
8 foje [В.С.А. (Kanpur) 2004] 
ahg 
Solution: [x у А hb f\=[axt+hy+ez | hx* by fz ext ју + са] 
gfe 


a 81|х х 
[Ix y А b РЦ у|= [ах + hy gz hx by fe gx ју+ сг | у 
ЖЕ 2 


= ах + hay + gxz + hxy + by? + fyz  gzx + fyz + cz? 


= ах +” + с? +2hxy +2 f yz +2002 


5 3 
Example 18: Show that A -| 1 à satisfies the equation x? -3x— 7 = О. Also find 


Ad 
: [B.C.A. (Meerut) 2009] 
Solution: We have x? -3х-7 = О, put x = A, then 
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A? -3A-71 =O (1) 
wedi Зз да. |= 31 08-8 15-61 [22.9 
dix M MEE = й=_0 al J-a 9] 542 —3+4| |-3 1 


2 22 9 5 3 10 
Then, А -3A-T7I- -3 -7 


O l 


Pa eaa 


Now to find A7! , we have A? -3A-7I =O 


[vv 
- 


- -7I =-A? +3A 
> -7А71--А31 
=> -АЛ =={-A+3I} 


ШЕШЕ 


Example 19: If A-|-5 | and B=[3 2 -2] verify that (A В)! = В! АГ where AT 
7 
denotes the transpose of A. [B.C.A. (Meerut) 2009] 


Solution: 


1 
AB =|-5|[3 2 -21-В -10 -14] 


(АВ) =|—10 


ВГАГ =| 21-5 7]=[3 -10 -14 
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ее” 


= 
2:Сотргеһепвіуе Exercise 2.3 


„ жа] i3ba | 13 4 
21 саГ" мин? ERE 


(AB) C = A (BC) and A (В+ C) = AB + АС. 


01 
2. ta- 1 o | esee and Bso that (a I +B Ау? =A. 
3.42 1 
12 5 
3. If A= апаВ-|0 -1  4|find AB. 
-1 3 -4 
5 2-1 
1-2 3 
4. Evaluate A? -3A«9IifA-| 2 3-1 
3 1 2 
12-1 3 -11 
5. IfA=|2 0 3|8-10 0 2 verify. 
01 2 4-3 2 


(A4 BY = A? + АВ + ВА + B? 


6. Prove that the product of two matrices. 
cos? Ө cos 0 8119 А cos? Ф cos фѕіп ф 
ап 
sin Ө cos Ө sin? Ө cos фѕіп 0 sin? ф 


is zero when Ө and ф differ by odd multiple of лә. 


е": 


т» 
2: Answers 


7 ав-| 


28 6 4 4. ||-6 
-08) -0 15 


QA Inverse of a Matrix 


2.4.1 Adjoint of a Square Matrix 


IfA= [iius be any square matrix, then the matrix В = (Б) хл such that b; - Aji where Aji 


ij 
is the cofactor of a ji in the determinant | A| is called the adjoint of A and is denoted by 
Adj (A). 


Thus, the adjoint of a matrix A is the transpose of the matrix formed by cofactor of A, i.e., if 
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41 49 eee n 
Аз (| йу eee йу 
а, йр | зө Ann 
А 1 Ajo —€— A ñ 
Азд 22223 А 
Matrix formed Бу cofactors = 21 22 2n 
Ад А» ТЕН, Aun 


А 1 Ay 1 ....... Ад 
ч А Ago ........ Ар 
А п А, yo esters Ann 


Theorems | 
Theorem 1: If A = [а] be nxn matrix, then A.(Adj A) = (Adj A). A =| A| I where I is nxn 


identity matrix. 


Proof: A= (ау) nxn 
Let Adj (A) = [01а 
Then bj =c; = cofactor of a jiin | A| since the matrices A and Adj A are both nx n therefore 


both the products. A (Adj A) and (Adj А). А exist 
n 
The (i j) the element of A.(Adj А) = У, ад Бу 
К=1 
y Га if i=j 
= ад Cik = "P 
= 0 if izj 


All the elements of A. Adj (A) along the principal diagonal (і = j) are equal to| A| and the 


non-diagonal (i + j) elements are all equal to zero. 


А] 0 © 42054 оз 
O [Al 0 ани 
Therefore, A(AdjA)=|0 0 ДА! ................. 
0 0 O aue | A] 
10 O0 ...... 0 
041 O ... 0 
SJAJ 0-0-1 .... 01-1411, 
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Similarly, the (i, j) the element of (Adj A). A 


5 y lo if i-j 
m ik "kj = 2,64 Tj = БЭМЭРЭ” 
i E 0 if izj 
Therefore, (Adj A). A = A. (Adj A) =| АТ, 
Theorem 2: For a Square matrix A of order n, prove that 
| (Adj A)| = (det A)". 
Solution: We know that 
|A] 0 O а 0 
0 lAl 0..0 
| A. Adj. A| =] 0 0-14|1 .. 0 J=|A|” 
0 0 0 .. |A| 
| A|| Adj. A] =| AD (| AB|=| A|| BD) 


Dividing both sides Бу | А |, we have 
| Adj A| =ГА 


Theorem 3: Show that, for any square matrix of order n x n 
Adj (AT ) = (Adj A) 
Solution: Let А be a square matrix of order л, then both Adj (AT) and (Adj A)T are also 
square matrices of order л. 
(i, j)th element of (Adj Ар = (j,i) th element of Adj А 

= cofactor of (i, j) th element of | А | 

= cofactor of (j, i) th element of | АТ! | 

= (i, j) th element of Adj (АГ) 
Hence, (Adj A)! = Adj (AT ) 
2.4.2 Invertible Matrix 


Let A be any и rowed square matrix. Then a matrix В if it exists such that 


АВ = BA-I 
is called inverse of A. The inverse of A is denoted by A 


Note: The inverse of matrix А is obtain by 
РЕ ЕЕ) 
[А| 
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Theorems в 


Theorem 1 : Show that the necessary and sufficient condition for square matrix to possess an inverse 
is that it must be non singular. [B.C.A (Meerut) 2004] 


Solution: The necessary condition. Let A be an n rowed square matrix and let B be its 


inverse. 
AB=I 
> |АВ|-11|-1 
ІЛІІВІ-І ПАВ|-|А||В|| 
| A| #0 
The sufficient condition 
If | A| #0 
Let, B= д (Adi) 


Шш. 
zc des 
|A| 
- 1 | 1 А 
Similarly, ва маја i dia 
=l |А|Ї=1 
|A] 
Thus, AB = ВА =I 


Hence, the matrix A is invertible and B is the inverse of A. 


Theorem 2: Prove that the inverse of every square matrix, if it exists, is unique. 
[B.C.A. (Delhi) 2003] 


Solution: Let B and C be two inverse matrices of a square matrix A. 


Since B is an inverse of A, therefore 
АВ =BA=I (1) 


Again since C is an inverse of A, therefore 
АС =CA=I ...(2) 


From (1), we find that 
C (AB) = СІ = С 8463) 
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Also from (2), we find that 
(CA) B=IB=B ...(4) 
or С (AB) = В 
From (3) and (4), it follows that 
Bac 
Theorem 3: If А,В are two non singular matrices of order n, then prove that AB is also a 
non-singular matrix and 


-l p-l 4-1 
(АВ) «B A [B.C.A. (Meerut) 2004] 


Solution: Since A and B are n rowed invertible matrices, therefore A`! and B^! are both л 
rowed square matrices, and consequently B^! A^! is also an n rowed square matrix. Let us 
denote B^! A7! by C. To show that C is the inverse of the л rowed square matrix AB. 


We have to verify that 
C (AB) = (AB) C=I 
Now, C (AB) = (ВТА!) (AB) 
-B(AdA)B-B!IB-BB-I 
(AB) C = (AB) (B! A7!) 
-A(BBl)4A!-AIAz-zAA!-I 
Thus, we find that C (AB) = (АВ) С =1 
Hence, it follows that AB is invertible and that C is inverse of AB. 
i.e. (AB)! = p^! АТ! 
Theorem 4: If A be an nrowed non singular matrix, prove that (AT y - сал Т where АТ is the 
transpose of A. 
Solution: We know that AA! = A! A =I 
Taking transpose of both sides 
(AA)! -(АТТАУ = (07 
By reversal law for transposes, we have 
(AT)! AT = AT (АТ! =I (1) 
Equation (1) shows that Эр is the inverse of АГ 


Hence, ary = T d (| A’| =| A] #0) 


The inverse of the transpose of a matrix is the transpose of the inverse. 
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© 
—_— Examples 


1-1 1 
Example 1: Find the adjoint of the matrix А =| 1 2 -3 
2-1 3 


[B.C.A. (Meerut) 2009 | 


Solution: The minors of the elements of the first row of the determinant 
2 -3 1 -3 12 
-1 3/| 2 3/12 -I 


? ? 


| A | are 


-(2х3)-(-1х-3),1х39)-(х-3)(1х-1-1х2) 


-3,9,-5 
The minors of the elements of the second row of the determinant| A | are 
1 I1 |1 1] |1 | 
-1 3712 3'|2 -I 


= (1х3) - (-1х1), 1х3) - QxD,üx-1) - Q x1) 
-4,1,-3 


The minors of the elements of the third row of the determinant | A | are 


1 11:11 1 |l I 
2 -3| -3 12 
-(x-3)-(0x2),0x-3) -(L x1, (1x2) - (1x1) 
=-5, -4,1 
The matrix of the cofactors of | A | 
3 -9 -5 
=|-4 1 3 | [cofactor -(-1) 9 + hm minor] 
-5 4 1 


On transposing the matrix of cofactors we get adjoint A. 


3 -4 -5 
-|-9 1 4 
-5 3 1 


Example 2: Find the inverse of the matrix 


2 1-1 
А-|0 2 1 
52 2 


2 1-1 00-1 
Solution: | A] 20 2 11-12 3 1 ІС > С +2 C3, C3 => C» + Сз] 
5.2 2 94 2 
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2 
=-1 | expanding the determinant along the first row. 


9 4 


--(8-27)-19 
Since, | А | #0, therefore АТ! exists. 


Now the cofactors of the elements of the first row ОҢ А | are 


0 2 
э 2 


2:5] 
2 2 


0 1 


52 i.e 2,5,—10 respectively. 


, 


The cofactors of the elements of the second row of | A | are 


2 1 


2 -1 
E 1809 


3 2 


1-1 


-|9 9 i.e. — 4,9 , l respectively. 


The cofactors of the elements of the third row of | A | are 


1-1 2 -1| (12-11. 8204 "ЭР 

2 oP Tlo ilo 2 i.e. 3, -2,4 respectively. 
2 5 -10 
Matrix of cofactors = | – 4 9 І 
3 -2 4 


Therefore the Adj (A) = the transpose of the matrix of cofactors 


-1 2 


2-4 3 
Adj(A) = 5 9 -2 
-10 1 4 
Now, At = ET Adj. (A) and here | A | -19 
2 4 3 
: 2 -4 3 19 19 5 
а Е 15 19 
-10 1 4 10 1 4 
19 19 19 
2 1-1 
Example 3: Find the adjoint and inverse of the matrix 4-10 1 0 
13 -I 
2 1-1 00-1 
13 -I -1 2 -1 
0 
--1 expanding the determinant along the first row 
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--1 
біпсе | А | #0, therefore A^! exists. 


Now the cofactors of the elements of the first row of | A| are 


1 0 0 0[]0 I|. 10.-1 iudi 
3 ти’ 3146 710 1 теѕресічеју. 
The cofactors of the elements of the second row of | A | are 
1 -1| |2 -1 25111. ЖЕТЕ ге] 
“Їз apli Рр 31672-65 respectively. 
The cofactors of the elements of the third row of | A | are 
1-1 Жел PER ТЕ 
то’ oplo 11“ } 0 2 respectively. 
-1 0 -l 
Matrix of cofactors -|-2 -1 -5 
го 2 
Therefore, Adj (A) = the transpose of the matrix of cofactors 
-1 -2 1 
Adj (A)=| O -1 0 
-1 -5 2 
Now Ale Adj) and here] A] S-1 


= =o. 1] Ti 3-2 
А1=-Ц 0 -101-0 1 о 
Бү" ZO ME 


Example 4: Obtain the reciprocal matrix of the matrix 


1 0-1 
A=|3 4 5 
0 -6 -7 


l1 oO -I l 0 0 
Solution: |4|-13 4 5-3 4 8 [әс +0] 
0 -6 -7 0 -6 -7 


expanding the determinant along the first row. 


=20 
Since | А | #0, therefore А! exists. 


Now the cofactors of the elements of the first row of | А | are 
4 5 3 5113 


-6 _7 0 —770 -6 i.e. 2, 21-18 respectively. 


? 
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The cofactors of the elements of the second row of | А | are 
0--111-1 1-0 


“1-6 47810 -7 0 -6'° 6,-7, 6 respectively. 


, Пин 


The cofactors of the elements of the third row of | A| are 


0 -l 1] -I||1 0 
- | i.e., 4,-8,4 respectively. 
4 5 3 5113 4 
2 21-18 
The matrix of cofactors =| 6 -7 6 
4 -8 4 


Therefore, Adj (А) = the transpose of the matrix of the cofactors 


2 6 4 
Adj (A)=| 21 -7 -8 
-18 6 4 
Now A^ = АЯ (A) and here] A|=20 

13 1 

2 6 4 10 10 5 

A" = 50 S UEM к 20 2 E 

-18 6 4 79 73 1 

10 10 5 


12 3 
А=|4 5 6 
679 [B.C.A. (Meerut) 2007] 
Solution: 
1 2 1-0 
А 5. 4 -3 н ако 
шин ы ЕК C$ -3] 

679 6 -5 -9 

=] | B 5 9 expanding the determinant along the first row 

=-3 


Since | А | 20, therefore А! exists. 


Now the cofactors of the elements of the first row of | A| are 
5 6 Р 6| (4 5 


7 9 6 9816 7 i.e. 3,0, -2 respectively. 


? 


The cofactors of the elements of the second row of | А | are 
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2313 1 2|. 3-95 к 
7 916 9’ [6 71“ 3—95 respectively. 


The cofactors of the elements of the third row of | А | are 


2 3 1 3] |1 : d 5 as TY 
5 68714 6 14 5 i.e. — 3, 6, — 3 respectively. 
3 0 -2 
The matrix of the cofactors =| 3 -9 5 
-3 6 -3 


Therefore, the Adj (A) = the transpose of the matrix of the cofactors 


3 3.3 
Adj(A)=| 0 -9 6 
29.05-48 

Now АЛ гар (A) here| A| =—3 


3 3-3 -l -1 1 


AT == 0-9 61-10 3 -2 
-2 5 -3} |2 2 | 
3. 3 


Example 6: Find the inverse of the following matrix: 


13 3 
А=|1 4 3 [B.C.A. (Meerut) 2008] 
1 4 
Solution: 
м [C > 0 -36 
B Е C3 =} Сз -3 С] 
134 10 I 
1 di. 1 
O0 I|. 


білсе | A | #0, therefore А7! exists. 


Now the cofactors of the elements of the first row ОҢ А | are 


4 3 1314. 21 T 
з ар ally з $e 77L] respectively. 
The cofactors of the elements of the second row of | A | are 
353 13 I: 23:1: 27 T 
=h 4р ар 3146-32 respectively. 


The cofactors of the elements of the third гоу | А | are 
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33 131113. 3.01 € 
4 зру 3| 1 4 66 - 3,0, 1 respectively. 
7 -l -1 
Matrix of cofactors 2|-3 1 0 
-3 0 1 
Therefore, the Adj (A) = the transpose of the matrix of cofactors 
7 -3 -3 
Adj (A) -1-1 1-0 
-1 0 1 
Now АЛ =| Adj (A) and | A| -1 


7-3 -3 7-3 -3 
-1 1 001-1-1 1-0 
-1 0 1 -1 0 1 


Example 7: Find the inverse of the matrix 


214 
А-| 3 6 2 
е zc 
Solution: 
af ze EE 
7 3B do us гийг 
шар Е (81-154) =73 
| |-7 -9] йг 


Since| А | £0 , therefore A^! exists. 


Now the cofactors of the elements of the first row ОҢ А | are 


ийг Цаг ДЫ! 10,-3,24 tivel 
2 -1171:3 21-154 gte -Ю, 73,24 respectively. 
Now the cofactors of the elements of the second row of | А | are 
Ж T - i.c. 9,10,-7 ivel 
7-9 фа |з 26910- respectively. 


Now the cofactors of the elements of the third row of | А | are 


d x Se 22,89 tivel 

6 28713 203 6 i.c. - 22,89 respectively. 
-10 -3 24 
The matrix of the cofactors = 9 10 -7 
-22 8 9 


Therefore, the Adj (A) = the transpose of the matrix of cofactors 
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-10 9 -22 
=| -3 10 8 
24 -7 9 
But АЛ "pa Adi A and] A| =73. 
-10 9 -22 
àd 
z -3 10 8 
24 -7 9 


Example 8: Find the inverse of 
| a+ib c+ | 
А = 


СЕМ a-ib 
where 22 +62 + +d =1 


Solution: 
а+ір сей 
—c+id a-ib 


| A|= = (a + ib) (a — ib) —(-c + id) (c + ide d? + 1? + (° + 02) =1 


Since | A | #0, therefore А! exists. 


Now the cofactor of the elements of the first row of | A | are (a — ib), — (- c + id) 


The cofactors of the elements of the second row of | А | аге — (c + id), (a + ib) 
a—ib с-ій 


The matrix of cofactors = . ) 
-c-id a+ib 


Therefore the Adj (A) = the transpose of the matrix of cofactors 


а-і) -с-14 
“1с-14 а+ір 


Therefore A`! = Е Adj, (A) here | 4|-1 
Aug a—ib -с-ій 
“1с-4  a-ib 
3 -10 -1 
Example 9: Find the inverse of the matrix =| - 2 8 2 
2 -4-2 [B.C.A. (Meerut) 2004] 
3 -10 -I 
Solution: The given matrix is А-|-2 8 2 
2 -4 -2 


|A|23(-16 + 8) +10 (4 – 4) -1(8-16) 2 -24 4 82 -16 


Now cofactor of A 
С1-8(-2)-2(-4)--8 
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Сә =0 Сіз --8 
С =-16 Су, --- 4, Сз =—8 
Са --12, C39 -- 4, C35 -4 


Сі бо Оз 
Matrix of cofactor of A = | Сур Со, Оз 
C3; C32 C33 
Adj (A) = transpose of cofactors of A 
АЙА -8 -16 -12 
Ad л г. 0 -4 -4 
FA 8 -8 4 
іа 2 
2 4 
= A =| 0 LÍ oi 
4 4 
11 I 
2 3 4 


e? 


c 
=:Comprehensive Exercise 2.4 


Find the inverse of matrix 
2-1 2 

1, А=2 2 1 
122 


O0 1 I 
2. А=|1 0 1 
110 

4 

4 

Ї 


[B.C.A. (Meerut) 2005] 


[B.C.A. (Meerut) 2009] 


77 — 


= Algebra of Matrices and Type of Matrices 


[B.C.A. (Delhi) 2007] 


| =i (0 -34 14 46 
; оза Тю 0-5 
—» 3 s ПІ 31 -21 -44 
= © 5) 6. | Inverse of matrix does not exist. Since the 
Э? E 2 2 0 given matrix is singular. 
K -16 4 2 


25 Solution of Linear Equations by the use of Inverse of a Matrix 


Consider a system of linear equations. 
AX %42Х + 43X3 +. + GX, =H 
0уүХ| + 422% + 9313 +... + Хр =b 
M3) X + 4272 + 323 +... + A pX =b 


ag Xp + Ayo Xq + ав +... бууд =bn 


We can express these equations as a single matrix equation: 


a, 4 аз - а, | [a] [А 
D] Фо 0з 2. Hy] |х| № 
1 089 033 8 в | |23 |=|В 
Ад s dy 4,5 -> Ann Xn b, 

АХ =В 


Let А | #0 so that АТ! exists uniquely 


Pre multiplying both sides of AX = B by АТ! we get 
A (АХ) = АПВ 
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(АЛА)Х-АГВ 
ІХ= АТВ 
Х = АТВ 
Hence, X = A! B is the unique solution of AX = B, | A| #0. 


Remark: If | А | 20, then the above method fails. The equation AX = B can be solved 
with the help of elementary row transformations. 


© 
Ie Examples 


Example 1: Solve x -Зу+2=-12 x+ y-4z=-lL6x-7y+8z=7 


Solution: The given equations may be written as a single matrix equation. 
] -3 11| х -1 
2 1 -41|у|1-1-1 
6 -7 81|2 7 


-6 
П 3-14 + 66-80 


Since | А | #0, therefore АТ! exists and the solution can be written 


Х =A B (1) 


The cofactors of the elements of the first row of | А | are 


1 -4 
6 -7 


2 -4|2 1 
‚= i.e. — 20, — 40, — 20 respectively. 


The cofactors the elements of the second row of| A | are 


11 


6 8 i.e. 17, 2, - 11 respectively. 


? 


-3 X 
ume: 


1-53 
“|6 -7 


The cofactors of the elements of the third row of | A | are 


-3 1 1 1 1-3). 1167 хиа 
1 48712 -42 1 i.c. 11, 6, 7 respectively. 
-20 -40 -20 


Matrix of cofactors| 17 2 -ll 
11 6 7 


e Algebra of Matrices and Type of Matrices 79 = 
-20 1711 
Adj (A) -1-40 2 6 
-20 -11 7 
i Ли 20 1711 
de Aue. -40 2 6 
ын -20 -11 7 


Now, substituting the values of ХАТ! and B in (1), we get 


x -20 Зы 
y == -40 2 6{|-1 
z -20 -11 7|.7 
20-17 + 77 801 (1 
-41140-2 «42 |21 01-11 
80 120411 +49 80 


Hence, x 2l, у-41,2-118 the required solution. 


Example 2: Solve the simultaneous equations. 
X*ytzz-3 
х+2у+32=4 


x+4y+9z=6 


Solution: The given equations may be written as a single matrix equation: 


1141 100 
149 138 


Since | А | #0, therefore A^! exists and the solution can be written as 


ХЕА В ...(1) 


The cofactors of the elements of the first row of | А | are 


1.2 


14 i.e. 6, — 6,2 respectively. 


E 


2 3 
4 9 


13 
"119 


The cofactors of the elements of the second row of | А | are 
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ІШЕ! 


11 
- 19 i.e. —5, 8, —3 respectively. 


49’ 


11 
514 


The cofactors of the elements of the third row of 


|A] 1 I 1] I|| I|. Wem died 
аге | а-ар 9 |^ b 72 1 respectively. 
6 -6 2 6 -5 1 
Matrix of cofactors -|-5 8 -3], Adj(A) =|-6 8 -2 
1-2 1 2 -3 1 
i | 6 -5 1 
and Als 7 Adj(A) => 6 8-2 
E 2 -3 1 


Now substituting the values of X, А! and B in (1), we get 


x 6 -5 ПЗ 18 -20«6] [2 
9|-1-6 в -214|-141-18-32-121-11 
2 
2 2 -3 16 6-12-6 0 
> x=2, y=], 2-0. 


Example 3: Find the inverse of the matrix 


12 3 
А=1 -2 3 
1 2 -3 
and hence solve the equation: 
х-2у-432-11 


х-2у+32=3 
х-2у-3:--1 
122 3 1-0-0 
Solution: | A] =|] -2 3 =|] -4 0 [С» > С. Cj, C3 > С; 3 С] 
1 2-3 10-6 


=1 0 Мм 
Непсе, АТ" exists. 
0 6 4 
Matrix of cofactors =|12 -6 О [апа| A[212 +12 =24 
12 O -4 
0 12 12 i 0 12 12 
Adj (A)=|6 -6 DA ыл 6 0 


4 0-4 4 0-4 
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The given system of equations can be written in the single matrix equations 


1 2 WILD [11 
1-2 3ļ||yļ=|3 
ЖІК 


АХ-В, => ХАВ 


x] fpo e jju 
yl=—|6 -6 0||3 
24 
2 4 б-а ы 
‚| [0+36-12] рар 
=—| 66 -18-0 |---|48|-|2 
24 


44+0 +4 48| |2 


x=], y=2,z =2 


81 


=:Comprehensive Exercise 2.5 
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Solve the following equations with the help of matrices. 


1. 3x+ yt+2z=3,2x-3y-z=-3,x+2y+z=4 
2. x+ y+z=6,x- у+22=5,3х+ y+z=8 
3. 9x+4y+3z=-l,5x+ у+22=17х+3у+42=1 
Сы 
e, 
= Answers 
x=], y=2,z=-1 2. | х-1,у-2,:-3 З.|х-0,у--12-1 


%%% 


Rank of Matrix 


51 Rank of a Matrix 


Minor: If from matrix А,» т-р rows and n-p columns are removed, the remaining square 


sub of p rows and p column is left. The determinant of a square sub matrix p x pin called a 


minor of A of order p. 


For Example: In the matrix А = 


со ыы, 


Every element of the matrix is the minor of order 1. 
1 2113 612 3 
2 3112-0114 I 


04 
10 


31 


tc. 
| eee 


, , EJ 


are minors of order 2. 


3102101231 
1 3 6,4 3 6,4 1 3 ete. 
120820 812 


are the minors of order 3. 


== 84 — 2s В.С.А Mathematics-I (Unified) 


Definition: A positive integer r is said to be the rank of a non zero matrix A, if 
І. there exists at least one minor in A of order which is not zero 


II. every minor in A of order greater than r is zero. 
it is written as p (A) =r 


The rank of a zero matrix is defined to be zero. 


For Example 


1. Капі 2 : 2 si 520 
‚ Rank of}, ,|-2 since), ,|-5* 
100 1 00 
2. Капко 0 1 0|=3 since|O 1 0 =1=0 
001 001 
ө 
 Шисігайуе Examples 
123 
Example 1: Find the rank of the matrix А-13 1 2 
23 1 
] 2 3 
Solution: А=|3 1 2 
2 3 1 


|4|1-11-6)-2(3-4)-3(9-2)--5-2-21-1820 
A minor of order 3 is not zero. Therefore, 
the rank of А 23 yi) 
Since A does not possess any 4 rowed minor therefore 
Rank of A <3 2) 
From (1) and (2), the rank of A =3 


4 1 3 8 
| . 62 6-1 
Example 2: Find the rank of the matrix А = 103 9 7 
16 4 12 15 
4 1 3 8 
. 6 2 6-1 
Solution: | A|= 103 9 7 
16 4 12 15 


К э К.-К, Ка > Ry – Ry 


ш Rank of Matrix 


ш о СУ C2 


613 61 3 
A minor of order 3 =| 4 2 6/=/4 2 6/=0 
3.9 61 3 


R3 > R3 - К» 


Since Кү and Rg are identical. 


Similarly, we can prove that all the minors of order 3 are zero. 


2 
Now, a minor of order 2 = 


1 


Hence, the rank of the given matrix = 2. 


Example 3: Find the rank of matrix A. 


|-4-12--вғ0 


85 жш 


as Ку, Кз and Ry are identical. 


1 1 I 
А=|а b c 
во 
when а, b, c ай are real. [В.С.А. (Meerut) 2001] 
1 1 1 0 0 
Solution: |Al=|a b сі-а b-a с-а 
аа в B-P 2-2 
[C5 > С - Сі, Сз > Сз — С] 
р-а с-а 
2103-43 0-0 
b 1 1 
= "dece dud c +ас+ а? 


- (b — a) (с-а) [2 +ac+ d ый -ab - 0] 


+ ac - I? ай) 


-(р-а)(с-а)| с-0)(с-0)-а(с-01) 


-(8-а)(с- 


= (a - b) (b 


а 
а 
[^ 


) 


[ 
(c — b) (c - b - a) 
( 


Case I: If a =b = с, then 


) (c 


а) (a *- b * c) 
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1 
| A|=| а 
а 


Апа ай the minors of order 2 of А аге also zero. But the elements of А аге not zero. Hence, 
in this case the rank of A =1. 


Case П:а-7 zc 


1 t I] 
Then |А|-|а а с -0ава, с are identical. 


Ce с 


1 
а 


1 
Also А has a minor =c-a#0 bu AEG 
c 


Hence, the rank of A =2. 


Case III: a, b,c are all different but a + b + c =0, we know that | А | = (a — D) (b — c) (c — a) 


(a+ b+ с) =0. Also А has a minor of order 2 
1 


1 
pce -с-рж0 ч bc 


Hence, the rank of A is 2. 


Case IV: a, b, c are all different and a + b + с #0, we know that 
| Aļ|=(a-b)(b-c)(c-a) (а+р+с) =0 


The minor of order 3 of A is non zero 
Rank of A 23 244) 


Also А has по minor of order 4 
Rank of A <3 802) 


From (1) and (2), we get 
Rank of A =3 


Example 4: Show that the points (хі, у), (x9, у») and (Ха, уз) are collinear if the rank of 


the matrix. 
лд yl 
А=| м yo 11861688 than 3. 
Xy Js l 


Solution: Here, the rank of A is less than 3. Therefore, the minor of order 3 of the matrix 
А-0. 


ш Rank of Matrix в 87 ж 


л A l 


А=|х y, 1|=0 aL) 
з Js l 
Let the vertices of the triangle ABC be (м, yj), (хо, yo) and (хз, уз). 
1 хол 
Area of the triangle АВС = 2 X9 Ју 1-0 From (1) 
8011 


Since the area of the triangle ABC is zero, so its vertices (xj, yj), (хо, y) and (Ха, уа) are 


collinear. 


Example 5: Under what conditions the rank of the matrix is 3? 
242 


Solution: Here, the rank of matrix A =3. 


Therefore, the minor of order 3 of matrix A #0. 
242 2 0 0 
2 1 2140,2 -3 0140 [G > G -2 С, Сз >С. - С] 
10 x 1-2 x-1 
2 (-3x+3-0) +0 
(expanding the determinants with respect to the first row) 
> -3х-3540 
=» 3x43 5x41 


Example 6: Find the values of a so that rank p (A) <3, where A is the matrix 


За-8 3 3 
Жер 3 За-8 3 
3 3 За-8 


Solution: Here, the rank of matrix A «3. Therefore, the minor of order 3 of A =0. 


3a-8 3 3 
3 3a-8 3 =0 
3 3 За-8 


За-8+3+3 За-8+3+3 За-8-3-3 
3 За-8 3 =0 
3 3 3a-8 


Е > К + Ro + R3 
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3a-2 3a-2 3a-2 


> 3 За-8 3 =0 
3 3 За-8 
Ї Ї 
> (За-2)|3 3a-8 3 =0 


(4-2) 3 32-11. 0 |ы к Ж 
а- а- = 
pouf et 
3 0 Ex 
э (3 22) (32-11) (3а-11)=0 
2 11 
4s. 
873 


Example 7: Find the rank of the matrix 


go N A N 
- Ww 
ло ho © 


ON Co ho н 
=] 


[В.С.А. (Meerut) 2006, 2009] 


Solution: We have 


by Ry = К -Rs -R -R 


OWN н 
© NAN 
он оо оо 
OWN © 


0 
2 
3 by Ry = К - 2R}, R3 = Кз -3R, 
0 


ооо em 
| 

нь 
© о оо шо 


Hence, the rank of A =3. 


1 2 3 
0 О -3|--12ғ0 
0 -4 -8 


s Rank of Matrix ва 89 ям 


490. 


Comprehensive Exercise 3.1 


Find the rank of 


11 I 
1. А=|1 2 3 
13 6 
1 2 8 
2. А-|2 4 6 [B.C.A. (Meerut) 2004] 
7 8 10 
2 3 -I -I 
4 l -1 -2 -4 
513 1 3 -2 
6 3 0 -7 
121 O0 
4. А= 3 4 3 0 [B.C.A. (Delhi) 2003, 05, B.C.A.; (Rohilkhand) 2005] 
-102 -8 
1231 
5. А-|2 4 6 2 [В.С.А. (Meerut) 2001 | 
123 2 
=: Answers 
Л. 3 282 3 3 4. |3 5 2 


32 Elementary Transformations 


Any one of the following operations on a matrix is called an elementary transformation. 


1. Interchanging any two rows (or columns). This transformation is indicated by 
Rj o Rj or C; OC; 


2, Multiplication of the elements of any row (or column) Бу a non-zero scalar 
quantity К and identicated as R; > КК, 


3. Addition of constant multiple of the elements of any row to the corresponding 
element of any other row, indicated as К; > К; + К К, 


Two matrices are said to be equivalent if one is obtained from the other by elementary 
transformations. The symbol ~ is used for equivalence. 


— ОО 


B.C.A Mathematics-I (Unified) 


Definition: A matrix obtained from a unit matrix by subjecting it to any of the elementary 


transformation is called elementary matrix. 


1 00 001 

For example: 1-10 1 0|-01 O} R4, GR, 
001 1 0 0 
100 

1-10 1 O| В >58 
0.0 5 
100 

1-13 1 0 Ry > Ry + ЗК 

001 
001 

1-10 1 0 С eG, 
100 


© 
ОО Examples 


Example 1: Reduce the following matrix to upper triangular form : 
123 
257 
3 1 2 


Solution: Upper Triangular Matrix. If in a square matrix all the elements below the 
principal diagonal are zero, the matrix is called an upper triangular matrix. 
123 1 2 3 


2576 Y 1 аел. 
Кз -» Кз -3К, 
3 1 2 0 -5 -7 
1 2 3 
00-2 
ILa 3 
Example 2: Transform|2 4 10 | п a unit matrix. 
3 8 4 
[13 3] [1 3 3] Ry 3 Ry -2R, 
Solution: 2 4 10|—|0 -2 4 
R3 > R3 -3 К, 


3 8 4 0 -1 -5 


ш Rank of Matrix 


01 жш 
[1 3 3] | 
1-2 Ry 
-1 -5] 
a R, > R| -3 R, 
l -2 
00 -7 Кз > Кз + Ry 
10 9 i 
—0 1 -2 Кз ә – = Кз 
0-0 1 
Ж. R, > R, -9 R, 
—|0 1 0 


Example 3: Use the method of elementary row transformation to compute the inverse of 


Solution: Let A=I A 


-1 


1 2 5 
0 -1 -9 
0 3 6 
1 2 5 
0-1 -9 
0 0 -21 
I 
0 19 
0.0 I 
120 
010 
001 


12 5 
2 3° 1 
-] 1 I 
[B.C.A. (Meerut) 2004] 
2.5 100 
3 1|=|0 1 OJA 
Lb d 0.0 I 
A. К,-8К,-28 
-|-2 1 OJA с. ! 
10 1 R3 > R3 + Ry 
10 0 
"E 10 A R3 > R3 +3 К 
-5 3 1 
=| 2 -l OJA 1 
5 1 10 Хүрээг 
21 7 21 
22 5 2 
21 7 2 
E m 2 3 Е > № -5К 
А : : Ry = К -9R3 
21 7 21 
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92 


N 
x 
N 
| 
= 
сс 
I 
= 
сс 
арилан! 
= г- = 
о =F 
| | 
SIN ANIN AIS 
| 
— --(|г- — 
өд | vja 
-.-  -. ч.- р-- х и- хи 
| 
T 
9 


Example 4: Using elementary row operations show that the matrix 


[B.C.A. (Delhi) 2003, 2007] 


is invertible. Find А7". 


=IA 


Solution: Let A 


N e + 
ы м & 
| IM |+ 
T T T 
N e "P 
a © ж 
< 
e © = + 


7 = 
я 
p. d | 
ше nj 
TT T 
= ш 
< 


=. 22723 21 


INA [09 |+ 
| | 


о © Hin о 
CHIN Oo o 


i © © 


ee Ф © =|= 
© © |01 а 
| 


А? «2 
e$ MIN 
[od 
c o 
T 1 
E 
< 


~ м | сү |Ә 
| 


я © 


© 


© 


йү OR =2Ёь 


х 


© -O|emIie © 


TAIN © 


о 


ш Rank of Matrix 95 инээ 


1-1 0 0 
Ucet. 

A! : 1 1 
“б. d 225 

d 7 

і 0 о 2 

4 


а 


=:Сотргеһепѕіуе Exercise 3.2 


Reduce the following matrices to upper triangular form. 


13 4 
1. 2 4 6 
3:5. 9 


Find the inverse matrices of the following matrices. 


13 3 ] 2 5 
2 14 3 3. 2. 3 I 
13 4 -] J I 
=: Answers 
1 3 4 7 -3 -3 2 3 -13 
ПЁ () =7 =» 2. -1 1 0 S; 5-1-3 6 9 
0 0 1 -1 0 1 5 -3 -1 


3.2.1 Echelon Form of a Matrix 

1. All the non-zero rows of A, if any precede the zero rows. 

2. The number of zero preceeding the first non-zero element in a row is less than 
the number of such zero in the succeeding row. 


3. The first non-zero element in a row is unity, then it is in the Echelon form. 
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ШЕПТІ Examples 


12345 
Е le 1: А matrix in the Echelon Ё ааа 
xample 1: A matrix іп the Echelon orm |) 0121 
00 0 0 0 
1. Here, there are three non-zero rows which precedes the fourth zero row. 
2. Number of zeros in R5, Кз, R4 are 1, 2, 5 which are in ascending order. 


3. The first non-zero element is unity. 


Here there are three non-zero rows so the rank is 3. 


Note: To obtain the rank of a matrix we reduce it to upper triangular matrix and we count 


the number of non-zero rows, the rank of the matrix is equal to the number of non-zero 
rows. 


2 3 4 
Example 2: Find the rank of the matrix} 3 1 2 
-1 2 2 
2 3 4 -1 2 2 
Solution: LetA=| 3 1 2|-| 3 12 К, <> R3 
-12 2 23 4 
-12 2 
078 К, -» К» + 3R, 
К. > Ra +2R 
0 7 8 3 3 1 
-1 2 2 
0 0 0 
dis E R >-R 
-10 1 = 1 
ооо 7 


The last equivalent matrix is in Echelon form. The number of non-zero rows in this matrix =2 
Rank of A = Number of non-zero rows = 2 
1 


111 
Example 3: Find the rank of the matrix}3 4 5 2 
2340 


s Rank of Matrix  ----- ......... 2 95 жш 


[1 ІСІ | [T 1 1 Ry > Ry -3R, 
Solution: А=3 4 5 21-0 1 2 -=l 
В; > R; -2 К 
23 4 0] jo 12 -2 
111 l 
=|0 12 -l Ез > R4 - R, 
000 -I 


Rank of A = Number of non-zero rows = 3 


5 3 I4 4 
Example 4: Reduce the matrix А-|0 1 2 И the triangular form and hence, 
1-1 2 0 
find the rank. [M.C.A. (Meerut) 2002, 2008] 
5 3 14 4 1-1 2 0 
Solution: A =|0 1 2 11-10 1: 22. 1 Көк, К ә R3 -SR, 
1-1 20 5 14 4 
-120 1 2 
В. > Ra -8R 
-10 I 2 1 $79 2 
8 4 4 -12 -4 
1-12 0 ? 
1 12 
0 0 1 = 
3 
= Rank of A=3 
10 1 1 
Example 5: Find the rank of the matrix: А-|3 2 5 1 
04 4 -4 
[10 1] 
Solution: А-13 2 5 1 
04 4 -4 
10 I 1 
-10 2 2 -2 Ry > Rə -3 К 
0 4 4 -4 
10 1 1 
044 -4 
10 L I| i 
000 0 


> Rank of A =2 
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Example 6: Find the rank of matrix: 
] 2 -1 3 
2 4 -4 7 
-1-2 -1 -2 
1 2 -l 


Solution: Let А=| 2 4 -4 
-1-2 -1 -2 


I 
-10 
0 


R, > R, OR, 
Ез > Ёз + К 


1 
R,-—R 
2 2^2 


l 
рт | 
© © ыз 
© © о COON oom 
1 
- омы. 
© ы о 
ON| о WH LE 


The last equivalent matrix is in the Echelon form. The number of non-zero rows in the 


matrix is 2. Therefore, the rank of the matrix A is 2. 


Example 7: Find the value of the matrix 


12 1 0 
-2 4 3 0 
102 -8 
| 12 1 М 
Solution: Let А-|-2 4 3 0 
| 102 -8] 
! al 9 Ry > Ry + 2R; 
~ 8 5 0 
0 -2 1-8 R3 >R, -Rı 
1 2 | 0 
5 1 
-10 1 = 0 В. > -R 
8 > 
0 -2 1 -8 
Кз > R3 +2К» 


Ї 
re 
о m 
= N 
AJO on n 
o о 


ш Rank of Matrix  ------ .......... От жш 


5 4 
-|0 E 0 Кз > ORs 
0 0 j 2:52 
9 


The last equivalent matrix is in the Echelon form. The number of non-zero rows in the 


matrix are three. Therefore, the rank of A is 3. 


Example 8: Find the rank of the matrix : 
11 1 
13 -2 


1 
1 
E DE 2 
33 03 


using elementary row transformation. 


A 


Li. © їр TY Go 11 
| їз c» 1| lo 2-80 12792205 

Solution: Let атала 2 “|0 9 5 0 о 
33 03| |о o -3 o| Pera m 
Ї 121 
0 2 -3 0 
ОКЕ Ез > Ёз +Ё» 
00 -3 0 
Di Xd 
02 -30 
оо -8 0 Ry > R4 -= Кз 
00 00 
11 14 11 14 
да 0 | 0 1-3 0 1 
оо 10 (Rs -5 8s |~|, й icm Be a 
00 00 00 00 


The last equivalent matrix is in Echelon form. The number of non-zero rows in this matrix 


is 3. Therefore its rank is 3. 


6 1 3 8 
| 4 12 15 
Example 9: Find the rank of the matrix: 5353 4 
4 2 6 -l 
1 6 3 8 
. 4 16 12 15 
Solution: - 3 5 3 4 С e C, 


2 4 6-1 
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1 6 3 8 a 
о -8 0 -17 м гаа 
Tjo -13 -6 -20 6985-34 
— s R4 Ry -2R, 
1 6 3 8 
0-8 0-17 13 
0 0 -6 8 Ry > R4 -R3 
(0 о о 0| 
1 6 3 8 
17 
g Ry > –- = К 
~ 61 
0 0 1 728 R3 > -- Кз 
ооо 0 


The last equivalent matrix is in Echelon form. The number of non-zero rows in this matrix 


is 3. Hence, the rank of the given matrix =3. 


Example 10: Find the rank of: 


1 4 9 16 
4 9 16 25 
A= 


9 16 25 36 

16 25 36 49 

1 0 0 0 

4 -7 -20 -39 к бай Шы. 
T| 9 -20 -56 -108 ER 

16 -39 -108 -207 сайх саг 


0 -7 -20 -39 
Кз > R3 -9 К, 


Tjo -20 -56 -108 PLN QN 
0 -39 -108 -207 сийн 1 


1 0 0 0 
0 -7 -20 1 
TIo -20 -56 4 

0 -39 -108 9 


1 0 0 0 
К, > Кә -48, 


== Rank of Matrix 


i 000 
0 -7 11 
0 -20 4 4 
0 -39 9 9 
1 000 
ò 22-10 
|0 -20 4 0/72 
0 -39 9 0 
> |B|=0 p(A)<4 


Consider a minor of order 3. 
1 0-0 


0 -7 1|=1(-28+20)=-8=0 


0 -20 4 


Hence, Rank of A = 3. 


Example 11: Find the rank of the matrix: 


3 -1 І 3 

-] -4 -2 -7 

2 1 3 0 

-1 -2 3 0 

-І -4 -2 -7 

. 3 -l 1 3 
Solution: А= 2 1 3 9 
-] -2 3 0 


1 4 2 7 

0 2 5 7 

0 -7 -] -14 

О -13 -5 -18 

1 4 2 7 

5 7 

тог. .. 
0 -7 -l -14 

О -13 -5 -18 


OO ашаа 
C59 Сб; 3:65 


Cy > Cy - Сз 


В > Кә 


К, -» Кә +3К| 
Ез > Ёз + 2R} 
R4 > R4 -Ri 


Ry OR, 


1 
В. > В 
27249 


== 100 


0 


+ A O © 


Qo кәл кә 


© m мим о 


B.C.A Mathematics-I (Unified) 


[S] S1 Ши ГчмГчы HIN NIN м 


| 
LIT TT IJ 1% 


и 


- 
— 


R4 > R4 + 13R5 


В, >—R 
4 доо 


The last equivalent matrix is in the Echelon form. The number of non-zero rows is 4. 


Therefore, the rank of A =4. 


Example 12: Find the rank of the matrix A, where : 
3 8 
6 -l 
9-- 7 


6 


Solution: 


оо м WwW 


1 


12 15 


R4 > R4 = (К + Кз) 


R4 > R3 = (Ку + R3) 


== Rank of Matrix ааа (1(0| 


4 2 6 -1 
6 13 8 Р 
ооо 0 per 
000 0 
4 ® 6 wl 
19 
0 -2 -6 < 3 
- 2 ВВ =—Ё 
0 0 0 ши OE d 
0 0 0 0 
;i3 1 
29 4 
E Bold 
4.0 1 3 -2 gu 
00 0 а 
ооо 0 


The last equivalent matrix is in the Echelon form. The number of non-zero rows in the 
matrix is 2. Therefore, the rank of A is 2. 


2-1 4 
Е le 13: If A A E S find it k: 
хатар е 3 - 1 2 2 4 Ind 168 гапк: 
-1-2 6 -7 
1 2-1 4 
(сиу А 2 4 3 4 
OLUTION: = 1 2 3 4 
-1-2 6 -7 
12-1 4 
оо 5 -4 К, -» Кә -28, 
оо 5 -3 R4 > R4 + Ry 
12-1 4 
4 
0 0 l -= 
Pa) 5 Bold 
00 4 0 5 
00 5 -3 
12-1 4 
4 
00 1-5 Ry > Ry - AR; 
5 
00 0 1 
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12-1 4 
4 
0 l == 
00 0 1 16 
ооо 1 
12-1 4 
4 
410 0 1 VUE Ка > Ка - Кз 
00 0 1 
00 0 0 


The last equivalent matrix is in the Echelon form. The number of non-zero rows is 3. The 
rank of A is 3. 


3.2.2 Normal Form of a Matrix 


А matrix А can be reduced by elementary row and column transformation into one of the 
following equivalent matrix. 


1, О 1, 
lI [o III. [1,0] IV. [I] 


where I, is n x n identity matrix and О is null matrix of any order. 
The above forms are known as normal or canonical form of A. 


Then rank of A is n. 


Е Examples 


Example 1: Reduce the following matrix to the normal form and hence, find its rank: 


0 1-3 -1 

ШІ 1-1 

3 1 0 2 

11-2 0 

0 1-3 -1 

; 10 1-1 
Solution: Let A= 31 02 
11-2 0 

10 Е Л 

0 1 -3 -l 

731 02 ше 
11-2 0 


s Rank of Matrix  -------....... 


о о ja 


| | | 
ГЭЛ ат ee Ээ серу, a Та аа. | 
ен OO OF co 


| 
по ==] 
Ons 
© 


ра орч ви © 


Фоно оо ос 
oooo 


| 


ооо Р ә 


105 аа 


R3 > R3 -3R 
R4 > R4 - Кә 


Кз = Кз - К, 
R4 = R4 - К 


Са > C4 -G + Cy 
Сз > С -CG +3 С 


The last equivalent matrix is in the normal form. The rank of A is 2. 


Example 2: Find the rank of: 


i + 2 3 
їз 0 3 
Ж= 20 28° 25 
i 1 2 3 


1 1 2 3 
| р 1 3 0 3 
Solution: We have the matrix A = 1-2 -3 -3 
1 1 2 3 
1 1 2 3 
A К Ry > Ry - К 
LN Кз > Rg – К 
hr e Ry > Ка -R, 
1 1 2 3 
б: Y 1 0 1 
7|06--8- 25-26 сагс 
о 0 0 0 
1-1 2 3 
0-1--1-0 
“ог: R4 > R3 +3К» 
ооо о 


— 104 


ооо шоирро і 


ос со со со осо © 
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0 0 

_1 0 Сэ С - С 
EN QE it 
0 0 Са > C4 -3 G 
0 0 

0 0 

2 жама 
0 0 

0 0 

0 0 C3 > -7 C3 
me C4 > -- C3 


I, 0 
Thus, the matrix A is equivalent to the matrix | : | hence, the rank of А =3. 


Example 3: Reduce the matrix A = 


its rank: 


Solution: 


SSS SSS. SSS АЛСЫН Se ат 
> o c — © © © кю © © ON © © © Юю м кюю © t 


| | 
Ї ом сл олом 


оо ы 


2-1 3 4 
B ЯГ th | fi аһ find 
2 3 7 5 о е normali form ап епсе, пп 
2 5 11 6 
3 4 
4 1 
7 5 
11 6 
3 4 
8 2 
з 4 
4 1 
411 R4 > R4 - (К + Кз) 
0-0 
3 4 
4 1 
-4 -] R3 > R3 -2К, 
0 
3 1 
1 
1 
] — 
1 
4 = 


=== Rank of Matrix 


— 


oOo ep © О Q ps oco o 


105 аа 


l 90 + 5G 
2 3 

і 1 Суу» улс 
4 Са > C, -2Q 

0 0 

0 0 

0 0 Сз > C3 -2C, 
1 1 

0-0 

0 0 

0 0 1 

0-0 


The last equivalent matrix is in the normal form. The rank of A is 3. 


Example 4: Find two non-singular matrices P and О such that РАО is in the normal form 


where 


Also find the rank of the matrix A 


Solution: А=ВАБ 
1 1 1 10 
1-1 -1|=|0 1 
3 1 1 0 0 


1 
1 
3 


1 1 
=]. = 


0 10 0 
0 1110 10 
1 1 100 I 


We have to reduce the matrix on the left hand side to the normal form by elementary row 
operations. Every E-row operations will also be applied on prefactor I4 on the right hand 
side and every E-column operations to the post factor [5 on the right hand side. 


Ё 2-1 1 
0 =2 Е 6 
Ü:- 29] 1-3 
1 0 0 1 
ô =3 <3 la| =] 
0 95 3). [23 
1 0 0 : 
0 1 4-42 
i.e 9 


07726 Ry > Ry =R 

01 -—— R, > К. -З№ 
01 [1-1-1 

1014 го a s 

о 1| lo o 1 биеэн! 
: 0 ізі | 

-5 Ол 1 0 № > № 
0 1| |0 o 1 


-— 106 
100 | 
0 11[5- 
00055 
100 : 
010[5- 
000|]|5 
b 0] рд 
о нэ 
1 
where pal l _ 
2 
-2 


ы 1, 0 
Since A ~ оо’ therefore rank A =2. 


Example 5: Reduce the matrix: А = 


determine its rank. 


Solution: We have A= 


П] 
о о 


| 
о о wu 


— Na 


ошо On, CO COHN 


- WN 


NCO NNO NNW 
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-1 


014101 
|| |0 о 
0 1-1 
о |А|0 1 
;] ©: © 
0 

1 
0. 0-10 
i 0 
1 
ja 
1 
1 
4 
3 
4 
1 
3 
3 4 
2 1 
8 -9 
4 
1 
-4 
0 
1 
-4 
0 
0 
-4 


-1 
0 


Кз => Кз + 2К, 


К, > К, 


Ез > Ёз 23 


R3 > R3 *5R, 


C, э C, -2G 
Сз > Сз -3 С 
C4 > C4 -4C 


Са > Cy - С 


== Rank of Matrix sca UNC | 07 шшш 


10 0 
“lO 1 0 GSG СІ 
00 1-2 

1000 c, эс, 
—|0 100 2 
0010 Cy > Са +2 C3 


Thus, the matrix А is equivalent to the matrix [14,0]. Hence, the rank of A is 3. 


Ё, 
=: Сотргеһепѕіуе Exercise 3.3 


Find the rank of the following matrices: 


T 2-206 0 c -b d 
1 1123 5 ІХ 3 В 
` ЭРЭГ "11-10 3 ` b -a 0 е 
1-2 12 -d -Р «0 
where ad + ЬУ + cc’ =0 and а, b, с are ай positive numbers. 
1 i 2 3 Lope 23 1230 
P 1 3 0 3 5 4 10 2 "P 2432 
| 1 -2 -3.-3 “10 30 4 713 2 13 
1-1 2 3 010 2 6 875 
123 I 
7. А=|2 4 6 2 
1232 [B.C.A. (Meerut) 2001] 
12 3 
8 А-|2 4 
3 6 10 


[B.C.A. (Meerut) 2006, 2007] 
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Chapter 


Eigen Values, Eigen Vectors 


& Cayley-Hamilton Theorem 


4.1 Eigen Value & Eigen Vector of Matrix 


4.1.1 Eigen Value 

Let A = [а] nxn Ое а square matrix of order n over the field F. An element A in F is called an 
eigen value of A if| (A — АЛ) | 20 , where J is the unit matrix of order n 

Eigen Vector. Let À Бе an eigen value of an n-square matrix A, then a non-zero matrix X of 
the type л хі such that AX = АХ is called an eigen vector of A corresponding to the eigen 


value А. 


4.1.2 Characteristic Roots 

If A be an n-square matrix, then the problem to determine the scalar X and the non-zero 
vectors X which simultaneously satisfy the equation AX = АХ is known as Characteristic 
value or roots. 

Eigen values are some times also called proper values characteristic values or spectral 
values similarly eigen vectors are called proper vectors, Characteristic vectors or spectral 


vectors. 
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4.1.3 Characteristic Value Problem 


If A be n-square matrix, then, the problem to determine the scalar А and the non-zero 


vectors X which simultaneously satisfy the equation. 
AX = AX aL) 
is known as characteristic value problem 


x 941 42 > An 


921 922 ++ № 
and А = [45] nx = ; =“ 


Х а а а, 
п | (их!) nl n2 nn Mn x n) 


The equation (1) in n-unknown can be obtained in the following system of homogeneous 


linear equations. 


(а | —-X)* фэХ) +......... taux, =O 
іл + (йуу — À) X9 +......... H Ag „Xn =O 
6% as sis Эн Е add) 
арх FAX + + (ann Е ))x, -0 
(2) can be written in matrix form, as 
а1-^ аҙ се Ay х 
ФА -k oso а, |, 
: : "E 2 -0 
Xn 
ад 4,2 Өс буд -^ 
> (4-2,1)Х-0 ...(3) 
where I is the unit matrix of order и. The equation (3) has a non-trivial solution X if and 
only if 
41-Х д» т An 
A- SA ... 
ГЕР T. 2n |20 (A) 
ад 4,2 Өс Ann -À 


4.1.4 Characteristic Matrix 


The matrix А — А I is called the characteristic matrix. 


4.1.5 Characteristic Polynomial 


The expansion of the determinant [А -M | yield a polynomial f(A) of degree n in X which 


is called characteristic polynomial of the matrix A. 
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4.1.6 Characteristic Equation 


41-Х 42 > а, 
0 -ХА = @ 
|А-АД|= 21 22 И 2n 20 
ад Dn Ut рд 3 
is called the characteristic equation of A and its roots 24,Х2,...,Х, are called the 


characteristic roots or eigen values of A or latent roots. 


4.1.7 Spectrum 


The set of all characteristic roots of A is called spectrum 


4.1.8 Characteristic Vector 


If A =A, be any characteristic root (eigen value) of A, then for this value of à ,equation (3) 
is satisfied and hence the equation (A — A; I) X 20 has non-trivial solution for X. Every 


such non-trivial solution is called a characteristic vector or eigen vector of A. 


42 Certain Relations between Eigen Values and Eigen Vectors 


- 


=: Some Important Theorems 


Theorem 1: X is an eigen value of a matrix A if and only if there exists a non-zero vector X 
such that 


AX = AX 
Proof: Let А is an eigen value of matrix А. Then (A - AI) X 20 and the matrix (A — А I) is 
singular 
Therefore (А-АГ) Х-0 ie АХ-АХ 
Conversely: Let there exists a non-zero vector X such that AX = AX, іе. (А-А) X =0 


since the matrix equation (1) have a non-zero solution therefore the coefficient matrix 
(A — X I) must be non-singular i.e. 


|А -A | =0 
Hence A is an eigen value of matrix A 


Theorem 2: If X is an eigen value of a matrix A, corresponding to the eigen value А, then 


kX is also an eigen vector of A corresponding to the same eigen value A. Hence К is апу 
non-zero scalar. 
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Proof: Let X #0, then 


AX = AX (1) 
If k is any non-zero scalar kX +0 
A(kX) = КАХ) = КОХ) [From (1)] 
= A(kX) 


Now, kX is non-zero vector, such that 


Hence kX is eigen vector of A corresponding eigen value №. 


4.3 Nature of the Eigen Values of Special Types of Matrices 


Theorem 3: The eigen values of a Hermitiain matrix are real. 
Proof: Let A be Hermitian matrix А an eigen value à and X be eigen vector, then 
AX = AX (Л) 
Pre-multiplying both sides of (1) by X”, ме get 
Х.АХ=АХ*Х 2) 
Taking transposed conjugate or tranjugate on both sides of (2), we get 
(X.AX) =X X) 
> XA Cy - OCy КАБ eB AS 
E X AX = ХХХ (3) 
ЕЕ (Ху = X and А = A, because A is a Hermitian matrix] 
Now, from 2 and 3 
AX X =AX X > (A-A)X X =0 
But X +0 therefore X X #0 
Now А-А 20. Hence А, = А X is real 
Cor 1: The eigen value of a real symmetric are all real. 
Proof: Let А is a real symmetric matrix, then 
A -A-ASA =A 


Hence, А is Hermitian matrix 


115 ж 


= Eigen Vales, Eigen Vectors & Cayley-Hamilton Theorem 
Thus a real symmetric is Hermitian and hence the result. 
Cor 2: The eigen value of a Skew-Hermitian matrix are either pure imaginary or zero. 


Proof: Let А is a skew-Hermitian matrix. Then iA is Hermitian, let X be an eigen value of 
A, then 


АХ = AX > (iA) X = (iA) Х 

id is an eigen value of iA which is Hermitian. Hence ia is real. 
Therefore either A must be zero or pure imaginary. 
Cor 3: The eigen value of a real symmetric are either pure imaginary or zero. 
Proof: Since every real symmetric matrix is skew-Hermitian, so that required result. 
Theorem 4: The eigen value of a unitary matrix are of unit modulus. 
Proof: Let A be unitary matrix. Then 

А`А =1 
Suppose X be an eigen value of A. Then 

AX = AX ...(Т) 


Taking transposed conjugate or tranjugate on both sides 


(AX) = (АХ 
X.A'-AX [ (AB) =B A] ...(2) 
Now, from (1) and (2), we get 
E (ХАХАХ)-АХ X 
=> Х(ААХЕМХ”Х 
ХІХ-ХХ 
[^ Ais unitary matrix 2 ЖА- I] 
> ХХ = ХХ 
=> (AN -)ХХ =0 ...(3) 
Since, ХХ #0, therefore (3) gives 
> = SAP =1 


Cor 4: The eigen value of an orthogonal matrix are of unit modulus. 
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We know that if the elements of a unitary matrix A are all real, then A is said to be 
orthogonal matrix. Hence the result. 
Theorem 5: The eigen value of idempotent matrix are zero or one. 


Proof: Let A be an idempotent matrix. Then A = A, let X be eigen value of A and X a 
corresponding eigen vector. Then AX = AX 


Now AX 2 AX = А(АХ) = A(AX) = (AX) 
- (AA)X = A(AX) Г- АХ 2 AX] 
= АХ =17X 

> АХ 2A?X (с А? = A] 
> AX =^2Х 

> (4 -32) X 20 

> 1-2 =0 | X #0] 
> А-А) =0 

> A20 or A=l 


Hence eigen values of an idempotent matrix are zero or one. 


Theorem 6: The eigen values of involututory matrix are +1. 


Proof: Let A be involututory matrix. Then A? =1 were is unit matrix . Then rest proof is 


similar to theorem 5. 


4 A The Process of Finding the Eigen Values & Eigen Vector of Matrix 


Let A= [ау] nxn be a square matrix of order n. First write the characteristic equation i.e. 
[А-А |=0. This equation will be of degree n in Л. So it will have л roots. These л roots will 
give us the eigen values of matrix A. If A, is an eigen values of A, then the vector 


corresponding eigen vectors of A will be given by non-zero vector 


м 


satisfying the equation 
AX = МХ or (A-AI)X 20 
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Л Examples 


3 2 
Example 1: Determine the eigen (Characteristic) values of the matrix A = E | 


Solution: Here А characteristic matrix 


Therefore A is characteristic polonomic 


= 


3-3 : 


= (3 -A)(-A) -2x(-1) 


=} -30+2 
^ А is characteristic equation 
А-М=0 
> X -304+2=0 5А =12 


Hence, eigen values of A is (1) and (2) 


Example 2: Determine the eigen values of matrix 


0-1 2 
А=|1 0-1 
2-1 0 


01 2 100 
=А-М=|1 0-11-431(010 
2-1 0 0.0 I 


0-4 1 2 
- 1 0-А -1 
2 -1 0-4 


Thus the characteristic polynomial of A = |A —М| 


- 1 2 
=| 1 -À -l 
2 -l -A 


AO —1)—-1(—),+2)+2 ЖЕЗ, 
=} +64-4 
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"Те characteristic equation of A is 


[А-М|=0 2 33 -6.44 =0 


> (4 -2)02 4-24 -2) 20 
> à 22,-1t43 
Hence, the eigen values of matrix А are 2,-1+ 43, 
Oh g O f h O0 g f 
Example 3: Showthatmatrix А = 0 f| 8-47 O gi, С=| O h 
gfo h go fho 


having the same characteristics A X ( P + g +2 )-2 feh =0 


Solution: The characteristics equation of A is 


|А-М|-0 
0-3 Л 2 
- h 0-X /|-0 
g f O-A 
> 102-/2)-3(-40-а f)+g( M+ gh) =0 
> A? -ACE +g +12) -2 feh =0 (1) 


Similarly, we can see that this equation is also characteristic roots for B and C matrix. 


Example 4: Determine the eigen values and the corresponding eigen vectors of the matrix 
А 4 2 
(03 3 


Solution: The characteristic equation of matrix A is 


|A - AI| 20 

= 4-4 2 27 
3 3-3 

> (4-A)(3 -A)-6 =0 

> 2-7 +6 =0 

> (A -l)(A —6) 20 


The roots of this equation is А = 1, А = 6, hence eigen value or characteristic roots of A is 1 
and 6. 


X 
The eigen vector X = Ё 


| of matrix A corresponding eigen value A, =1 is obtain Бу 
2 
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НЫ 
- EEM 
- 1 Қ. 


The coefficient matrix of these equations is of rank 1. Therefore these equations have 
2 - 1-1 linearly independent solution. Thus there is only one linearly independent eigen 


vector corresponding to eigen value A, = 1. These equation can be written as 3x) + 2x, =0 


2 
=> xj =2 ло =-3. Therefore X = Ls] is eigen vector of A when eigen value A, =1 


Similarly eigen vector of A when eigen value № =6 is given by 


|А - 61| 0 

4-6 215] [0 

= $:-3-5]35 | |0 

-2 21/41 (0 

т зо-з||»| |0 
=> -2x +2х» -0,3х -312 =0 ә м = х 


1 
If we have д =1, x =1һеп Хә = 1 ‚ be eigen vector corresponding eigen value А =6 


Example 5: Determine the eigen values and the corresponding eigen vectors of the 


8 -6 2 
matrix А-|-6 7 -4 
2 -4 3 


Also write the corresponding eigen values. 


Solution: The characteristic equation of matrix A is 


[A-A]-0 
8-1 -6 2 

-6 7-0 Шеф 
9: - d 


> (8—2){(7 —2)(3 —A) -163 + 6(-6(3 —A) + 8} + 2(24 -2(7-A)} -0 


> 33-1832 4454 =0 
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> A(A-3)(A-15) =0 

> А =0,3,15 

Hence eigen value of A is 0,3 and 15 


The eigen vector corresponding to eigen value О are given by non-zero solution of the 


equation 
8 -6 2|]л 0 
(А-ОЦХ-0-|-6 7 -4||ж|-(|0 
2 — 3||» 0 
2 -4 31х 0 
= -6 7 -4|x|-|0 [Ri © Ёз] 


со 
| 
с 
16 
2 
© 


- 0-5  5|]|x |-]O [R] > Ry +3R),R3 > R3 -AR] 
0 10 -10||x,| (0 


2 -4 311м1 fo 
= 0 -5 5||»|=|0 [R5 > Rg +2R3] 
о о O||x 


о 


The co-efficient matrix of these equation is of rank 2. Therefore these equation have 3-2 
=]. 


linearly independent solution.Thus there is only one linearly independent vector 
corresponding to the eigen value 0, these equations can be written as: 


2x; -4ху +323 =0 ә 06) 


From (2) we get xo = хз, Let us take ху = x3 =130 that from (1) ху = y 


Therefore X = E Ш is an eigen vector of A when eigen value is 0. If Kj is any non-zero 


scalar, then Кү X; is also an eigen vector of A corresponding eigen value 0. 


The eigen vectors of A corresponding to the eigen value 3 are given by the non-zero 
solution of the equation. 


(A-31)X =0 
5 -6 2115] [0 
> -6 4 --4|х,1-10 
2 -4 0|ж| 10 


119 ж 
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=> -6 4 -4 X% |= 0 [В > В * R5] 


- 0 16 81 1-0 [Ry > Ry -6R,, R4 — R4 42R] 


| 
— 
| 
N 
| 
N 
ы 
ны 
© 


= О 16 81 x, |=|0 [Rs > № | 
0 0 01 x3 0 
The coefficient matrix of these equations is of rank 2. Therefore these equations have 3-2 = 1 
linearly independent solution. These equations can be written as 
-Xj-2x9 -2x4 =0 ...(3) 
16ху + 813 20 ...(4) 


Егот (4) хо = Зээ Now take x4 =4, ху --2 


From(3) we get ху --4. Therefore Ху =[—4,—2,4] ‚15 an eigen vector of A corresponding 
the eigen value 3. 

Every non-zero multiple of X» i.e. Ky Ху where Ky is any non-zero scalar, is an eigen vector 
of A corresponding to eigen value 3. The eigen vectors of A corresponding to eigen value 


15 are given by the non-zero solution of the equation. 


(A-151)X 20 
8-15 -6 2/41 fo 
= -6 7-15 -4(|»|-|0 
2 <4 $5]. |0 
-7 6 2141 fo 
=> -6 -8 -4|x |=|0 
2 -4 -12| | |0 
-1 2 6131 fo 

5 -6 -8 -4 || x |=|0 [R > R -R] 
2 -4 -12 || | |0 


Ry — Ry = OR, 
К+ > Rg +2R, 
The co-efficient matrix of these equations is of rank 2. Therefore these equations have 3-2 = 1 


linearly independent solution. These equation can be written as 


= ху +2255 + 6x, =0 (5) 
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-20х) -40x4 -0 ...(6) 


From (6) хо = —2x3, Let x4 21, хә --2 then from (5) x; = 2 therefore 
хз [2, -2, 1] is an eigen vector of A corresponding to the eigen value 15. If Ks is any 
non-zero scalar, then K3 Хз is also an eigen vector of A corresponding to eigen value 15. 


Example 6: Find all the eigen values and corresponding eigen vectors of the matrix 


or Determine values and vector of the following matrix. 
2 2 1 
А=|1 3 1 
12 2 
Solution: The characteristic equation of matrix A 


2- 2 1 
lA-M|-02| 13-31 1-0 


i 924 

> (2-))[(3 -)@-)-2]-2[1х(2—-)-1]+1[2-1х(3-2)]=0 
-> 43 =F «1350 

- (А –5)(А –1)? 20 

> à = 5,1,1 

=> М 25,25 =ЬАз «I 


The eigen vectors X = [x], ху хз | of A corresponding to eigen value A, =5 are given by the 
non-zero solution of the equation 


m 3 И] [0 
(А-5)Х-0-| 1 3-5 1| |x, |=|0 


> -3 +205 +ж 20 
Хр-2Х,4Ф3Х4-0 
д +2ху—-3хз =0 
These solution have a non-trivial solution given by 


м E X9 _ Ха 
2-2 1-3 6-2 
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> д = = = K, Let 
К 
The given vectors corresponding to eigen value № =5 is | К | For eigen vectors 
К 


corresponding to the given value Хо =1, we get 


(A-1I) X =0 

2-1 2 Их [0 
=> 13-1 1х |-|0 
1 2 .2-Ц || |0 
12 1х | |0 
> 1 2 11|х5|-10 
1 2 1з | 10 

> Xj +2ху +ж =0 


Hence, we obtain linearly independent solutions given by 
д =2,ху =-lL x3 =0 
Xx =], x, =0, X3 --1 


Thus the eigen vectors corresponding to eigen value Аз =1 is ай linear combinations of 


2 1 
vectors | -1]and | 0 | which are obtained by the following relation 
0 -] 
2 1 2К, + Ks 
Ky |-1}+ K| О|= -К, 
0 -1 -K 


Example 7: Determine the eigen values and the corresponding vectors of the matrix 
3 24 
А=|2 0 2 
4 2 3 


Also find the corresponding eigen spaces. 


Solution: The characteristic equation of the matrix A is 


3-5 2 4 
[А-М=0»| 2 0-2 2-0 
4 -%-3-2 


> (38-2)4(2)х(3-2)-4)-2(2х(3-2)-8)-444-4х(-2))-0 
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= 3 4632 +15+8=0 
- (A +1)? (A—8) =0 
> à =8,—1,—1 


Hence eigen values of A are A; = 8, № = -I with algebraic multiplicity 2 


Now for М =8 
(A-8I)X =0 

3-8 2 Ал, 0 
> 2 0-8 21| хо |-10 
4 2 3-8 |2 0 

-5 2 х 0 

= 2 -8 211. |=|0 
4 2 -5|» х 0 


Е ө К, -» Кә +4К, 
> Кз > R3 -R, 


| 
| 
Ч 
| 


9 0 -9 Ё 0 
-5 2 4 
= -1 0 1 [R> > R (1/18)] 
9 (0) —9 Ха 0 
-3 2 41 х 0 
=> -] 0 1 X9 -10 [Ёз m R3 + 9КР, | 
0 0 0154 0 
— -5д %2х) t 4x4 =0 
and -д + X4 =0 
x = X3 
2 
Xj = x4 and хз =2ло. Then eigen vector is w X =| | 
2 
For Ay =-Ь we have 
(A+I)X 20 
4 241 л 0 
= 2 12151410 
4 2 4|| л 0 


> 2x; + x9 +203 =0 or xX --2х -2х 
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If we take x, =1, хз =O then x» --2 and if we take xj 20, x4 =1 then ху --2, Hence 


1 0 
Х, - -2 ” Хз = -2 
0 1 


are two linearly independent solutions by this equation therefore X, and Хз are two L.I. 
eigen vectors of A when eigen value is -І. If Kj, Ky are non-zero scalars, then 


Kj X» + Ko Хз, A gives all the eigen vectors of A when eigen value is —1 


Example 8: Show that the matrices А and А” have the same eigen values. 


Solution: We know that 


(A-AIy = А-А = A! -M [eT = П 
(A -Ary| 2 |A' - AI] 
= |A -AI| =|A’ — a] |- B= В| 
= |А-М|=0 iff |A’-al]=0 


і.е. № is an eigen value of A is and only if A is an eigen value of A’. 


Example 9: Show that 0 is an eigen value of a matrix if and only if the matrix is singular. 
Solution: Since 0 is eigen value of = А =0,and |A - AI| =0 =|А|=0 

> A is singular 

Conversely: If A is singular, then |A| =0 

> i =0 satisfies the equation |A - 4| 20 


> 0 is eigen value of A 


Example 10: Prove that the scalar А is an eigen value of a matrix A iff (A — АГ) is singular. 

Solution: We have А is eigen value of matrix A 

= A satisfies the characteristic equation 

> |А-М|-0 

> (A — AI) is singular 

Conversely: If (A — А) is singular matrix then there exists a non-zero vector X such that 
(A - AI) X =0 


> AX -МХ =0 
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> (АХ-АХ) =0 

AX = AX 

À is an eigen value of matrix A. 
Example 11: If A is non-singular matrix, prove that АС! are reciprocals of the eigen 
values of A. 


Solution: Let X be an eigen values of A and X be a corresponding eigen vector, then 


AX = AX 
=> A^ (AX) = A^! (АХ) 
E (АТТА)Х = МАХ) 
> X -A(A X) (е AAT! =] 
> > Х-АХ [~ Ais non-singular 2 А #0] 
iiy] 
= A X2—X 
n 


i PN Е : : Р 
2 is eigen value of A l and X isa corresponding eigen vector. 


Conversely: Let K is a eigen value of Pu 


— Ais non-singular 
> x is an eigen value of (a ty" 
т is ап eigen value of А в (Аг! y* = А] 


Thus each eigen value of Ais equal to the reciprocal of same equation value of A. 
Example 12: Show that if A is an eigen-value of matrix A, then К + А is an eigen value of 
the matrix A 4 KI. 


Solution: Let X be an eigen-value of A and X a corresponding eigen vector of a matrix A, 
then X = 0 is such that 


AX = AX (1) 
(А+ KI)X = AX + KIX 


= АХ + KX From egn. (1) 
= (+ ЮХ ...(2) 
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Since X #0 therefore from (2) we see that A + К is an eigen-value of matrix A + KT 


and X is corresponding eigen vector. 


Example 13: Prove that if eigen value of A are A), А, ...... , А, then eigen value of A? are 


Solution: Let X be an eigen value of the matrix A, then there exists X #0 such that 


AX = AX 

- А(АХ)- А(АХ) 

=> A? X = (AX) 

> A? X = МАХ) АХ-ЭХ| 
- АХ (0) 


Since Х is a non-zero vector, therefore from (1) it is clear that А2 is an eigen value of the 


matrix. Hence if Ay, A», .... А, are eigen values of A, then № А AS. 1212 : 22 аге eigen-values 
of the matrix А. 


cos0  sinO 


Example 14: Show that the eigen values of the matrix A = | | are +]. Find 


80 -со50 


the corresponding eigen vectors. 


Solution: The Characteristic equation of A is 


|А-М|=0 
cos0- X сіп Ө 
= sin@ -со80-13|- 
> —(cos 0 - A)(cos 8 + А) -sin? 0-0 
> cos? 0 - A? e sin? Ө =0 
- 22-1-0-232-1 
- А, = +1 


Now A =1 the matrix of A is 
(А-М)Х =0 


> (4-1)Х-0 
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cos 8-1] sin Ө х | [0 
= sind -со80-11 | |0 
5 -2 sin? 0/2 2110 /2 сов0 /2 M 0 
2sin0/2 сов0 /2 -2 cos” 0/2 X2 0 
—sin0/2  cos0/2 [лм 0 1 1 
- - В, > К. ‚Ко >R 
pro 2 MI l [sto ? 2 2 cos (0 /2) 
-віп0/2 cos0/2|[4 0 
e [^ P хэн 
> —sin0 /2. ху + соѕ0 /2:х5 =0 


This equation is satisfied if ху = соѕ0 /2, x =5іпӨ /2 


ЕТ dim "e cos(0 /2) 
ence: = е correspon. ing eigen Vector IS sin (ө 19) 

Similarly, for A = —1, th ding ei toris | 09007 
1muar у, ОГ //--і, е correspon. Ing eigen vector 18 —б0$ (0 /2) 


Г 


*: Comprehensive Exercise 4.1 


(Eigen value and Eigen Vectors) 


1. Find the characteristic equation of the following matrices 
. H0 -9 s [-2 -7 
0) Ё 2 di) E a] 
2-1 1 
‚|1 0 : 121 
(iii) 01 (iv) |- 
1-12 
2. Determine the eigen values апа the corresponding eigen vectors of the 


following matrices 
.[0 -I ud 2 2.0 3 
(i) Ї | (1) Ё | (11) Ї 4 


111 
3. Find the eigen values and eigen vectors of the matrix A=|1 1 1 
111 
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210 
4. Find the eigen values and eigen vectors of the matrix А-|0 2 1 
00 2 
12 3 
5. Find the eigen values and eigen vectors of the matrix А =|0 2 3 
003 
3 6 6 
6. Find the eigen values and eigen vectors of the matrix А=| 0 2 0 
-3 -12 -6 
рса 
7. Show that the eigen values of the matrix А =|с а р jare 
abc 
а+Ь+с,+ Уг +b? +e -ар-1с-аа. 
=: Answers 
1. (i) A* -8X +16 =0, (ii) А2 +3 20 (iii) А2 -12=0 (iv) А =1,2,3 
ЭРТ хє 2116 ШЕ 
А (1) 21-11) 1 (ii) A = ЕЕ (iii) à 2 —3,2, m 
ИОП 1 1112 
3. A =0,0,3,) О 11 4. X=2,2,2,)0 5.4 =1,2,2,)0},} 1 
-111-1111 1 0110 
2 12 1 
6 Х-0,2,-3,| 0|,|-5|,| 0 
-1 2| |-1 
4.4.1 Cayley-Hamilton Theorem 
Theorem 7: Every square matrix satisfies its own characteristic equation 
or Every matrix is a zero of its characteristic polynomial. 
0 1 2 
Example 15: Find the characteristic equation of the matrix А =|2 -3 0 |апа verify 
1 1 -l 


that it satisfied by A and hence of obtain АЗ 
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0-1 2 1 0 0 0-3 1 2 
Solution: Here, А-М -12 -3 OJ-AJO 1 Of= 2 -3-Х 0 

1 1 -l 00 1 1 1 -1-A 
ч The characteristic equation of A is 

0-3 1 2 
И-21-0-| 2 -3-X 0 |=0 
1 1 —1—, 

= A1(-3 – А) (-1- А) 0) - H2(-1-2) 20) - 212 -1(-3 24) 20 
> АЗ 449? = +12 =0 
> 1 444^ -—4-1220 


Now we shall verify that A satisfies its own characteristic equation (1) that is 


АЗ +4А2—А-—121=0 


100 0-1 2 
We know that Т=|0 1:0|А-42 -3 0 
00 I 11-1 


> 
м 
| 
> 
> 
I 
N 
| 
оз 
© 
N 
| 
Uo 
© 


0-2-2 0-3-2 0-0-2 4 -] -2 
-|0-6-0 2+9+0 4+0+0|=|-6 11 4 
0-2-1 1-3-1 2+0+1 1 -3 3 


à =i ie 1 3 
АЗ =А?.А=|-6 11 4/12 -3 0 
LS. Si do 


0-2-2 4-3-2 8-0-2 -4 5 10 
=|0+22+4 -6-33-4 -12-0-4|-126 -35 -16 
0-6-3 1-9-3 2-0-3 -3 13 -l 
Therefore 
-4 5 10 4 -l1 -2 0 Т 2 1900 


АЗ +442? -A-121 =|26 -35 -16|-41-6 11 41-12 -3 01-120 10 


-3 13 -=l 1 -3 +3 1 1-1 00 


1 
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-4-16-12 5-4-1 10-8-2 
=| 26-24-2 35-44-3-12 16-16 
-3-4-1 13-12-1 1-12-1-12 
000 
-|0 0 0|-О 
000 
Multiplying (2) by A^, we find 
A? «4A-I-124 d =O 
21 Қ 
А = a +4A-I) 
-1 -2 0.41 2 100 
Now, P uds 11 41-42 -3 0-0 1 O 
-3 3 1 1 -1| |0 0 1 
0-1 1-4-0 -248-0 
= 8-0 11-12-1 4+0-0 
1-4-0 -3+4-0 3-4-1 
6 
=|2 -2 4 
5 1 -2 
, 3 3 6 
i^e РАА - I) y» o£ 
5 1 -2 
102 
Example 16: Obtain the characteristic equation of the matrix А-|0 2 1 апа verify 
2 0 3 


that it is satisfied by A and hence find Ат! 


1-3 0 
Solution: Here, 


Ш 
© 
N 

| 
> 

T 2 № 


(1-3)42 - A)(3 24) 20) + 240 -2(2 22) 


= (2—)){(1-)(3 3 4j 
-(2-A)[X -41 -1] 
з-О07-63 47142) 
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* The characteristic equation of A is |A -M| = 
> А 461 4714260 


Verification of Cayley-Hamilton theorem of a matrix А. 


10 0 1 2 
1=|0 АО 2 d 
001 20 3 

1 0 2] 0 2] [5 0 

А2 =А.А=|0 2 110 2 114124 5 

20312 0 3| |8 0 13 


Now АЗ 64? 4 7A «2I 


-|12 8 23|-6|2 4 5 |+7|0 2 11-20. 10 
34 0 55 8 0 13 203 0.0 I 


21 0 34| |30 0 48 7 0 
-|12 8 23|-(112 24 301-410 14 7 |+ 


21 0 34 5.0 8 102 "ti 
0 
0 
34 0 55| |48 O 78| (14 O 21 2 


© © м 
© N © 


30 0 48| |30 0 48 
-|12 24 30 |-|12 24 30 
48 0 78| |48 0 78 


АЗ -6A2 -7А-21- 


ooo 
ooo 
cuo © 
! 
© 


Hence, Cayley-Hamilton theorem is verified. 
Multiplying (2) by АТ, we find 
А2-6А-71-2А7!-0 


A ==? -6А-71) 


|20 8 102 "л 
aes а 2-9 
8 0 13 203 0.0 I 
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Example 17: Show that the matrix А = | З 


-3 0 


2 


А1 =|-1 1/2 1/2 


Hence find A7! 


2 0 


-1 


001 


Solution: The characteristic equation of A is 


y 


— 


— 


14-24 =O 


(= 


(7X) (0-7 X)(4 - X) 


X 0 


0} +13 -2 (1 


cd 5 912120 


A =5А^+2ў-1=0 


29-0 


Now we shall show А satisfies Cayley-Hamilton theorem 


i.c. 


Here 


Now 


АЗ -542 +2A-I=0 


100 0 0 I 
1-10 1 0|А=|3 10 
001 214 
0 0 I][O o 
A =A-A=|3 1 0|| 1 
3 1 4||2 1 
21 4 
A =A2-A=|3 1 3 
11 5 18||2 
11 5 18 
=|9 4 15 
51 23 83 
и 5 18 2 1 
АЗ -542 +2A-I=| 9 4 15|—5|3 1 
51 23 83 11 5 


151 


1 0 | satisfies Cayley-Hamilton theorem. 
214 


1 2-1 
01-13 1 3 
4 11 5 18 
01 
10 
1 4 
4 001 100 
31-213 10-0 10 
18 214110 0 I 
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11 5 20 11 5 20 
=|15 6 15|-|15 6 15 
55 25 91} |55 25 91 


Hence, A satisfies Cayley-Hamilton theorem. 


1 2 0 
Example 18: Show that the matrix A=|2 -1 0 | satisfies its own characteristic 
0 0-1 


equation. Hence find АЗ 


Solution: The characteristic equation of A is 


1-3 2 0 
[А-М=| 2-1-3 0 
0 0 -1-^ 


=(—1-){(@—)(—1—)—-4} 


АО -5) = -2° +22 5-5) 


Hence, the characteristic equation of matrix A is 
|A-Al| =O 

= АЗ +47 -5%-5 20 

Now we shall verify that 


АЗ +A? -5A-5I=0 


100 1 2 0 
Here 1-10 1 0|А=|2 -1 0 
001 0 0-1 


5 0 Ol 
апа АЗ-А2.А-10 5 012 -1 01-10 -5 0 
o 0 ılo 
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5 10 01 [5 0 0 1 2 0 

< A +A? -5A-5I =|10 -5 0103-01-52 -1 30-3 
o o -1 |о 0 I 0: 0.71 
10 10 0] По 10 0] [о 0 O 
=|10 0-01-110 о 0|=|0 0 0|=О 
ооо ооо jo 0 о 


Multiplying (2) by A^, we find 


2 011-5 0 0 


-1 0+0 -5 0 


0-І 0 0 -5 


0-0-0-01 (1 2 


5-1-5 0-0-0|-12-1 


+O 1-1-5 0-0 


A+ A=51-54 е0 
> А = Sa +А—51) 
500 
Now РТИ А 
00 I| lo 
5-1-5 0-2 
-2-0 
+0+0 0-0: 
AL 2 0 
Thus А = 2 -] 0 
0 0 -5 
1/5 218 0 
А71=|2/5 -1/5 0 
0 0-1 


Example 19: Find the characteristic equation of matrix 


2-1 1 


—5 


А=|-Г 2 —1|апа verify that it is satisfied by A and hence obtain Ad 


1-1 2 


Solution: The characteristic equation of matrix A is 


2-3... 4 1 
|А-М-0-| -І 2-3 1|=О 
1 -1 2-3 
=> И —1++1((—1)(2—-)+1}++1{1-(2—))}= 


=> =i ауыр) 


ши 154 
> =i? 4697 0) йер 


-> 1? <6)" 49-420 


Now to find АЗ -6А42 +9A -4I =O 
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100 
We know that 1-10 1] 0 
001 
3 p d 
р € <1 
bob 2 
2 -1 1][2 1 28.05 
Д БАЕ 27211 -1-42-41|41-57 6—5 
Lp SHE ep e 5 -5 6 
65 So esp. d 32 3] -21 
Æ sA Asl 3 [e 9 ЕН E 220] 
Se ul s 3] 401 99 
39 221 21 6 -5 5 J =) 
Thus A -642 49A-4Is|-31 22 -911-6|-5 6 -5ļ|+9|-1 2 
21 сар 92 5 -5 6 l -l 


000 
-|0 0 0|1-0 
000 


Multiplying (1) A7, we get 
А2-6А491-4347!-0 


Ї 


гъ AC xii -6А-091| 
6 -5 5 
Now А2-6А-91-1-5 6 -5 
5. -5 6 


«i 
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3 1 -l 
sed 3 1 
-1 1 3 
7 3 1 -I 
А! = 1131 
-1 1 3 
2: Comprehensive Exercise 4.2 
1 2 3 
l. Find the eigen values of matrix А-|0 -4 2 |verify that matrix A satisfies its 
0. 0 7 
characteristic equation. 
2 2 Д 
2. Show that the matrix А-|1 3 1 | satisfies Cayley-Hamilton theorem. Also 
122 
determine the eigen values and corresponding eigen vectores of matrix A. 
120 
3. Verify that the matrix А-|2 -І 0 satisfies its own characteristic equation. 
0 0 -l 
Is it true for every square matrix ? State the theorem that applies here. 
001 
4. Verify Cayley-Hamilton theorem for matrix А=| З 1 0 |Һелсе or otherwise 
-2 1 4 
evaluate A^! 
13 7 
9. Verify Cayley-Hamilton А =|4 2 3), hence or otherwise evaluate АЛ 
02 I 
6. What is Cayley-Hamilton theorem? 
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=: Answers 
1. 1-4, 7 


2. Eigen values are A = 5, 1 leigen vectores corresponding to the eigen value X = 5 is 


[1,1,1] corresponding to the eigen value X =1 there are two L.I. vectores 
11,0,-1| and [1,1,-3] 


1/5 2/5 0 
3. Yes. A! =[2/5 -1/5 0 
0 0-1 

: A d cu 

4 Е -12 2 3 
50 0 

| -4 11 -5 

5 Yes, А7! - 6 -4 1 25 
8 -2 -10 


%%% 


5. Limits and Continuity 


Limits and Continuity 


51 Concept of Limits 


x? -16 


Consider the real function f(x) = . This function is not defined at x =4, because 


the value of the function at x 24 is 2 which is meaningless. 


Now suppose that х is not exactly 4 but close to 4 (i.e. x = 3.9999 or x = 40001 say) so that 
x —4 #0 and we shall have 


_ (х-4) (х+4) _ 
СОЕ 27 


+4 

It follows that when х is close to 4, f(x) becomes close to 
8. In other words, as x tends to 4 either from left or from 
right the difference between f(x) and 8. 


. _ (x - 4) (x + 4) 
= [ене (х-4) : From From 
left right 
2 
ZEE ЭРЧЭЭ Fig. 5.1 
х-4 


tends to zero. This is the intuitive concept of limits. Clearly, the concept of limits can 
somehow extend the definition of a function to that point, where it is not defined. This 
necessitates the study of the behavior of a function for those values of x that are very close 
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to some particular value, where the function is not defined. We now define.If a real valued 
function f(x) of a real variable x gets arbitrarily close to some number 17 as x gets close to some 
constant a (from either side of a), without ever being equal to ‘a’ then we say that the limit of f(x) 
is 1” as x tends to а” and write it as 

Lim f(x) =1 

Xu 
5.1.1 Definition of Limit [B.C.A. (Agra) 2006; В.С.А. (Meerut) 2004, 2008] 
A function f(x) has a limit “1” as x tends to ‘a’ if for each number e > 0, however small, a 
positive number} can be found such that| f(x) – [| < ewhenever| x – a | < 8. In symbols, we 


then write Lim f(x) =1. 
Xu 


їс,Ї-є« f(x) < 1+ є for all those values of x (except at x = a) which lies between a — ô to 


ac-6(Le,a-ó«x«a-c6) 


From right 
а-б«х«а-6 


Fig. 5.2 


In short we can say: Lim f(x) =/iff given е 20,3 6 >0 such that 
xu 


| f(x) - 1| «e whenever 0 «| x - a| «6 


5.1.2 Left Hand and Right Hand Limits [B.C.A. (Bundelkhand) 2008] 


(i) Left hand limit: A function f(x) is said to tend to ‘l’ as x tends to ‘æ if for each 


number e > 0, there exist a number 6 > 0, such that 


| f(x) - Д «e whenevera-ó <x <a 
So that 1-є« }(х)<1+ e whenevera-ó «x «a 
The limit in this case is called left hand limit (L.H.L.) and denoted by f(a – 0). 
Thus f(a-0)- 2. F(x) 


(ii) Right hand limit: A function f(x) 18 said to tend to ‘Г as x tends to ‘а’ if for each 


number e > 0, there exist a number ё > 0, such that 


| f(x) -I]<e whenever a<x<at+6 
So that 1-є« Р(х) <1+ e whenevera<x<at+d 
The limit in this case is called right hand limit (R.H.L.) and denoted by f(a + 0). 
Thus f(a+0)= Lim f(x) 


x>a+0 


= Limits and Continuity 141 


(iii) Existence of a limit at a point [B.C.A (Meerut) 2004] 


A function f(x) is said to tend to a limit ‘/’ as x tends to ‘и’ if both the left and 
right hand limits exist and are equal to ' 1 ' i.eif f(a -0) = f(a+0) «1 then 
Lim /(х)-1 

Xu 


Note- 


How to find the left hand and right hand limits : 
(1) To find f(a-0)or Lim f(x) 
х-за-0 
We first put x =a—hin f(x) and then take the limit as h 0. 


Thus f(a-0)= Lim f(x)=Lim f(a-h) 
x>a-0 h0 
(ii) To find f(a+0)or Lim f(x) 
х>а+0 
We first put x = а + hin f(x) and then take the limit h 0. 
Thus f(a+0)= Lim f(x)=Lim f(a+ h) 
х>а+0 h0 
The limit of the function f(x) at x =a does not exist if either one or both (L.H.L. and 


R.H.L.) limits do not exist. Even if both limits exist but are not equal in value then the 
limit of the function f(x) at x = a does not exist. 


5.1.3 Useful Formulae in Finding the Limits of Certain Functions 


If f(x) and g(x) are two real functions and k is any constant, then 


(i) Ша k=k 


Xu 


(ii) Lim {k f(x) =k Lim F(x) 


(iii) Ша > Ho f 


т/п 


(iv) Lim a" = [ fe 


Х-э а 


(v) Lim [f{g(x)}] = цэ. f(x) where b = Lim g(x) 


Xu 
ба а sin Ө zii 
0-0 Ө 


(vii) If nis an integer or fractions then 


n 
а = | 
= na”! provided that a > 0 


m = 
= дтп 


provided that a>0 
xoa x" -а п 
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sin x 
(x) Lim =0 
Х--» оо Х 
(xi) Lim 109|х|=- = 
х>0 


(xii) Lim sin l =a finite quantity lying between —1 and 1. 
х- 0 54 


© 
C Examples 


(Limits) 
Example 1: Do the following limits exist ? If yes find them: 


(a) Lim xsin 2 


x20 х [В.С.А. (Meerut) 2005, 2011: B.C.A. (Rohilkhand) 2007, 2010] 
1 
b Lim or Lim 
(b) x20 L4 el/* О 407/4 


[В.С.А. (Meerut) 2008] 
(c) Lim 21/(-1) 


x0 
(d) Lim sin 
х-1 t-l [B.C.A. (Kanpur) 2006] 
1/х 
(e) Lim 
x20 е +1 


[B.C.A. (Meerut) 2006; B.C.A. (Rohikhand) 2000, 2005, 2008] 


3х-2 when х<1 


(f) Lim f(x) where sw- 2 
rol 4x° -3x when х»! В.С, (Bundelkhand) 2007] 


| el/* = г71Х | 
(8) Lim ie. Ve does not exist 
хэбе +е [B.C.A. (Meerut) 2007] 


Solution: 


(a) Lim x sin 5 taking f(x) = х sin I 
x0 * x 


Lim (0-1) =L.H.L. = (0-0) 


= Lim (0 – h) sin E. 
h0 0-1 
Р 21 : 211 

= Lim hsin — = Lim (h) Lim sin — 
h0 h n0  hn20 h 


=0 xa finite quantity between -1 and I 
-0 


1 
Li 0+1) =В. Н. Г. = f(0 +0) = Lim (0 + Л) si 
nee куе da a a 
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А 21 : КЕТСЕК! 
= Lim Asin — = Lim (h) Lim sin — 
һ-0 h h>0 hoo А 
=0 xa finite quantity between —1 and I 
=0 
/(0-Л)=(0+Л)т.е. L.H.L.-R.H.L. 


: sl 
Lim x sin —=0 
x0 X 


А 1 | 1 
(b) Lim me taking /(х) = Тү 


х-0 
Lim /(0-Л)=1.Н.1.= /(0-0)= Lim : = Lim ! 
ho даан h50]14 20-9 h0 1+!" 
= Lr ЕКЕ. elu 
1Іке 1+0 
Lim f(0 +h) =R.H.L. = f(0 + 0) 
Л-э0 Ї 
= а 14 27090 
] | I То sie ғ 
1-7 l+% œ 
i.e. L.H.L. z R.H.L. 
Therefore limit does not exists. 
(c) Lim 21701) taking f(x) =2!/«-1) 
xl 
Lim f(l-/) - L. H. L. = f(1-0) = Lim 2!/0 -^-D 
h0 h0 
= Lim goth -2-/0 ae -1 -lọ 
1-0 2? c 
Lim (1+ A) - R. H. L. = f(1-- 0) = Lim 2/0 *9-71 = Lim 2/! 291/0 299 == 
h0 Л-э0 


h0 


Since L.H.L. z R.H.L. 


Lim 2!/* -Ugdoes not exist. 
xl 


x71 x 


(d) Lim sin | l | taking f(x) = зїп ES 
-1 х-1 


1 
Li 1- л) =1. Н.І. = f(1-0)- Li 1 
pim fü- 9 fa-0)= tim sn] 


= Lim sin (- 3 =— Lim sin 1 
лә 0 h h>0 h 


oF yet вс: | . 
Now as Л > 0, sin — is finite and oscillates between -1to 1, so it does not tend to 
h 


any unique and definite value as л 0. Hence L.H.L. does not exist. 
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Similarly, [п f(l+h) =R.H.L. = /(1+0) 
"> 


КЕС м : 
= Lim sin = Lim sin — = value oscillates between -land 1 
h>0 l+h-1 1-0 h 


. R.H.L. does not exist. 


does not exists. 


x1 = 
1/х 1/х 
(е) Lim г. Let f(x) = - 
i0 d] сита] 
1/0 - A "mL 
Lim f0-/) =L.H.L. = f(0 -0) = Lim - Lim 
Hu f n0 P14] no e!" 4 
-1/0 оо 
Е = Мар ч а 
e €? +1 0+1 
RI 
Lim f(O +h) =R.H.L.= f(0 +0) = Lim — 
1-0 Л Л п-э0 (7040 + | 
ci^ MT 
- Lim from 
h— 0 eli + oo 
- Lim - l a -1 
h>0 l+” 1+е 1+0 
[divide the denominator and numerator by d kj 
Since L.H.L. z R.H.L. 
1/х 
Lim EE does not exist. 
x20 ет +] 
3х-2 when х<1 


(f) Lim f(x) where f(x) -| 


Ax? -3x when х»! 
Lim f(I-/)-L.H.L. = f(1-0)2 Lim 31-Л)-2  [-h<l 
Л-э0 Л-э0 
= Lim (3 - 3h) - 
Л-э0 


Lim f(1+h)=R.H.L = f(1+0)= Lim 40-47) -3(1+ h) -: 1+h>1 
h0 h0 


= Lim (4l? + 5441) 21 


h0 


L.H.L. = R.H.L. = 1 


Hence, Lim f(x)=1 
х>1 
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Example 2: Prove that Lim [x] does not exists. 
х- 1 


Solution: Let f(x) = [х] 
Li 1-7) =1. Н.І. = 1-0) = Lim [1-7] = Lim 0 20 
jue da gc 
Lim /(1-7) = R.H.L. = f(1-- 0) = Lim [l+ h] = Lim 1-1 
h0 h0 h0 


Since L.H.L. z R.H.L., therefore Lim [x] does not exist. 


x1 
Example 3: Prove that Lim ІЙ Заа, not exists. 
x20 x 
Solution: L.H.L= f(0 0) = Lim f(0 — 4) = Lim IO. ads co ctim (dps 
мн 10 120 O-h 1-0-Л 1-50 
|O+h| 


= пате наа 
0-Л hooh 1-0 


R.H.L = f(0+0) = Lim f(O +h) = Lim 
h0 h0 


f(0+0)# f(0—0) ie, R.H.L. = LH.L. 
| | 


Therefore limit of a function f(x) = — does not exists at x = 0. 
х 


sin x 


Example 4: Evaluate Lim 
х> со x 


Solution: Put x = 2 so that when x > œ, у-» 0 and thus 


у 
їп; їп (1 
Lim ЭН Р Lim ши) = Lim занг = Lim y Lim ie 
Xo X yoo 1/у у-0 y yoo" у-0 JY 
= 0 x finite value oscillate between — l and 1-0 
sin x 
Thus Lim ysin Ж =0 or Lim =0 
yoo” у x30 X 


п п 


Example 5: If Lim - = 80 find the value of и 


х-2 Х- 


Solution: We have 


п n 


Lim ———— -n(2)1 =80 =5(2)* 252p 
x22 Х- 
— n=5 
x*-1 2-ю 
Example 6: If Lim = Lim find the value of k. 
ізі x-l rokr -kK 


Solution: We have 
xe] 022 xr 
Lim - Lim 


-4()*1 =4 
x21 Х—1 x21 x- 
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x) —З 9 -Ю 
І; 
p.p : x-k isl = 30 3 
and Lim - Lim = = 
хэ xok l-K х2 2 20027 2 
Lim 
x-k х-К\ x-k 
4 813 
Therefore we have Lim > I: Lim 2, ! >4= 3 К=К= E 
x21 x-l rok x _ 2 3 
(1+ 396 -1 


Example 7: Evaluate Lim шэг 
x0 (I4 х) -I 


1+ x)? -1 1+ 6541542 +...) -1 
Solution: We have Lim U+) = К (+ 6x +155“ +...) 


х0 (+x -1 130  (142x4x))-1 


. 6x 15x? +... . 64+15x4+... 6 
- Lim 2 = Lim =—=3 
х-0 2х+х x0 2+х 2 
1- бх 
Example 8: Evaluate Lim с 
х- 0 х 
к . l-=-cos бх 2. 2 sin? 3x 
Solution: Lim = Lim 
x20 X x0 x 
= Lim (6 х пзу х sin 2 
x0 3x 
. Sin3x _, р 
=6 Lim Lim sin 3x 26 x1x020 


x20 Зх x30 


tan x —sin x 
Example 9: Evaluate Lim ————;——— 


x70 хэ 
? 2 tanx-sinx 2 sin Х(1- cos x) 
Solution: Lim 3 = Lim 3 
x0 X x0 х cos x 
: 229 Ж 
sin x (2 sin? z) 
= Lim 2 
x0 X^ cos x 


А КЕТЕ 
Те (= =) sin x /2 1 
х-0 X x/2 4 cos х 


2 
1222 (= =) . sin x/2 | 1 
=— Lim Lim Lim 
2 х-01 x /х-0( х/2 х—>0 | cos x 


инет 
2 2 
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1 2 
Example 10: Evaluate Lim 2 
хәт/2 (7 - 2х)° 
Solution: Put m-2x=2 torn/2-x=t 
So that when x, 1-0, and we have 
lim 1+ сов2х 1. l+ cos (x - 2 t) 
x 1/2 (x - 2x? 1-0 412 
. l-cos2t 2 sin? t 1 sin гү 1 1 
= Lim 7 = Lim gm =—xl= 
#20 4t t20 4t 2190 2 2 
. ]- tan x 
Example 11: Evaluate Lim ---- 
х-т/4 x n /4 
: T T T 
Solution: Putz- Stor Е го thatwhenr> rer 
and we have 
. l- tan x . l-tan(z/4- t) 
Lim = Lim 
xon/A Х-л/4 #50 t 
: 1[ 1+ tant] . -2 tant 
= Lim – |1 - Lim 
eot l-tant] t=>0 t(l-tan t) 
: | -2 тап | 
= Lim x 
t>0\l-tant t 
: -2 . tant 2 
= Lim ———— x Lim = х1--2 
t20l-tant t>0 t 1 
Example 12: Evaluate the limit of the function f(x) at x 22 defined by 
-Іх-2| 
LO) = х-2 
2 
Solution: We have ee л 
х 
. [2 44-2]. . h 
R.H.L. = (2+0) = Lim f(2+h) = Lim im —= Lim 1-1 
Л ER 1-0 2-*h-2  no0h 1-50 0) 
2 2 = р 
LH.L.- 50-0) = Lim f2-1)- L Б ЕХЕ Ж“ ы. ж үш ec fedi ied 
ао Л-2 hood -h hoo -h h>0 
L.H.L. z R.H.L. i.e. 70-0 f(2 +0) 
с-2 
Hence, Lim Le lisas not exists. 
х-2 Х- 
Example 13: Using the definition of limit, prove that 
2 
(i) Lim P-a E (ii) Lim bnc (iii) Lim x? ined 


xa Х-а x0 x х>0 


Xx 
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Solution: 
х? -? 


x-a 


(i) Неге f(x) = 


,хжа 


We must show that for any €20,36 20 s.t. 
| f(x) -2a| «e for 0 <| х-а|<ӧ 
22 -g -g —2ах +2а° 
x-a 

œa] 
= {сс = 


| f(x) -2a| < e whenever 0 «| x -a| « e 


_ 22 -Әах ка? 
х-а 


Choosing 8 = є 


| f(x) -2a| < e whenever 0 «| x - a| «6 


2-2 
: x — 
Hence Lim 
x20 x-a 


=2a 


(ii) Неге f(x) = x sin : 


We must show that any e 20,368 20 s.t. 


f(x)-0 =| хэв £ -0| ы sin ee whenever 0<|х-0|<е 


Now f(x) -0 СЕ <| x| because | sin 1 <l 


| f(x) -0 | < e whenever 0 <| x| < e, Choosing 6 = € 


f(x) -0| < e whenever 0 <|х|<6 


: M 
Hence Lim x sin — 20 
x20 x 


(iii) Here f(x) = х2 sin — 
We have to show that | f(x) – 0 | < e whenever 0 «| x - 0| «6 
Now | f(x) -O|=[2 sin Ор =|? [sin =| s] x*| 
(because | sin + «1 


| f(x) -0 | < e whenever 0 <|2|<е 


=> | f(x) -0 | < e whenever 0 «| x| < Ve 
Choosing ô = Ve, then we have 


| f(x) -0| < e whenever 0 «| x| «6 


: . I 
Hence Lim x? sin = 20 
x20 bd 
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Example 14: Let f(x) = 5 ге given е >0, 
x^ + 
Find a real number ё > 0 such that | f(x) - 2| « eforO «|x|«6 
2 
< +2 
Solution: | f(x) -2|= СЕ -2 
x +1 
xX +2-2х°-2 
= А < 
x +1 
2 
-x 
or <E (:|-х|-|х|) 
D |-51-1х| 
2 2 
х х 
ог <є ( >0) 
x5 +1 x +1 
ог x? «e(x? +1) (22 х? -1»0) 
ог 0-92 «e 
Or 22 < E 
l-e 
е 
ог [х| < 
l-e 
Choosing ô= where0<e<l 


-е 
We have | /(х)-2|<е for0 «|x|«6 


So ӧ = 


Example 15: Let f(x) = E , x #0. Prove that from definition (є, ё) that ru f(x) -2 
x x3 


Solution: То prove that Lim f(x) = 5 we have to show that for апу е >0, we can find 


х- 2 
6»0584. 
| fle) -51«e when 0 «| —21<8 
ІШ 1] |2-x| |2-x| 
М 1 = = = ed 
ii | | 7 ES 2|»| m 


Choosing ô € l and 0 «| x - 2| <6, we have 
0«|x-2|«1 
[x -2|»50and|x -2|«I 


xz2and2-1«x«2-41 


y 


y 


— хж2апа | <х<3 


— 150 
= тайл ice! 
х 3 
= хаан 124 
2 X 
> а. ШЫН са 
|x| x 3 x |x| 
А 1| |х-2| 1-6 
Е Г = : <—. 
rom (i) ә Л 7 152 


Let us choose 6 such that 2 «eie.0«2e 
Alsoó <1 ~». Choosing 6 = min 41,2 е), we have 
19-13 БХ <|х-2|<6 


| 1 
L ра 
шилэн, 


Example 16: Which one of the following limit exists 
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iy. nios бй: Иш SB 

хә1(х—1) x20 |x| 
(iii) Lim | 

x20 x [B.C.A. (Meerut) 2001] 
(iv) Lim sin( 

x22 [B.C.A. (Meerut) 2004] 
Solution: 


(i) Given function is Lim : = l = оо, 
х-1 0 


х- 


Hence limit does not exists. 


2 . біп (x) . sinx 
(1) Lim , we know lim =] 
x20 x x20 x 
2 sin|x| "DM 
So therefore Lim =1 and so it exists 
x0 x| 
тэ . |r x , x20 
(iii) Lim —— where |х|- 
х-0 x -x , x<0 


in both cases the limit will exist. 


x22 


(iv) Lim sin L 1- sin (s) —sin (cc) = does not exists. 
x-2 0 
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Example 17: If Lim f(x) exists and un g(x) does not exists, can а LA(x) + g(x)] 
x а 


а 


exists? Prove your assertion. 


Solution: If Lim f(x) exists, let Lim f(x) = 


xu xu 
> f(a -0) = f(a+0)=1 
Lim g(x) does not exists, let 


xu 


g(a — 0) =m, and g(a + О) = m, where т, +m 


Now (f + 5) (a -0) = f(a -0) + g(a -0) =1+ m 
(f + (a0) = f(a 0) g(a+0) =1+ m; 
Since [+m ж1- т, 


Lim [ f(x) + g(x)] does not exists. 
xu 


Example 18: If Lim f(x) ма. Lim f(x)g(x) both exist, then does it follows that 


Xu 
Lim g(x) exists? 
Xu 
Solution: Let f(x) 2 x and g(x) = Ы ‚х #0 
х 


 ОКОЫН 


Now Lim f(x) = Lim x =0 exists 
х- 0 х- 0 
апа Lim f(x)g(x) = Lim |х|=0 exists 
х- 0 х- 0 |o h 
-h 
But 0 -0) = Li 0-/)- Li --1 
4 50-0)- іш 20-4-Шш 0-8 
2(0-0)- Lim ялы Шин [Otal 21 
h0 O+h 


g(0 + 0) + g(0 —0) so 2. g(x) does not exists. 


Thus; шэг F(x) апа; иш f (x)g(x) both exists bot itis not necessary What. и g(x) exists. 


Example 19: If Lim f(x) =/ then show that Lim | f(x)| = |1 |. Is its converse true ? 
Xu Xu 


Solution: Lim f(x) = 1 = for any given e >0, 36»0 


xa 
Such that | f(x) - 1| «e whenever 0 «| x - a| «6 (1) 
Since |14-5121 41-181| 
^ 1069-1121 УИ] 
= 1 FC) 1-1 EL] $1 fœ) —1| < e whenever 0 «| x-a| <6 [using (1)] 
> Lim | f(x)| -|7] 
xa 


The converse of this statement is not always true. 
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For example, consider f(x) = | Е 
+0) = Lim +h) = Lim 1-1 
Ра +0) : i п /(а + Л) : Ї " 


е аг а 


Ла -0) ж Ха-0) 


= Lim f(x) does not exists. 
xu 
But | Өд|-і Ух 
> Lim | f(x)| = Lim 1=1 exists 
xu Xu 


Example 20: If f(x) < (х) € h(x) and Lim f(x) =/= Lim h(x) then prove that Lim g(x) 


xu Xu х>а 


exists and is equal to /. 


Solution: If Lim f(x) =/= Lim h(x) 
xu 


xau 
= given е > 0, then exist 61,62 > 0 such that 
| f(x) - Ц «e Юг0 <|x-a| «8 
and | h(x) - 1| «e for0 «| x - a| «85 
> 1-є« f(x) «l* e for0«|x—-a|«9, 
and l-e«h(x) «l* e Юг0<|х-а| <ô 


Let ô = min {61,65 }, then 

1-є« f(x) <1+ eandi - є < (х) <[+ еЮгО «| x -a|«6 se L) 
Also given f(x) € g(x) € h(x) ...(2) 
From (1) and (2) 

1-є« f(x) g(x) < (х) <1 + efor0«|x-a|«8 


> l-e<g(x)<l+e for 0<|х-а|<6 
> | g(x) - 1| «e for 0<|x-a| <6 
> Lim g(x) =1 


xu 


Example 21: Show that Lim f(x) = Lim f(x — a) 


Xu xu 


Solution: Let Lim f(x – а) = then we have to show that Lim f(x) =/. 


Xa xu 


If Lim f(x — а) =/ then by definition of limit for any е > 0 there exists 6 > 0 such that. 
к | (х-а)-14| <є whenever 0 <|х-а|<6 
Put x -a = у, we get 


| Ғ(у)-Ц < є whenever 0 «| y| «6 


=> | f(y) - 1| «e whenever 0 «| у-0|<6 
> Lim /(у)-! 

yoo 
or Lim f(x) =1 


x0 
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Example 22: Evaluate Lim Шы 
xa x 
Solution: If f(x) = ы 
X 
| sin(O + h) | 
R.H.L. 0-0)- L (0+ h) = Lim 
=J )= шил 5 120 О+Л 
sin Л . 
- Lim р =1 [^4 >0 sosin л> 0] 
1 1 
| sin (0 — h) | 


f(0-0)- о fO-h) = Lim 


h0 0-Л 


.. |-sinh| . sinh . sinh 
= Lim ———— = = im 
10 -h 1>0 —Л hoo h 
| sin x | 


РО 0) = f(0 —0) therefore Lim 


x0 Xx 


does not exists. 


Example 23: Evaluate Lim Se 
x20 Ж 

Solution: Let Рб) = ыш! 
х 


(0-0) -14ш /(0+Л)= Lim (0-7)-10-1| 


10 10 (0 + h) 
21m eim P casio 
hoo Л h20h hoo 

. (0 -5 -|0—7| 

0-0) = L 0 - л) = Lim 

ана иена == MRcD 
= Lim шээг (because | - h| = h) 
h>0 -h 


2152-1198 
hoo h hoo 


f(0 + 0) + /(0-0) 


о x-|x| . 
So Lim does not exists. 
x20 x 


x if x is rational 


nag Let f(x) = L х if x is irrational 


Show that Lim f(x) exists only when a = 0. 


Xu 
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Solution: 


Case I: When a is a non-zero rational number. 


Lim (a — h) =a if a — h is rational 


5 Л-э0 
хиа иш fe Lim (а= П) = - aif a—his irrational 
"> 


ie. f(a —0)is not unique. 
Therefore f(a - 0) does not exists and hence Lim f(x) does not exists. 


Xu 


Case П: When 420 


f(0 -0) = Lim f(0 —h) = Lim f(- 
h0 h0 
Lim (-7) 2 0 if — h is rational 
h0 


Lim 420 if — h is irrational 
h0 


i.e. 70-0)-0 
Lim h=0 if h is rational 
R.H.L f(0+0)= Lim /(0-Л) = Lim f(h) = 

Л-э0 һ— 0 


Lim (—/)) «0 if h is irrational 
h0 


i.e. f(0 +0) =0 
f(0-0) = /(0 +0) =O hence Lim f(x) =0 


Case Ш: When a is irrational number. 


m (a-h)-a if a — h is rational 
-0)-11 zd "> 
16-9 Л 20 Jc) а (a — Л) =—a if а – h is irrational 
"> 


Ха -0) =аог-а1.е. is not unique. 


7 Ра – 0) does not exist and hence Lim f(x) does not exists. 
Xu 


Example 25: Show that Lim «| 


| does not exists. 
Xu 


d [B.C.A. (Meerut) 2004, 2008] 


Solution: Let f(x) = zi l | = zl | | 
х-а y 


: қ 1 . 
where х-а y so that у ә 0 as x > awe know that lim sin B does not exists. 
y20 у 


Непсе, іт zl | does not exists. 


xu х-а 
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p Comprehensive Exercise 5. 1 
(Limits) 
1. Evaluate the following: 
3 2 
-1 2-8 
G) Lim 55 (1) Lim £3 
хэ1Х7-1 :22 х-2 [В.С.А. (Meerut) 2005] 
2 1/3 1/3 
: 2 l+x - (l-3 
шиг i. мылы. 
x22 x-2 x30 Ж 
(v) Lim ^* (vi) Lim (14 x)/* 
x20 x x0 
Ч 1 
(vii) Lim (viii) Lim е 
«> x x20x [B.C.A (Meerut) 2006] 
1 п =] т 2 т 
(ix) Lim Bon (x) Lim pc 
x0 X xoa X-a 
l/x _ 1 1/х 
(xi) Lim 5 —— (xii) Lim ——7- 
аа a Oleg [B.C.A. (Meerut) 2007] 
2. Discuss the existence of the limit of the function f defined as 
Ї if x<] 
f(x)242-x, if 1<х<2 
2 if x22 


at x=land x 22 


x, if O<x<l 
-x, if l<x<2 


35 Let f(x) -}, 


Show that f( + 0) 22. Does the limit of f(x) at x = 1 exist? Give reasons for your 
answers. 


Е sin [x] 


4. If f(x) = 


integer less than or equal to x, then find л. f(x). 
x 


5. Evaluate Lim iex D r9) 
xe (Х48)(х-1) 


‚[х] #0 апа f(x) 20,[x] 0 where [x] denoted the greatest 


6. Establish the existence of the limit of the function f(x) defined as 


| Ж if 17777) 
қ 2 
= 0, f ш-- 
Р(х) if x 7 
х-1, if T 
L 2 


dis 


10. 


11. 


12. 


13. 


14. 


15. 


16. 
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Find the limit as x — 0 of the function f(x) defined as 


Ї if xz0 
19091) aE җый 
J] 2* =] 
Use the formula Lim E = Іор ato find Lim ————— — 
x20 x x0 (x - 1) -I 
If f is defined on R as 
2. if x is irrational 


м-р 


if х is rational 
Prove that Lim f(x) does not exist for anyaeR. 

а ЇВ.С.А. (Rohtak) 2006, 2009, 2011] 
Give an example to show that Lim f(x) may exist even when the function 


3 * Xu 
is not defined for x =a. 


If x > 0, then does the limit of the following function f exist or not ? 


xs if х<0 
f(x) 34L if x20 
x, if x20 
If f(x) = пух" + ax") + ax +... + ал, then prove that Lim f(x) = f(a). 


xu 


[B.C.A. (Garhwal) 2011] 


d 0, if xis irrational 
fue 1, if x is rational 


Prove that Lim f(x) does not exist for any a є К. 


Xu 
If Lim f(x) 2 € со, then Lim : - 
xoa xa f(x) 
VS! 
Evaluate Lim sin — 
x20 x [B.C.A. (Kanpur) 2010] 
Evaluate the following limits 
x 
ай) ша! 
x20 x [B.C.A. (Meerut) 2002] 
dj tac! 
x0 x [B.C.A. (Meerut) 2002] 
sin x 1 
(iii) Lim 
х>0 x [B.C.A. (Meerut) 2006] 
2 
(iv) Lim |> z 
х-2 | х-2 [B.C.A. (Meerut) 20051 
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e°. 
Ф, 
=: Answers 
1. 29 гс и 7 А 2) 
(1) 3 (ii) 8 (iii) Limits does not exists. (iv) 8 
(v) 1 (vi) е (vii) log a (viii) Limit does not exists. 


т-1 ( 


(ix) n (x) ma xi) Limit does not exists. (xii) 0 


2. | Limit exists at x = 1 and equal to I, at x =2 limit does not exists 


1-0) =1so limit does not exists. 


ДЕЙ» 6. | Limit does not exist. 


3 
4. | Limit does not exists. 
5 
7 


limit exists and equal to 1. 8. | 2 log 2; 


10. ear 11. | Limit exists and equal to zero. 


Хо) = 


x-a 


15. | Limit des not exists 


16. | (1) log, a (ii) > (iii) 1 (iv) 8 


92 Continuity 


5.2.1 Definition [B.C.A. (Meerut) 2002, 2003, 2006, 2009] 


A function f(x) is said to be continuous at x = aif given е > 0 however small, we can find a 
number 6 > 0 such that 


| f(x) - f(a)|<e when |х-а|<6 
Remark 1: | f(x) - Ра) | «e 9 f(a) < f(x) < (и) + € 


and [x-a|«82 а-6«х«а-6 


Remark 2: The value of 8 depends upon the choice of e. 


Remark 3: If a function is continuous at every point of its domain of definition, then it is 
said to be an everywhere continuous functions. 
5.2.2 Continuity at a Point 


A function y = f(x) is said to be continuous at a point x = a if the following conditions are 


satisfied. 
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(i) f(x) is defined at x =ai.e. f(a) exists. 
(ii) Lim f(x) exists i.e. f(a + 0) = f(a – 0) 


(iii) Lim f(x) = Ха) 


Xu 
If any one of the above conditions are not satisfied, then function is said to be 
discontinuous at x — a. 


5.2.3 Continuity in Open Interval Ja, b[ 


A function y = f(x) is said to be continuous in an open interval | a, b [ if it is continuous at 


every point of the interval Ja, 0]. 


5.2.4 Continuity in Closed Interval [a, b] 


A function f(x) is said to be continuous in [a, D], if it satisfies the following : 
(i) f(x) is continuous at x 2c where a <c «b 

i.e. fle +0) = f(c -0) = fle) 

or Lim f(x) = f(c) 

хәс 

(ii) (х) is continuous at x =a from the right. 

i.e. /(а+0) = f(a) 
(iii) f(x) is continuous at x = b from the left 

i.e. f(b-0) = f(b) 


It may be noted that when we are talking about the continuity of a real function without 
mentioning the domain of the function, it means that the function is continuous at every 
point of the domain. Roughly speaking, a function is continuous if there is no break or jump 
in the graph of this function. 


5.2.5 Continuity from the Left and Continuity from the Right 


If a function f(x) is defined on an interval J and a е Г, we say that f(x) is continuous from the 
left at a if f(a – 0) exists and equal to f(a). Similarly if f(x) is said to be continuous from the 
right at x = a if f(a+0) exists and equal to f(a). 


Working formula for testing the continuity of a function 


Let y = f(x) be a given function and we have to test the continuity at x 2 a then proved as 


follows: 

(i) Find f(a+0) i.e. үш Тал) (R.H.L.), if exists then 
(ii) Find f(a-0) i.e. ш Жа-һ (L.H.L.), if exists then 
(iii) Find f(a) i.e. value of the function at x =a if exists 


The function will be continuous at x =a if 


= Limits and Continuity 159 ям 


f (a+0) = f (a-0) = f(a) or Lim f(x) = f(a) 


Xu 
If any one of the above conditions are not satisfied then the function is said to be 
discontinuous at x =a. 


Following are some of the frequently occurring functions which аге also 
continuous. 


5.2.6 Constant Function 


If f(x) = c wherecis a constant апас е R then graph is a line parallel to x -axis at a distance 
c from x -axis and thus there is no break in the graph, i.e.constant function is a continuous 
function. 


5.2.7 Identity Function 


The identity function f(x) = x is a continuous function because the graph of this function 


is a line which makes an angle 45° with the х -axis and passes through the origin. 
5.2.8 Sine Function 
If f(x) =sinx and x € К, is continuous on К. If c e R then f(c) -віпс 
Lim f(x)- Limsin x =sinc 
х с ЖЕ 
ie Lim f(x) = Ко) =sine 
ХС 
So sin х continuous at x =ceR 


i.e., sin x is continuous оп К. 


5.2.9 Polynomial Function [B.C.A. (Meerut) 2003] 
Let f(x) = ax" ax" +....... + а, where x Е R is continuous on К. 
If c € R then f(c) = agc" + ac" +.....+а, 
Also lim f(x) = lim [ayx" + ax" +. ay] sage" + acl +... a 
хә с xc 
i.e. lim f(c)= f(c) wherec eR 
хәс 


Hence every polynomial is continuous оп К. 


5.2.10 Rational Function 
h(x) 


If f(x) = FS where Л (x) and g(x) both are polynomials is also a continuous function on R. 
g(x 


If СЕК then joe 
& (с) 
Lim h(x) 
Also Lim f(x) = Lim 1100 == hle) 


хәс хәс ЕГІ Lim g (x) 7 8 (с) 
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і.е. Lim f(x) = IA provided g (c) 50 
xc 8 (с) 
h(c) 
Then Lim f(x) = /()---- VeeR 
xoc & (c 


Therefore f(x) is continuous on R. 
(i) Тһе functions cos x,e* and а” are continuous everywhere. 


-1 


ii) The functions tan7!x and сос! x are continuous everywhere. 


( 
(iii) The functions sin"! x and со”! x are continuous in [-L1] 
( 


iv) The functions sec! x and совес” x are continuous іп 
1-=-] о [Le 


5.2.11 Properties of Continuous Functions 


(a) If f(x) is continuous at x = aand g (x) is another continuous functions at x = a then 
the composite function (gof)x is also continuous at х=а. For example, if 
F(x) = x? +1 апа g(x) = x +1 аге two continuous functions on an interval I then 


(gof)(x) = x? +2 is also continuous function. 


1... : : 
(b) If f(x) is continuous function and f(x) #0 then 709 is also continuous function. 
х 


1 
For example, if f(x) = = x“ is continuous, then —z is also continuous except at x = 0. 
х 


(c) A continuous function on an interval has a least and greatest value. 


5.5 Discontinuous Functions 


A function f(x) is said to be discontinuous at a point' g' if it not continuous at that point. 
The point'd is called the point of discontinuity. 

5.3.1 Types of Discontinuity 

5.3.2 Removable Discontinuity 

If a function f(x) at x =a is such that 

(i) f(a-0)and Да-0) both exists and equal i.e. Lim f(x) exists. 


Xu 
(ii) The function is not defined at x =a 


or Lim f(x) = f(a) 


Xu 
Then this type of continuity is called removable discontinuity because if the function can 
be defined suitable at x = а so that the new function becomes continuous at x = a. 


Example: Is it possible to define f(x) in a way that extends 


to be continuous at x =2 ? If so, what value should f(x) have? 
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Solution: For f(x) to be continuous at x =2 we must have Lim F(x) = f (2) 
x 


2 — ES А 
Now Lim с2а саа МИ Lim Шы а Lim Bud 
хэ2 42-4 хэ? (x-2)x42) x22 x42 4 
Now РО) = LEID - - (Meaningless) 
і.е. ТО) does not exists. So function is discontinuous at x = 2. 


If we take function such that 


2 


Ге +х—6 


2 
(= X -4 
2 if x-2 


if x z2 


Then this function is continuous at x 22 because Lim f(x) = f(2) 
x22 


This type of discontinuity is called removable discontinuity. 


5.3.3 Infinite Discontinuity 


This type of discontinuity occurs when neither the limit exists at x = a nor the function is 
defined there. In other way we can say that a function f(x) is said to have an infinite 
discontinuity at x = aif f(a-- 0) or /(а-0) is + ee or — ee. 


Such type of discontinuities cannot be removed. 


5.3.4 Discontinuity of First Kind 
If (i) f(x) is defined at x = a and 
(ii) f(a+0) and /(а-0) exists but are not equal ie. f (a+0) = f (a—0) 


Then function f(x) has discontinuity of first kind. 


5.3.5 Discontinuity of Second Kind 
If (i) The function f(x) is defined at x 2 a and 
(ii) Neither f(a+0) nor /(а-0) exists at x =a 


Then the function f(x) has discontinuity of second kind. 


5.3.6 Mixed Discontinuity 
If (i) The function f(x) is defined at x =a and 
(ii) only one limit f(a- O0) or /(а-0) exists 


Then f(x) is said to have mixed discontinuity at x = a. 
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=: Some Important Theorems 


One-Sided Limits and Continuity 


Theorem 1: Let f(x) be a function defined on an interval I, and a е I then, f(x) is continuous at 


x-a,ff, f(a* 0), and f(a—0) both exists and f(a—0) = f(a- 0) = f(a). 
[B.C.A. (Kurukshetra) 2011] 
Proof : Since f(x) is defined on J and a є I, therefore f(a) exists. 


Let us suppose that f(x) is continuous at x =a, then by definition Lim f (x) exists and 
Lim /(х)- f(a), Lim f(x) exists means f(a- 0) = /(а-0) ын 
Xu xu 
ie. Lim f(x) = f(a) = К(а+0) = f(a-0) = f(a) 
xu 
Conversely, If f(a-- 0) and /(а-0) exists and 


f (a0) = f(a-0) = f(a) 
> Lim Р(х) = f(a) 


This shows that functions f(x) is continuous at x = a. 


Algebra of Continuous Functions 
Theorem 2: If f(x) and g (x) be two functions defined on an interval 1, а е I and с is any real number. If 
f(x) and g (x) are continuous at x = a, then so also are : 
(i) f+g (ii) of (iii) fg (iv) f/g, provided g (a) #0 
[B.C.A (Rohilkhand) 2003, 2008, 2011] 


Proof: We have f(x) and g(x) are continuous at x =a, 


lim /(х) = f(a) ДЫ 
lim g(x) = g(a) 842) 


(i) Ме know that 
(f+ g(x)= f(x) + (0), vel 
and in particular 
(f + g) (а) = fla) + g(a) 
Now Lim (f+ g)(x)= Lim [f(x)+ g(x)] = ип f(x) + Lim g (x) 


xu Xu 


- f D+ gl a) =(ftg)( A — and (2)] 
. f*giscontinuous at x =a 
(ii) Ме have (of) (x) = (x), х eI 
In particular (cf) (a) = cf (a) 


165 жш 


e Limits and Continuity 


Lim (6f)(x) = Lim (х) =¢ Lim f(x) = (а) = (f(a) 
^. of is continuous at x =a | 


(iii) We know that 
(fe) (x) = f(x) g(x), x el 
In particular, (fe)(a) = f(a) g (à) 
Nowlim (g)(x)= Lim f(x) g (x)= Lim f(x) Lim (x) 
| КҮТЕ оо 
7. fg is continuous at x =a 


(iv) We know that 


(Дә-4%),, el,g(x) #0 


and in particular (4 (a) = нэ g(a) #0 


© 


Lim f(x) 
Now, Lim GE = Lim Te = _ fla) £o 
xal g xa g(x) Lim g(x) g(a) g 


provided g (a) #0 


2: 22 is continuous at x = а 


© 


Corollary I: Let f be a function defined on an interval J, and a € I. If f and g be 
continuous at a, then so is f — g. 
(1-8) (а) =[f + -g)] * = Қо) + Cg х,хе1 
If x =a then (f- g(a) =[f *C9]a- /(а) + (-g)(@) = f(a) - (а) 
Now Lim (f -g)(x) = Lim [f +(-8)] x = Lim f(x)+ Lim [-g (x)] 


xu 


= Lim f(x) - Lim g(x) = f(a)- (а) - (f - 8) (0) 


7 (f — g) is continuous at x = а. 


Theorem 3: Let f be the function defined on an interval I and a є I.If f is continuous at a then also 
| f | is continuous at a. 


Proof: Since f is continuous at a then by definition of continuity. 


Lim f(x) = f(a) 


Also by definition 
ГАО) =), vel 
In particular | fl(@=|f@| 
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Now, Lim | f |(x) = Lim | f(x)|= 


Xu Xu 


Lim f(x) 


xu 


=| Ха) |=| (а) 


2. | f | is continuous at x =a 


Note- The converse of the above theorem is not true. Consider a function f(x) оп К defined by 
f(x) = 


Then [| (<) -1 Vx eR 


| 1 if x isrational 


1 if x isirational 


| f | is continuous being a constant function but f(x) is not continuous. Hence | f | is 
continuous but f(x) is not continuous. 


Theorem 4: Let f be a continuous function defined on an interval I, а € I and g be a function 


defined on an interval J, such that f (1) с J If f is continuous at a and g be continuous at f(a),then 
(go f) is continuous at a. 


Proof: Since, f is continuous at a є I, then lim f(x) = f (а) 
xu 


Also gis continuous at f(a) е J, then ii (89) =g{f(x)} 
X а 
By definition of composite of mappings. 


go f (x) =g[f(x)] where x eI 


For х = аме have 


go f(a) = gl Л) 


Let < a,» be any sequence in J, such that lim a,=a 


Since lim f(x) = f(a) n 
шш (а) = Ла) 


we have /(Г) с Лапа < f(a,) > is a sequence in J. Also we have zm | # (7) = Ка}. 
yo f (a 
lim 217 (,)] = elf] 
n со 
ог lim 20/(4,) = gof (а) 
n со 
This is true for every sequence < a,» in J, that converges to a, therefore 
lim (gof)(x) = gof (a) 
X со 


Hence gof is continuous at point a. 


Theorem 5: Prove that a function defined on an interval I, is continuos at a point c € I if and only 
if for every sequence <x,> converging to с, we have 


lim f(x) = f(c) [B.C.A. (Meerut) 2007] 
ИЭ со 
Proof: Let f (x) be continuous at c and let « x, » be a sequence in J such that 


lim Хус 
n> со 
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Since f (х) is continuous at x = c then for a given е > 0, there exists a corresponding number 
ô > 0 such that 


| f(x)- f()| «e whenever | х-с| 56 (Т) 
Also, since lim x, =c, then there exists a positive integer m such that 
п co 
|х„—с|<8 whenever п>т 25(2) 
Letting x = x, in (1) we get 
| f(x) = f(c)|<e whenever [x,- d«6 ...(3) 
From (2) апа (3), we get 
| f(x) – f(c) [< £, whenever п>т 
lim fo) = Хо) 
П со 
Conversely: Suppose for every sequence « x, >in J converging to c, we have 
lim /(х„) = f(c) 
ИЭ со 
Then we have to show that f(x) is continuous at x = c. 
The converse is proved by negation contradiction method. 
Let f(x) be not continuous at x=c then there exist в>0. s.t, for every 


8 >0,|x-c|<8 >| f(x)- f(o)|2 =. 


1 ЗЭР 
Let us choose 6 = — and thus get a < х, > which is such that 
n 


x cde but | £o) - кое 


This means lim x, =с but lim f(x,) = f(c) 
п со И со 


which is contradiction to the fact that lim f(x,) = f(c). Therefore, our supposition is 
пЭ со 


false. Hence, f(x) is continues at x =c. 


© 
—_— Examples 


(Continuity) 
Example 26: Discuss the continuity and discontinuity of the following functions: 
. 1 
(1) Н)=х+- 
х 
(ii) ^ f(x) =sin x 


Gii) f(x) = cos (=) when x #0, f(0) 20 
x [B.C.A. (Kanpur) 2006] 


(iv) ЛО) = ыйла when х #0 and f(0) 20 
x ІВ.С.А. (Rohilkhand) 2009] 
l/x 

(v) f(x) =~ when x £0 and f(0) =0 


1-0 [В.С.А. (Meerut) 2006] 
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——— + sin В when x £0 and (0) 20 
х 


Si 

X 
s - h O and f(0) 21 
(vii) pcc when ges and /(0) [B.C.A. (Agra) 2003] 


: : Ї. : | 
Solution: (i) f(x) = х+— is defined at every point a е R except at a =0, therefore we 
х 
discuss continuity of this function in two cases (i) when a #0 and (ii) when a = 0. 


Case I: fO zaeR 


We have Ка) =а+ 1 
a 
. . I 1 
апа lim f(x) = lim E + 4 =а+— 
xu xoa x а 
i.e. lim f(x) = f(a) 
Xu 


f(x) is continuous when0 zaeR 


Case II: When a = 0 the function is not defined and therefore we need to check R.H.L. and 
L.H.L. 


І 1 
R.H.L- f(0+0)= lim /(0 +) = lim (0+0 = lim tht О 
forore im ЛӘ) hi ш. я] imf | 


L.H.L. = /(0-0) = lim f(0— 1) 


= jim fo h) 4 | | tim (^n г) = (0) lo со = —co 
10 O-h} 1-0 h 0 


R.H.L = L.H.L., therefore function is not continuous at а-0 and the function has 


discontinuity of second kind. 
(ii) f(x) =sin x this function is defined for all real numbers. 


If aeR then f(a) =sina 


and lim f(x) = lim sin x =sina 
Xu xu 

i.e., lim f(x) = f(a) 
xu 


Therefore continuous Va e R. 


(iii) f(x) = cos (=) when x #0 and f(0) 20 


The function is defined forO +a e R but not defined at a = 0. Although (0) -0 given, we 
use this value only to check the continuity of the function at a = 0. 


Case I: When a #0, f(a) = cos 2 
а 


апа lim f(x) lim cos Ө = COS 2 
x 


X— оо xa а 
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i.e. lim f(x) = f(a), therefore function is continuous at 0 2a e К. 
xu 


Case II: When a 20 


In this case the function is not defined at a 2 0 so we need to check R.H.L. and L.H.L. 


R.H.L. = f(0+0) = li 0-7)-1 lim = 
А ) ae 1 lim cos 521)” 42. 


1 | : : 
But cos n oscillates between -1 and +1 when Л > О i.e. we can not get a unique value, 
1 


therefore R.H.L. does not exist. 


1 І 
L.H.L. = 0-0) = lim f(0-h)= li = li = 
хавь анг im eos (017) Bm es[ 1) 


: 1 | . . 
= lim cos В does not exist due to the reason given in case of R.H.L. 
h0 1 


Neither R.H.L. nor L.H.L. exists, therefore function has discontinuity of second kind. 
When x =0. 


(iv) Р(х) = МЛ when x #0 and КО) = 
The function f(x) is defined їогО + a e R but undefined for x = 0 or a = 0. Now we have to 
discuss the continuity of this function in two cases (i) when a #0 and (ii) when a =0. 


Case I: When a¥aeR. 


sina 
Хо) =" 
апа lim f(x) = lim ш е 
xau xoa x a 
i.e. lim f(x) = f(a) 
Xu 


Therefore function is continuous at x = a where a z 0). 


Case П: When a =0 


m 5110 ЕЛ) 1, sinh [ яах || 
= lim =1 lim Е 
25 O+h л-э0 h x20 x 


R.H.L. = /(0+0) = lim (0&1) = 


L.H.L - f(0-0) - lim f(O-h) = lim = im Эн |. jig = 
120 O-h 10 Л 


i.e. R.H.L. = LHL. = f(0) 21 


Therefore function is continuous at x 20 or a = 0. 


Hence, f(x) continuous for all real numbers. 
а/х 
) f(x)= туу for x #0 and f(0) = 0 
4 e 
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(i) We know that е?= о and с 7-0, therefore if x £0 or a#0 where aeR the 


ella 
function is defined and f(a) = Lm 
1607 
1/х el/a 
Now lim f(x) = lim = 
шал voal+el/* 140074 
e 
i.e, lim x)= a) -———— 
Be fen Ла) PI 


Therefore function is continuous when a —> R and a z 0. 


(ii) When a=0 the value of the function is not defined. We have f(0) 20 only to 
test the continuity. 


1/O+h ch 
R.H.L. = f(0+0 = ип 0+h) = lim ——— = lin 
Ei Цаасан ҮЛЭГ тва 
Г 1 
d^| 1 1 1 1 
= lim —-| ——— |= lim = = = 
noo d/^| 1 +1| 250 41 167" 1+0 
ЕШ l+e ^ 
el /O-h 
L.H.L. = f(0-0) = im (0-Л)- lim 
Л Л Л-э0 1-.1/0-й 
pU е 0 0 
= lim р = = Em 
h0 lee l/h 1+е” 1+0 I 


R.H.L. + L.H.L so function is discontinuous at х =0 and we have 
70-0)- f(0) ғ (0-0) 
This shows that f(x) has an ordinary discontinuity at x =0 and there is a jump at x =0. 
l/x 
1/х 


(vi) f(x) = 


+ sin — йеп x £0 and /(0) =0 
ETT x 


(i) The given function is defined for x = a where 0 +a e R 


агі!“ 
f(a = ы +sin - 
хе! ae!“ 1 
апа lim f(x) = lim p; tsin p, + sin 
xoa xa (14074 x ла а 


lim f(x) = f(a) 


x0 


Therefore, function is continuous when x is a non-zero real number 


(i) f (x) is not defined when x =0 and a 20, therefore in this case we have to test R.H.L. 
and L.H.L. 


R.H.L. = f(0+0) = ш fO+h) у= lim Е 
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h c^ T 
= lim — y; + lim sin B 
h50 142^ — 450 h 
0 h КЕШЕ 
= lim j + lim sin] — 
noo dh | 1 1| тэд h 
ШІ 


| Л : 211 0 "Ин! 
= lim = Іші sin | -|  ——— + lim sin] — 
h20 e "4+] hood А) е°+1 hoo h 


- B + value oscillates between —1 and 1 
О+1 


= 0 + limit does no exist. 


= limit does not exist. 
[ (0) e /0-^ 11 
0-0)-1 0-7)-1 + 51 
А шил у hoo | l+ 297^ шж 


-дхе ,. . Ө 
= lim sin] — 
l+e "^ hoo 


-0х0 . 211 : . (1 
= - lim sin] 2| 20- lim sin] — 
1-0 1-0 Л Л-»0 


=(0-value oscillates between -1 and 1. 
ie. f (0—0) does not exists. 


f (+0) апа f(0 —0) both does not exists, therefore function is not continuous at x =0 
and the discontinuity is of second kind. 


1 


(уй) f (x) 22 when x #0 and /(0)-1 
Case I: When x 2 a #0 real number, then 
PES 
sin a 
"OL 
sin!x sin'la 

and lim f(x) = lim - 

xoa xa x a 

ИКЕ 
. sin a 
lim f(x) = f(a) = 
xa а 


So function is continuous when x = a #0 real number. 


Case II: When x =a=0 


: sin x : ө. 22-4 
lim =lim — ifwe put sin 
x0 X 0-0 sin® 


х=0 > x-sinO 
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260 = and if x > 0 then 0 > 0 
x sin Ө 
| Г | 1 
Now lim —— = 1| because lim —— =] 
0-0 sin® | x20 sin x ] 


i.e. function is continuous at x = 0 also. 


Hence function is continuous for all real numbers. 


Example 27: Examine for continuity at the origin of the functions 


x-|x| 


if 0 
O fQ- x C 
1 if x=0 [B.C.A. (Meerut) 2008, 2011] 
|. 
мин f xz0 
(i) fex 77 
1 if х=0 [B.C.A. (Meerut) 2001] 
2 if #0 
(ін) f (x) = 41-1 
0 if x=0 


[B.C.A. (Purvanchal) 20011; B.C.A (Meerut) 2001] 


Solution: 


(i) f(x)= if x 40 and f(0) = 


(0+h)-|O+h| 
R.H.L. = f(0+0 =. (0+h)= li 
=f ) r | ж, О+Л 


= lim pum. lim (2) - lim 020 
1 


10 h 150 h>0 
LH. = f (0-0) = lim f(0-1)- lim ше ыш. 
50 (0-0) 
г 2h 
= lim = lim — = lim 2-2, because |-h|=|h|=h 
h>0 -h h>0 150 


L.H.L. z R.H.L. 
f (x) is not continuous at x 20 


Or f (x) is discontinuous at origin. 


(ii) БЭ x #0 and f (0) = 
Xx. 


R.H.L = f(0+0)= lim fO+h) jeu м аа 
1—0 (0+7) hoo h hoo 
10-4| . Rh 


= lim - m )z 
0 (0-1) n50-h n50 


L.H.L. = f (0-0)= lim f(0+h)= im 
h0 


R. HL. 2L АЛ. 
Function is not continuous at x = 0 


or function f (x) is discontinuous at origin. 
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(i) РО) aul if x #0 and f(0) =0 
x 


R.H.L. = f(0 +0) = lim(0+h) = lim DATE ii (Ң- lim (1) 21 
10 120|0-h| лол 


L.H.L. = f(0-0) = lim (0—7) = lim Dh ш йн Т эл 
1-0 120|0-h| 1-0 h hoo 


. Function is not continuous at x =0 or function is discontinuous at origin. 


Example 28: Discuss the continuity at x =0, 1, 2 of the function 


|-2 if x x0 
5х-4 if 0 <х <] 
Р(х) = 


Ax?-3x ifl<x<2 
3х-4 if x22 


Solution: Discussion at x = 0 


R.H.L. = f(0+0)= lim f(0-7) = lim {5 (0+ л) -4) 2-4 
h0 Л-»0 


LHL = f(0-0)= lim f(0-J)- lim 1-0 hy} = lim ( 72) =0 


В.Н.Г. = L.H.L. 


~ Function is not continuous at х = 0. 


Discussion at x =1 
R.H.L. = f (1-0) = lim (1+/) = lim {4 1-0) —3(1+h)} 
Л-э0 Л-э0 


= lim (4(1-21-72)-30-7)| = lim (1+ 5л+4/2) =1 


Л-э0 > 


L.H.L. = (1-0) = lim (1-1) = lim (5 (1-7) -4) = lim (1-51) =1 
Л-э0 h20 пэ 0 
Also ҒО) =5 х1—4 = 1 because for x =1 we have f(x) =5х-4 
We have R.H.L. = L.H.L. = f(I) =1 
Function is continuous at x =1 


Discussion at x = 2 


R.H.L. = (2+0) = lim f(24 7) = lim {3 (2+1) +4} 210 
л-0 л-0 
L.H.L. = f(2-0)=lim f(2-h)= lim {4(2 -Лр —3(2—Л)} 
Л-»0 Л-»0 
= lim (4(44J?-41) -6 43h) 
h0 


= lim (10-1341 4/2) 210 
h0 
For x 22 we have f(x) 23x * 4 therefore 
/@)=3х%2+4=10 
we have R.H.L. = L.H.L. = f(2) =10 


г. Function is continuous at x = 2. 
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Example 29: Discuss the continuity of the following functions at the points indicated 
against them: 


В _9l/x — = 
(i) f(x) =2°/" when x #0 and f(0) =0 at x =0 [B.C.A. (Bhopal) 2011] 


2 
(ii) f(x) = = , when x #0 and f(0) 21at x 20 
x [B.C.A. (Meerut) 2008] 


(iii) Жо) = @+2х)!/^ when х #0 and Жо) - e at x =0 [B.C.A. (Meerut) 2004, 2006] 


sin2x 
i = h +0 апа f(0) =lat 0 
(у) Ле ээ x #0 апа f(0) =lat x= [В.С.А. (Meerut) 2002] 


Solution: 
(i) We have f(x) =2!/* when x #0 and f(0) 20 


R.H.L. = 0+0) = lim f(O +1) = lim ШЫ gl gs 
ПЕ 


L.H.L. = f(0- 0) = Иш. fO- h) = = lim 2!/- =h Е. 27 (0/7) 2 -2-%-(0 
"> 


f (0*0) + f(0-0) 


Therefore function is discontinuous at х =0. 


- 2 
(ii) — f(x) = CU. P when x £0 and /(0)-1 
х 


R.H.L. = /(0+0) = lim 70+) 


2 (8па(0- n)P . sin? ah, P. sin? ah 
= lim 2 = lim = lim 5 
һ-0 (0-7) h>0 р 1—0 ah 
А 2 
"7 — | -llim 9 ай | _ 2 о? 2 
1>0\ ah һ-э0 ah 


i 2 
L.H.L. = /(0-0)= jim 0 B lim т гэ 


. [-sin ah}? : sin? ah 
hoo 12 б 2212 


h>0 ah 1>0 ah 


E 2 : 2 
ээ e (522) - [im mal =P= 
0+0) = (0-0) ғ f(0) 
г. Function is discontinuous at x =0 


(іі) f(x) = (1-22) * when x #0 and f(0) =e 


R.H.L. = f(0+0) = lim /(0-7)- lim (1-2(0-0) 017 
Л-э0 Л-э0 
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= lim (1«23)*- lim [(1«24) 7^? = 
h0 Л-э0 


[сае lim (l+ yp =e 
y>0 


L.H.L. = f(0-0) = lim f(0-h) = lim [1+2 (0-4) PO“ 
Л-э0 Л-э0 


= lim (1-24) "= lim [0-25) P 2 2 
Л-э0 Л-э0 


[сае lim (= y)? =e 
y>0 


/(0 +0) = f(0-0) = f0) =e? 


Therefore function is continuous at x =0. 


C fa" Байх ни ет 
Ж. 


іп2 (0+ Л і 
R.H.L. = 0+0) = lim /(0-7) = lim ѕіп2 (0+1) _ На 21 sin 2h | 
h>0 л-0 (0-7) 120 | 2h | 
=2 lim ЕЕ 
п 0 2h 


Cit. 12:25 ef i ramus 
h0 1-20 (0-Л) h>0 -Й 


- lim 2 E =9 ИА oo pied 
1>0 2h л-э0 2h 


L.H.L. = R.H.L. # f(0) 


= f(x)is discontinuous at x =0 


Example 30: Test for continuity the function defined by 


М 2 
юм when x <a 
a 


Р(х) = “| when x >a 
х 
О when х=а 


at x=a [B.C.A. (Rohilkhand) 2001, 2007; 


, 


B.C.A. (Delhi) 2007, 2011] 
Solution: 


| 1 
R.H.L. гиш. J кый ЭГ. 3 | because x =a+h>a] 


T Га? +аһ—а2 li [ah] 0 


mo | a+h | зо [ax] КЕК 
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1,\2 
L.H.L. = f(a-0) = lim /(а-Л) = lim [E 4 | because х-а-Л<а| 
Л-»0 h>0 a 


дея |. Юж 
= lim | |= lim 
һ-0| ай | h0 a 
0-0 0, 
а а 


f(a+0) = f (a-0) = /(0)-0 


Hence f(x) is continuous at x =a. 


Example 31: Test the following function for continuity at x = 0 
x sin i. when x #0 
X 
x, when х-0 [B.C.A. (Delhi) 2010; B.C.A. 


(Meerut) 2001, 2010] 
Also show that it is continuous for all real values of x. 


Solution: R.H.L. at x 20 


1 
0-0)-1 0-7) = lim (О+Л) si 
Шалган ORNS те 


: cdi : : RES 
= lim Л sin—= lim Л lim sin = 
1h20 h hoo hoo h 


=0 x value oscillates between —1 and 1 =0 


L.H.L.at x20 
1 

0-0)-1 0-7) = lim (0-Л) si 
а г жиг дш: 


= lim (-h) zl JE lim (—Л) l ZH 
1-0 h) 1>0 Л 


: um : ЖЕКЕ! 
= lim !5іп-- lim Л lim sin— 
h0 1 hod hood 1 


= 0 x finite quantity lying between -1 and 1 20 
Also f(0) 20 


Therefore f(0 +0) = f(0-0) = f(0) 20 
Hence the function is continuous at x 20 


Let x = a where a is non-zero real number, then 


f (a) = a sin 1 
а 


1 
+0) = li +h) = li + Л) si =a sin— 
/(а+0) pu (а 1) її (а 1) sin asin 


l 
a+h 


1 1 
-0)-1 h)-li h)si =a si 
/(а-0) йт /(а—Л) pana h) sin ) а мас 


/(а+0)= f(a-0) = f(a) =a gius 
а 


Hence the function is continuous for ай real numbers. 
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Example 32: Show that f(x) = [x] is not continuous at x =1 
[B.C.A. (Kurukshetra) 2009; B.C.A. (Delhi) 2008; 
B.C.A. (Avadh) 2007; B.C.A. (Meerut) 2001] 
Solution: We have f(x) = [x] i.e. 
О when 0<х<І 
Р(х) =41 when I« x «2 
1 when х-1 
because [x] = greatest integer < x 


RHL. = 1+0) = lim f (LJ) = lim 121 у 1<1+й<2 
> 


Л-э0 
LHL. = f(I-0)2 lim f(1-/) = lim 0=0 ~ 0<1-й<1 
h0 h0 


0+0) ж (00-0) 


Therefore function is not continuous at х = І. 


Example 33: Draw the graph of function 
f(x) -|х-Ц-2|х-2143|х-31Ш10,4| 
and discuss the continuity in this interval. [B.C.A. (Meerut) 2002, 2005] 


Solution: 
ЖО)-|0-Ц -210-21-310-3|-1-4-9-14 


Р =| 1-1] +2|1-2|4+3]1-3|=0-2-6=-8 


f(2) =|2-1| -212-214312-3|-1-0-3-4 
f(3) =13- +2|3-2|+3|3-3|=2+2+0=4 


РА) =|4-1| -214-21-314-31-3-4-3-10 
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Example 34: Show that the function f(x) =| x | +] х-1 is continuous at x = О and x =1. 


[B.C.A (Kanpur) 2003] 
Solution: The function f(x) can be redescribed as follows: 
we have 
. =x when x >0 
1-2х ifx <0 =-x when x <0 
/(х) = 1 ifO«x«l =0 when x = 0 
J-j Их>1 i) when х < 0 then 


+|х-1|=-х +4 (х-1)} 
= 1-2х 
ii) when 0 < x <1 


+|x-1ll=x+ {G-D}=1 
(Ш) When x > 1 


x|+ |х-1|=х+(х-1)=2х-1 
(i) Atx=0 
R.H.L. = f(0+0) = lim f(0+h) = lim 1=1 
h0 h0 
L.H.L.- f(0-0)- lim /(0-/) 
л 0 
= |і 1-2(0-7) = lim (1+24) =1 
pd eee 
f(0+0) = f (0-0) = f (0) =1, because f (0) =1. 
(1) Atx=l 


RELL. = f (1+0) = lim f (Le1) 


= lim (2 (14-7) -1) = lim (1+ 2h) =1 
h0 Л-»0 


L.H.L. = f(l-0) = lim f (1-J) = lim () -1 
f (1-0) = f(1+0)= /()-1 


Hence, function is continuous at x =0 and x =1. 


Example 35: Examine the continuity at x =0 of the function defined below for different 
values of Л. 


Io" when x +0, апа f(x) =k when x =0 
x 


[B.C.A. (Delhi) 2005, 2008, 2011] 
Solution: We know that lim ang 


-1 


9-0 


lim f(x) = lim S lim 3 E -3 lim E х1-3 
х->0 х-0 х х>0 3x р 
Also 


ЖО) =k (given) 


If k =3 then lim f(x) = f(0)=3 


—— Limits and Continuity 
f(x) is continuous at x =0 
If k #3 then lim f(x) 4 f(0) 
x0 


f(x) is discontinuous at x = 0 
Example 36: Let a function f be defined on R by 


ra=] 


1 where x is rational 


-] where x is irrational 


Show that f(x) is discontinuous everywhere. 


Solution: Let abe any real number. Then a is either rational or irrational. 


(i) Leta be any rational number so that f (a) «1 


R.H.L = f (a+0) ES f (ah) 
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We know that a+h is a nbd of a and every nbd of a rational number contains 


infinitely many irrationals so f(a+h) may be irrational number so that 


f(at+h) = –1 therefore 
R.H.L. = li 1-7) = lim (-1) 2-1 
22” ) нэ 
i.e., f (a0) = f (a) 


=> f(x)is not continuous at x =a 
(ii) Let abe any irrational number so that f (a) = -1 


R.H.L. = f (a 0) = lim f (a+h) 
Л-»0 


We have a+ his a nbd of a and every nbd of irrational number contains infinitely 


many rationals so that 
f(a+h) «1 therefore 
R.H.L. = f(a+0) = lim f(a+h) = lim (1) =1 
h0 h0 
і.е. F(a) = f(at+0) 


= (х) is not continuous at x =a. 


Hence f is discontinuous everywhere. 


Example 37: Discuss the continuity of the function f (x) = [x] at the points : and I. 


where [x] denote the greatest integers < x. 


Solution: At x = ! 


2 
/(т+°)- lim ШЕ DE lim E Өр lim (0) 20 


2 h0 h0 h0 


0<l+h<1 
2 
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1 : 1 > flo alla: 
--01-1 Л1-1 Л1-1 0)-0 
А9) 557 ):5515: |= im o 
бе Бергі 
2 
1 [1] 
М -|-і-і-0 
ow Л 
1 1 1 
0|- 0|-0- 
(2*9) ДЕ | slo) 
і.е. function is continuous at х = 5 
At x=l 
1-0) = li 1-7) -1ї 1-Й] = lim (0) 20 
/@-0)= lim Грэй lim ae = lim (0) 
0<I-h<l 
1-0)-2 li 1-7) = li 1+h] = lim (1) 21 
/@+0)= lim Гажиг ае ший) 
l<l+h<2 


i.e. f (00) = f (1-0) 


Function is discontinuous at x = 1 


Example 38: Show that the function f (x) = x - [x], where x is a positive variable and [x] 


denotes the integral part of x is discontinuous for all integral values of x and continuous for 
all others. Draw its graph. [B.C.A. (Meerut) 2007] 


Solution: lfnis any integer then 
x-(n-l whenn-l<x<n 
Рб) = 0 when x = л 
x-n whenn<x<n+l 
Case I: When л is an integer 
f (n+0) = lim f (n+h) = lim (n+ h)-[n+h] 
Л-э0 Л-э0 
= lim {(n+h)—-n}= lim h=0 
Л-э0 h0 
n<nth<n+l 
f (n-0) = lim f (n-h) = lim {(n-h) -[n- h]) 
h0 h0 


= lim i(n-1H)- (n Mum (1-7) =1 


h0 


n-l<n-h<n 


f(n* 0) = f(n-0) 


i.e. function is discontinuous for all x =n 
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Case II: When и < x < n+ | where и = 0, 1, 2, 3.... 

IfO <x <! Ще [x] 0 and f(x) 2 x -[x] = x - 0 

also if x =1 then [х]=1 and f(x) 21-120 

If1« x «2 then [x] 2 I and f(x) = x -[x] 2 x -I 

also If x 22 then [x]=2 and f(x) 2-220 

also if 2 < x «3 then [x] 22 and f(x) = x - [x] 2 x -2 and so on 
Now graph of the function is 


Olxz0 х=1 х=2 х=З 
Fig. 5.4 


The graph when 0 x x x1, 1<х<2, 2€ x <3 and so on is discontinuous at x =], 2, 3.... 
and continuous for all other values of x. 


Example 39: Show that the function f defined as 


when x =1 


0 when x 20 

ils when 0« gee 

2 2 
Р(х) = ; when х=; 

СЭР when РӘТ 

2 2 

1 


has three points of discontinuity which you are required to find. Also draw the graph of the 
function. [B.C.A. (Delhi) 2008; B.C.A. (Rohilkhand) 2005] 


? fas . | 1 
Solution: We know that any polynomial is continuous at each point, therefore pet 


when0 « x < : апа 2 x when 5 < x < lare both polynomical so continuous at each point. 
Thus we have only to require to find the continuity as х = 0.5 and 1. 
(i) When x 20 we have /(0)-0 

f(0+0) p f (0 h) = l5- «nie; 


i.e. f (0) = f (0+0) so function is not continuous at x =0 
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(1) When x= we gave 4) = 
15512212 
БИЛЕ 

ЕРЕ 


: КЕСЕКТІ : 1 
i.e. function is discontinuous ас x = 2 


(iii) When x=1we have f(x) =1, ie. 70) -1 


0-07 jm лв - сү 


1.6. /@) = }1-0) and therefore f(x) is discontinuous at x =1. 


PPS . 1 
Hence the function is discontinuous at x x and I. 


The graph of the function consists of the point (0,0); the segment of the line 


у=у-%0 «x «L5 .The point B гэе segment of the line y= 7 nies E 


and the point (1,1). 


O (0, 0) Y 


aee 
ec, 


Fig. 5.5 


Example 40: Prove that the function y = E (x), where E(x) denotes the integral part of x 


is discontinuous for all integers. Also draw the graph. 


Solution: We have E (x) 15 the integral part of x i.e. E (x) = [x] denotes the greatest integer 
not greater than x. Thus we have 
n-l if n-l<x<n 
E(x)= n if n<x<ntl 
п+1 if n+l<x<n+2 


and so on where л is an integer. 


Now if x =n where n=0, + 1, + 2,+3,..... 
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Then E(x) =nor E(n) =n 
Е(п-0)- lim E h) = li П =л-1 
(л-0) ши (n— л) lim (n-l)=n 


E(n+0)= lim Е (n+h) = lim (л) =n 
0 h0 


ho 


1.6. E (п+0) + Е(и-0), 


Therefore function is discontinuous when x = л is an integer. 


Evidently it is continuous for all other values of x. 


In order to draw the graph let us find the value of the function y= E(x) for 
n=0,. + 1,6 2,23; 24, ccc. we get 


-4<x<-3 
-3<х<-2 
-2<x<-l 
-1<х<0 
O<x<l 
1<х<2 
2<хжх<3 
3<х<4 


4 €x «5 and so on. 


Example 41: Is the function f (x) = этэн continuous at x = 0. If not, how may be 
х 


function be defined to make it continuous at this point. 


_3x+4tany —3+4 tan х 


Solution: f (x) 


lim f(x) = lim 3+4 lim ИХ =344x1=7 
x 


Л-э0 Л-э0 Л-э0 
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Limit of the function at x = 0 exists and equal to 7. 
3х0-4х0 0 
0 =, SS дың 
f (0) T б 


which is an undefined quantity i.e. f (0) does not exists. 

Hence f(x) is discontinuous at x = 0 

Now if we define the function f (x) as below: 
Зх+4 (ап х 


Sf (x)= x 
7 when x =0 


when x 40 


Then clearly E f (x) = f (0) = 7 and so f (x) will be continuous at x = 7. 
X 
Example 42: Draw the graph of the function 
f (x) =| x-1[ +] x-2| 
in the interval (0, 3] and discuss the continuity in that interval. [B.C.A. (Meerut) 2006] 


Solution: We have by definition of absolute value of x 


x if x 20 
Р -x if x «0 


Т(ї)-1-х42-х-г3-2х, when x <1 
f (x) =х-1+2-х=Ь when 1 <x <2 
f (х)у=х-1+х-2 =2х-3, when x 22 


Thus, the graph consists of the segments of the three straight line y -3-2x, y «1 and 
у-2х-3 corresponding to the intervals [0,1], (1,2 |, [2,3 | respectively. The graph of the 
function for the interval [0,3 ] is as given in the figure. The graph shows that the function is 
continuous throughout the interval. 


3-2x, when xxl 
Р(х) = 1, when l<x <2 
2x-3, when x22 


Test the continently at x 21 


L.H.L. at (x 21) = li 1-7) = lim {3-2 (1-h)}=1 

dn ах аас 3 

R.H.L. at (x 21) = lim /(147)- lim (I) =1 2 

h0 h0 1 

апа КИ =1 0 
L.H.L. = R.H.L. = Р) =1 I 2 35 


Hence function is continuous at x = І " 
Fig. 5.7 
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e Limits and Continuity 


Test the continuity at (x =2) 
LHL. at (x 22) у= lim f2-hz ди Пе 
1 0 


В.Н.Г. at (х=2) = lim /(24Л)- lim {2(2+h)-3} 21 
h0 h0 


and f 2)21 
L.H.L. = R.H.L. = f (2) =1 


Hence function is continuous at x = 2. 


Example 43: Show that a polynomial function is continuous at each point. 
[B.C.A. (Meerut) 2003] 


Solution: Let f(x) = дух" + арх"... жа, qx + а Бе a polynomial in x of degree л, 


where ap a ...... а, are real numbers and a #0, 
Here we shall show that f(x) is continuous for all x є R. 


Let c be any real number, then 


lim f(x) = lim [aox" + ax t+ 201 ta, 1X + а] 
Xc xc 


= ду lim x" a lim х"... 2, р lim x+ lim a, 


xc хәс xc хәс 
-ау ta! +... +a, e+ a, = f(e) Б lim х Ёо 


Since lim f(x) = f(c), hence, f(x) is continuous at x = c. 
xc 


Thus, f(x) is continuous at every real number c and so f(x) is continuous for all x ЕК. 
Example 44: Discuss the continuity of the function 


[x log sin? x, for x 0 
g sin” x, for x #0, 
х) = 

fœ | 0 ‚ for x «0, 


[B.C.A. (Garhwal) 2006, 2011; B.C.A. (Meerut) 2003] 
Solution: LetO zc € К then, we have 
Tim. Р(х) = шан! (x log sin? 2 х) =c log ѕіп2 с = Fe) 
Therefore, f(x) is continuous VO #x є К, 
Now, we check continuity at = 0. We have f(0) = 0 
Now 7О-0) = lim f(0—-7) = lim (-/)) 
h0 Л-»0 


= lim (-h) log sin? (-7) = lim (-h) log sin? Л 
Л-»0 Л-»0 


[it is indeterminate form О x оо] 
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-- lim logisir h) | Fori 2] Use L. Hospital's rule 
50 (1/1) | со 
| ! 2 sin Л cos 2 
а" 2 
=- | шиний 5 = lim 2h [оао 
л-э0 (-1/Іғ) 10 tanh | 0| 
: 4h | ЭР" 
= lim 2- =0. [Again by L. Hospital's rule] 
h0 вёс h 
and f(0 +0) = lim f(0+h) = lim (Л) 
h0 h0 
= lim 4 log(sin? Л) [Form0 x ee] 
Л-э0 
Іор (8002 / S 
= lim Тоди) Ганаа! Use L. Hospital's rule 
10 (1/1) [=] 
| ! х2 sin Л cos 2 
n2 [22 | 
= lim МЭШ Л - lim 2/2. (0) 
1-0 (-1/12) 1-0 | гал? | 0 
Г-4Л1 


= lim -0 
1>0 БЕТІ 


Since f(0 +0) = f(0) = f(0 —0), therefore the function f(x) is continuous at x = 0. Hence 
f(x) is continuous for all value of x Е R. 


Example 45: Examine the continuity of the function f(x) defined by 


5x-4, if | 
atx =] 


F(x) = | 3 г 
4x -3x, if 1<х<2 [B.C.A. (Meerut) 2005] 


Solution: We have f(l) =51-1=1 


L.H.L. at (x =1) = f(I-0) = lim /0-7)- lim {5(1- Л) -4} = lim 1-5} = 1 
Л-э0 Л-э0 Л-э0 


R.H.L. at (r=1)= +0) = lim 01+) = lim {41+ hj -3(1+h)} 


= {4(1+0)? -3(1+0)} 24-3 =1 


74-0) = fA) = (1-0) 


> f(x) is continuous at x =1 
=x, if x <0 
Example 46: If f(x) = x, if O«x«l 


2-x, if x2l 


Examine the continuity of the function at x = 0/ [B.C.A (Rohilkhand) 2007, 2009] 
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Solution: We have 
L.H.L. at (x =0) = pu fO-h)= imal (-h)] = 
R.H.L. at (x =0) = lim f(0+/) = lim (h) = 
h0 h0 
But /(О) = 
L.H.L. = R.H.L = f(0) = 

Therefore, f(x) is continuous at x =0 
Also at x =], 

R.H.L. at (x =1) = (1+0) = а fü-nz ш 2-(1+Л)= 

L.H.L. at (x =1) = f(1-0) = im fü-nz мийн h) = 

/@-0)=/@+0)=1=/@0) [fA =2-1=1] 
> f(x) is continuous at x =1 
Example 47: Show that the function defined by 
2 
x^ -9 
I) =) уз * шаг 
6 ‚ Х=З 

is continuous at x =3 [B.C.A. (Meerut) 2008, 2010] 
Solution: We have f(3) =6 

L.H.L. at (x =3) = f(3-0) = ш Р(З =) = lim В 3-1) = 

—— іэ0 3-h-3 
2 2 
= lim 3 + -6h-9| _ = lim h(h-6) _ т(6-/)-6 
1>0 -h 10 (-!) 


2 
R.H.L. at (x 23) = шй ЯВ йн e 
1>0 3+h-3 


. 3240? +6n-9 2 10-46) 
= lim = lim 
h>0 34+h-3 h>0 h 


Since /(3-0)- f(3 +0) = f(3) =6 


Therefore, f(x) is continuous at x =3. 


=6 
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e"? 


2: Comprehensive Exercise 5.2 


(Continuity) 
1. Discuss the continuity and discontinuity of the following functions: 


G) f(x) = 22 +2 


1 


(1) f(x) = 
(iii) fo -sin (1 ША and (0) = 


: 1 
sinxcos — when x #0 
х 


(iv) f(x) = 
О when x=0 
l i when x #0 
( f(Q)-11-e* 
0 when x 20 
el /х 1 


: Е hen x #0 
(vi) Р(х) = d* 41 W 


0 when х=0 


(vii) f(x) = a „x #0 and f (0) 20 
[B.C.A. (Meerut) 2004] 


2. Show that the function f(x) = l sin ! is discontinuous at x =a. 
-а4 х-а 
3. Examine continuity and discontinuity of the following function at x 20: 
( f(x) ye ‚х #0 and f(0)=1 


(1) /(х)-х acl x #0 and f (0) = 
х 
xc /* 


(ш) а-а 
1 when х=0 


when x #0 


jes, Te 


0 when x =0 


ШЕ sin 1) 
х 
x) 1 when x #0 
б) Л) = 


[B.C.A. (Meerut) 2004] 


О when x =0 
(vi) f (x) =[x]-[-+] where [x] denotes the integral part of x. 


(vii) f(x) 2| x| [B.C.A. (Meerut) 2004] 


= Limits and Continuity 


10. 


11. 


Is the function f (x) =2x* +3x-Icontinuous at x 22? 
Prove that the function f(x) defined by 


, If х is rational 


Ро) = 


‚Іх is irrational 


is discontinuous everywhere. 


1 
х-4 


A function /:К-» К is defined as f (x) = 


187 жш 


Draw the graph and discuss the type of discontinuity which the function f (x) 


has ]— ee, e» [. 
Examine the discontinuity of the function 


[32 
е. for x zl 


Sf (x)=) х-1 
2 forx-l 


айх-і. 


Show that the function f(x)-[x]-[-x] has removable discontinuity for 


integral values of x. 
Find the values of a,b and c for which the function 


[sin (а+1)х+їп x 


when х<0 
х 
fins с when х-0 
24/2 1/2 
(x+ T л 72 when х>0 
x 
is continuous at x = 0 
Show that the function 
Lee) 
cosec when x za 
f(x) =4x-a x-a 
0 when x =a 


is discontinuous at x =a 


Show that the function 


[B.C.A. (Meerut) 2006, 2011] 
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l+x when x <2 
5-х when х>2 


әгі 


is continuous at x =2 
12. Discuss the continuity of the function 
[2 if x«-2 
f= Ғ-2<х<2 


Ён Ц x>2 


13. Show that the function 


x? x? x? x? 


T T qp wee со 
l4x “їр ээр (еу 


f (x)= 


is not continuos at x = 0 
14. Show that the function 
lo 
—sin— when x #0 
0 when х=0 
is discontinuous at x = 0 


15. А function is defined an [0,1] is given by 


х, If x is rational 
К ЭЛ" 


~ )1—x, If x is irrational 


D | 1 
Show that the function is continuous only at x = 2 


16. Give an example of a function f(x) such that f is not continuous but | f | is 
continuous. Show that {2 сап be continuous when f is not. 


17. Give an example each of the following: 


(i) The function which possesses a limit x =] but it is not defined at x =1 


(ii) The function which is neither has a limit at x =] nor defined at x =1 


18. Show that the function 


NE 
x? sin—- for x #0 


е x 
0 for x=0 


in the closed interval [0,1] is continuous. 


—— Limits and Continuity 


19. 


20. 


21. 
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Define the continuity of a function оп an interval. Discuss the continuity of 
function. 


хх 


Ро) = t 
€ te [B.C.A. (Meerut) 2003] 


Prove that a polynomial function is continuous at each point. 
[B.C.A. (Meerut) 2003] 


Describe different kinds of Discontinuities of a function by given one example 
of each. [B.C.A. (Meerut) 2002] 
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2. А 
=: Answers 
П. (1) Continuous everywhere (ii) Discontinuous at x =0 
(iii) Discontinuous at x = 0 (iv) Continuous everywhere 
(v) Discontinuous at x 20 (vi) Discontinuous at x 20 
(vii) Discontinuous at x = 0, only 
3. |(1) Continuous at x 20 (ii) | Continuous 
(iii) | Discontinuous at x =0 (iv) Discontinuous at x 20 
(v) Discontinuous at x = 0 (vi) Discontinuous at x 20 
(vii) | Continuous at x 20 


Yes 


Discontinuous everywhere 


Discontinuous only at x = 4 


Discontinuous only at x = 4 


p nd ей = 
2 2 


SS) еее 


12. |Continuous at x 22 and -2 


19. Continuous everywhere 


%%% 


Differentiation 

Rolle’s and Mean Value Theorems 
Expansion of Functions 
Indeterminant Forms 


10. Maxima and Minima 


11. Curve Tracing 


12. Successive Differentiation and 


Leibnitz Theorem 


Differentiation 


61 Definition of Differential Coefficient 


Let у = f(x) be a function then the differential coefficient of y w.r.t x is 


Ф oe Pisa ty 26859710) 
ган "иг" 


differential coefficient of y w.r.t ‘x’ at x =ais 


Atx-a 


Viz the derivative of f at x i.e. f' (x) or D f(x). 


Thus, the function is called the derivative or differentiation of f(x) with respect to x or 


simply differentiation of f(x) is denoted by f'(x) or D f(x) or £ Cfx)). 


fo h)- f(x) 
h 


d 
Thus S UO Lt, mi 


f(x-h)- f(x) 
E 


1 


Or E= Lt, 582) 


The differentiation or derivative of a function f(x) is also called the differential coefficient 
of f(x). But we shall be using the words differentiation or derivative only. 


6.1.1 Geometrical Meaning of Derivative at a Point Consider the Curve 


y=f(x). 
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Let f(x) be differentiable at x = с. Let P(c), be a point on the curve and let Q(x, /(х)) be a 


neighbouring point on the curve. Then slope of the chord 


po £69 - f() 
A—G 


From the free body diagram (F. B.D), we have the limiting position of chord PQ. 


Taking limit as Q P i.e, x > c we get 


(< (E;B;.D,) 3) 
Fig. 6.1 


Taking limit as Q P i.e. x c we get 


xc X-—c 


or (slope of the chord PQ)= Lt Ио ft) 


As Q > P, Chord PQ becomes that tangent at P. 


Hence from (1), we have 


slope of the tangent at P = Lt ЕО |52) or / (0) 
х 


xc XC PR 


If free body diagram adopts the necessary and sufficient condition of (Diff)". Thus, the 


derivative of a function at a point х = с is the slope of the tangent to the curve у = f(x) at a 
point (c, f (c)). Also if a( fu)" is not differentiable at x = c only if the point (c, f(c)) is a corner 


point of the curve у = f(x). 
Note: Differentiable = (Diff)"= Diff 


F.B.D = Free body diagram 
Eqn = Equation 
(fu)! = Function 


D.C. = Differential coefficient 
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6.1.2 Geometrical Meaning of Derivative 


Let us consider a function y = f(x) in a rectangular coordinates system. We also consider a 


point P(x, y) on the curve. 


J (x + Ax, y + Ay) 


Free body diagram (F, B, D) 
Fig. 6.2 


If a point corresponding to an increased value of the argument х + Ax is considered its 


ordinates value is given by. 


у+А у= }(х+Ах) 


The point (x + Ах, y+ А y)is represented Бу А. Y 
Hence РА is the secant to the curve. Tangent 
Now; оп Ax, Ay 0 E 
— PA — 0 (i.e. the distance PA tends to zero & Q 
to a single point P) О Х 
= Lt (slope of chord PA) > (slope of the Fig. 6.3 
Ах- 0 
tangent at Р) 
or tany = Lt 1200 
Ах- 0 
Ay Ф 

Lt — == ' (2 

Е Ах-0 Ах dx uds 


means that the value of the derivative / (x) for a given value of x is equal to the tangent of 
the angle formed by the line tangent to the graph of function у= f(x) at a point Р(х, y) 
with the positive. 


Note: The meaning of the term rate of change of y with respect to x is that if x increased by 


d 
additional unit change in y is given by (2) 
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62 Differential Coefficients of Standard Function 


(i) £ (sin x)= cos x (ii) £ (cos x) = -sin x 
(iii) x (tan x) = sec? x (iv) £ (cot x)=- совес х 
dx dx 
(v) — (sec x)= sec x tan х (vi) г. (cosec х) = —cosec x cot x 
dx dx 
2. ГЕТ | 1 
-- х) = -l<x<l 
(vii) d (sin х) e ( Ж) 
au A E 1 
(viii) —(соз5 x) == = (-I«x«l) ог|х|<1 
dx 1-2 
: 4 41 1 
ix) —(tan x)2———-,-ee«x«e ОГХЄЁВ 
б) баа o 
4 41 -1 
x) — (cot x)= y, —°°<Х<оо 
() (or! j=, 
(xi) 4 (ва 4х|»ТогхєКЁ-1-1| 


-1 1 
Е 
dx | х|]х?—1 


(xii) ЖЖ (сов ec! х)= ES 26 
dx | x [4/32 -1 


Differential coefficients of standard function 


6.2.1 Power Formulae in (Diff)" 


|x| 5] orx e R - [-LI] 


n 
(i) d(x ) =! 
йх 


Note: 1. dy is not a fraction i.e. 2 гарыг 
dx dx 
Since a ie (y) Le. it is just an operation on real number. 
x dx 


2. For differential coefficients different notation or operation of (Diff)" 


can be written as; 


e Or Ала) ЖО) o y or Dy 


dx 

(ii) 20) -0. Differentiation of a constant function is zero. 
(iii) A(log,x) =! where x >0 

dx Х 
(iv) 42) =@* 

x 

Xx 
(v) 25 = а*.1огр„а where а>0 

P 


му ЛА 


4 e (fe) 
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i.e. the derivative of a constant times of function is the constant times the 
derivative of the function. 


zs d d d 
(vii) iH + g(x)] azo tE 


That is the derivative of the sum or diff. of two functions is the sum or 
difference of their derivatives. 


Product bw 


(fla). l= 9-4 gla) +L fla): gn. 
X 


That is, derivative of the ми. of two functions = [first ( fu)" x (derivative of second 


(fu)"+ (second function) x (derivative of first function) | 


6.2.2 Quotient Rule 


4 pol- бо) (о-в 


g(x) (go 
Remark: It is advisable to remember as follows 
r . d r 2 г а r 
d ÎN" 29 a )-N 29 ) 
dx D (р? P 
Chain Rule 
£ = ME К dv(x) 
iv(x)) dx 
gum parje du [v {w(x)}] ” dv{w (x) x dw (x) 
dx dviw (x)) dw (x) dx 


£ {10089 = 4. с. of {f(xy w.r.t. x taking $ (х). as a constant 
+ d.c. of {/(х)}*® w.r.t ‘x’ taking f(x) ав a constant. 


= (x). (ЛО) ped) +£ f(x) пов Ло) 00) 


6.5 Differentiation of a Function Represented Parametrically 


If y is a function of x such that 


х=ф(Ю, у= у (t) where't is parameter then 


dy 
Фа ;, VO 
dv dx ^" g(t) 


dt 
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6.3.1 Differentiation of One Function w.r.t. Another Function 


If y=0(x).andz = (x) 


dy 
Then dy. Ax. үе, 
dz dz 
dx 
Relation between {у апа ae 
dx dy 
> dy х dx = 1 
dc^ dy 


d 
Higher derivative of a function if y = f(x) then the derivative of m w.r.t ‘x’ is called the 


42 

second derivative оЁу w.r.t. x it is denoted Бу "i 
dx 

dy _d (dy) ду а|фу 

d? ах\ах) d «(а 


If y is the function of x given parametrically by у = ф (t), х = v (t) then 


Le) 
d'y d Н “4 (40) ау 
de dx (ах dx \ w'(t) dt dx 

dt 


6.3.2 Differentiation of a Function in a Form of Determinant 


u(x) v(x) w(x) 
If y=| p(x) q(x) r(x) | then 
A(x) w(x) v(x) 
Р u(x) v(x) w(x) u(x) v(x) w(x) u(x) v(x) w(x) 
== р(х) 408) ræ р(х) 40) rG) +] pe) 40) (x) 
Мо w(x) кх) (Мо жо) v(x)| |А (x) w(x) их) 


Note: 1. The (Diff)" can also be done column wise. 


B E oaa а : 
dx ` dy dx ах/ау 


2. Relation between Ф апа ша Since 
dc T Wy 


d 
6.3.3 Differential Operator (2) of Parametric Functions 
x 


dy  dy/dt 
dx dx/dt 


e.g. х=ф(ї)апа у= (t) -. 
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wee Differentiation 


6.3.4 Differentiation of a Function with Respect to Another Function 
du _ du/dx 
dv dv/dx 


Let u= f(x) and v = g(x).. 


6.3.5 Logarithmic Differentiation 
Let y= [fe 
Taking logarithm of both the sides, we get 
log у= log [fœ] = g(x). log HFH 
(Diff)". w.r.t. x, we get 
19 o). a t log (f(3)). и 


y dx ` f(x) 
dy _ x) af) | g(x) 
dx ^ | f(x) d og 709 e 


6.3.6 Higher Order Derivative 
If given function у= f(x) 
. The derivative of y w.r.t. ‘x’ ; In general 


л re 


Hence to fix up the idea, we сай 


d 
m — First order derivative 
d? у 
28 = Second order derivative 
n 
л = nth order derivative 


Hence, If у = f(x), then the other alternative notations for 


фу 4 у у — A ; d" y 
dx dx? ^ de dx” 
or Л» J2; Va dekaner : Jn 
or y. 2 Ж", даны мн”: 
ог Dy, p? 22 D? y, E UM ; D"y 
or Р(х), f'G) T зөхөөший : f" (n) 


The values of these derivatives at x 2 a are denoted by 


d" 
(а), y'(a, D"y(a, f"(a), Ej 
ы х=а 
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© 
_— Examples 


Example 1: Differentiate the following function w.r.t. ‘x’: 

mL ТЭ: Эг TE 

(1) х (ii) х (iii) Ух (iv) — (v) 4x -3 
X 


Solution: Here, we have to use the power formula of derivative 
i.e. у= (х)" 
2 (Diff)". on both the sides w.r.t. ‘x’ we get 

Dwd 


d ae (x)"=nx"! where n z-1 


(i) Let us consider, 


you 


So, (Diff)" on both the sides w.r.t. x, we get 


d л 
2 = (x^) 27x 27x48 
dx dx 
Similarly, we fix up the idea as done earlier; 
d >. _5— 6 - 
Gi) жб 5) = (-5) xP + --5479 Ex 


абу d, КҮ ШИК Я 
(iv) (ел = үлі =? = =. 


-3 
d [3 04 50, _ 3 (24) _ 3 5/72 -3 
(v) a =n" авс 25 2m 


Example 2: Find the derivatives of the following functions. 


k? + m+n py 2 
1) ————— ii) | Vx + — ii) х.(1-х 
o = (9 (Je+ +} (ii) х.й+х) 
Solution: 
(i) Let us assume 
2 x 2 
_ be +тх+п lx тх N 13/2. medl 4 1/2 


ух 4x 4x Ух 
Now (Diff)" w.r.t x on both the sides, we get 
Dy = D(l? 2) + D (mx?) + D (n1?) 


-ID (х2) + тр (3l?) nD (x1?) 


wee Differentiation 


3 12 m 1/2 n 3/2 3 m n 
= | х х х -1-14Х- —— 
2 2 2 2/х 254 


(ii) Let us assume 
(HE e bn Бо, 
у T ы ше: ; 
i.e. (Diff)" on both the sides w.r.t. ‘x’ we get; 
Dy-D()«D(x!)eD(2)-1«(-Dx- +0 =1- x7? e 
х 
(iii) Let us assume 
у=х.(1 +x) 
(Diff)". on both the sides w.r.t. х, we get 
Dy =D(x+2x" +23) 


Dy =D (x) +20 (<?) + D(x?) =1+2.2x +31? =1+4х+3х° 


Ё п п 
Example 4: реда ИУ p= Todora oyi = 
П 2! 3! п! dx n! 
Solution: We have 
x x? хэ y” 
у=1+—+4 T dard: +— 
]! 2! 3! n! 
i.e. (Diff)" on both the sides w.r.t. x, we get 
d d l d l d l d 
ауа (х) + х2 4 (х3) 
ах d l! dx 2! ах 3! ах 
I d, n 
E IEEE — (ХЭ), 
п! 2" 
-04 l | ! 2х+ l yr Жы | : nx" 
1! 2! 3! п! 
"NE ЛЕ 2 Ёл 
нисгэх (n-1)! 
Example 5: Differentiate the following w.r.t ‘х: 
x? Е : 
(i) b log, x (ii) ax + ЕЭ (iii) е*+1ор„х+[* 
Solution: 


(i) Ме know that 


blog, x = b log, x log, е 
(Diff)* on both the sides w.r.t. ‘x’, we get 
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23 [b.log, x] 25 E EA chloe a [log, Zeiss = 2714 
dn dx dx x x 


2 
(ii) d axe ыаг (ad 2 ТОРТ “РҮҮ: 
dx b dx b dx b b 


(iii) 5. (e* + log, x +1") = (e) (ов, emere + 1 Лор, 1 


Example 6: If y = ax? then to prove that (« 2) -2у 
х 


Solution: 
у=а? 
(Diff)" on both the sides w.r.t. Хх”, we get 
dy d 
dx dx 


dy 


(ax?) To =а:2х = 2ах 


=2ax Multiply on both the sides with ‘x’, we get. 


d d 
ea = Dax” = x -2y Гг ах” = y] 
Example 7: Function (2x3 +3" —4 log, x +5) find out the differential coefficient with 


respect to x. 


СА 
dx 


d 
dx 


Я ox d d 
(x°) + 4:7) -4 = (logex)+ = (5) 


Solution: 


(23? 4 3*-4 log,x+5)=2 
-2.3 x? +3" log,3- 4-240-(62 +3* log,3- $) 


Example 8: Find the differential coefficient of the following function with respect to ‘x’? 


2 
(i) аже ead (ii) 122642242) 
АХ 
(iii) (gx ax” oe xt e зын +а,) (iv) (24 227 4, RUE 
хогоо 
2 a 4 
aa Ж. X 1ор„х+х—х?.е* 
(у) (х 2 + 3 Козун» ) (vi) Se 3 


(vii) 3 [1+3 log, x * 3(log, ху + (log, x) ] (viii) Ge" ~ 2 +2" sec 3 
х 


Solution: 


(i) 4 jat 2a" dag ty - Jae 2ae* вает) = ай жасу? 


ах 


= Ja £ [1+ ae) нао) valos ae" = 226% 
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(ii) а (ax? bxc) d a b Ns 
d у | ee Ух 
- 4 [ад + bal? act] 
х 
=а (х3? | 2012) | e ay 
ag? uo uy uet ЕС. J= заж. Д И 
2 2 2 2 24% 212 
m d n n-l n-2 
(iii) go“ tax" xax" t vues +а,) 
d d. Ge d 
= d ta 2 (ute yas ou + Ay 1 7 (x) + z (ay) 
=aynx"! a (n-1) ХЭ +....... +а,1:1+0 
= дул хт} +4 (и-1) Бан ыз + dy | 
avy p LN [+ й ue й (х71) +4 “үс: КЗ 
йх x xo x dx dx dx dx 


=0 +3 (1) x717] 4a +6 (-3) x37! 


+ ! 
x? 3 4 


=-3х72 -8x -18x = | 
X X 


2 3 4 
y al EL J- ie т т 


3 8 :J 


dx 2 dx 3 dx 4 dx 


51-12241 3634-1464, 
2 3 4 
еее —х?+............. 
à d |x log,x+x—-x е” d Ё | 
(vi) - | 5 3 |- (log, x +x -e*) 
= © (log. x) 4 (x?) 4 еу) 
Ах 
Е(-2)х72:1-65 =x -2 х3 еї = a ех 
X x 


(vii) Letlog,x-t 


4. [34114 3 log, х+3 (log, xy + (log а*)з}] 


= +3132 +831 цан 97) 
dx dx 
d d 1 1 

= ae t) гааг х)-0- Tlga e= q logat. 
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=3 a e- ж + @°)- (еса) 


Зе“ zi Dx? +2* log, 2 -sec x. tan x 


= (3e" + ee log, 2—secx-tan x) 
х 


20 Ф 
Example 9: If y= [д^ +—4 оды Then to prove that — = y. 
p. 2103! Ах 


Solution: Given function is 


=]+ г а П 4” П 
у Ко а ae 
=@* 1+—+ x Жаны” 
у=е no е 
Now taking (Diff)" w.r.t. ‘x', we get 
dy dx х. dy _ 
Ет в )=е=у 2 Жк ТУ 
Example 10: If у= ‚/а/х + ./x/a, then prove that 
cd - (2-2) [B.C.A. (Meerut) 2007] 
dx a х 


Solution: Given function 
=: fees 204 1/2 Jax 2 
Jesum Lr + Ja х 
^. (Diff)" w.r.t. ‘x’ on both the sides, we get 
d 
dy S Z x] 


1 
11 -1/2 ( 3 (5). 5 1 Ja 
Ec ғ <= e 2 
Ta х а 5 х тон 
Now multiply by 2 xy on both the sides, we get 


- 11:26: ЗЭН Ё 'H 


Put the value of y, we get 


> 292 = (/х/а- \а/х). («Га + /а/х) ог 299 - (х/а-а/х) 
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Example 11: If y= E , then find A .atx-4. 
Solution: Given function 
х-4 
y= [у= fe 
l x-4 1 - 
F(x) = х T => x (x1? 4х 1/2) 


^. (Diff)" w.r.t' x on both the sides, we get 


EE £ qu cat 


ish d 
2 [ах ах 


ШЕШЕ y. 02) A 


212 


Now fi (x)= ni Ni 


Put x 24 in (1) in both the sides we get 


ғау- 4+4 8 1 


4-4/4 32 4 


Example 12: Find out the derivatives of the following functions with respect to х. 


(i) e* (ii) а" (iii) log, x (iv) log, x [B.C.A. (Meerut) 2010] 


Solution: 


(i) Let us consider the function 


Ра) = е" 
Тһеп f(xth)= gor 
d X ie f(x * h)- f(x) 
я — ц sn = Lt 
> ж. h>0 h Fog h>0 h 
27 ҒЫ (e —1) 
л-э0 Л 
2 3 
Б | h | Цагт 1 
П 2! 3! 
= Lt e* 
л-э0 Л 
Lt e "a LIE + 
h>0 h 2] 9] 75 


— 206 В.С.А Mathematics-I (Unified) === 


Now taking Lt. now Put h = 0, we get 


2 
ага S ЗУ premi 


(ii) Function f(x) =a* 


Pee loga (#108 а)? | ) 
on Rer Т ЖОО 


h0 h 


Ir (log а)? | т (log а)? ” 
Т | эр epis 


a’ 


р log a+ 
h 


2 
= Lt а" |logath GRE t higher power of h 
h0 2! 


Now taking Lt. Put Л = 0, we get 


2 
Я =a" guio ER +...... 
dx 2! 


=[а* xlog,a-+ 0 +...... 1 


2 (a)* -а" log,a 


dx 
(iii) Function f(x) =log, x 
Then f(x +h) «log,(x +h) 


log,(x + Л) -log,x 
h 


ЕЗ 
= Lt log E 


Л-э0 


= Lt a 1 (1+ J 
X 


d 
— (log,x) = Lt 
ar овех) л-э0 


hoo Л 


Ил 1 (| 1 (9 
= Lt Ке РРА 
hoo h|x 2\x 3 х 
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1 1h IP 
= Lt ааваа 
moll 22 3 3 


Now taking Lt, Put // 2 0, we get 


(iv) Function f(x)-log, x 
Then f(x) = log, x.log, e 
(Changing the base from a to e ) 
= log, e.log, x 
Now log, e is just a constant team. 


Hence, we have now 


d 


d 
a (х) = p? (log, e.log, x) 


= og, x) = log, e (log e") = log, ет 
d 1 
d [log, x] = PEL е 


"s 
e 


= : Comprehensive Exercise 6.1 


1. Find the derivatives or differential coefficients with respect to х of the following 
functions: 


бу Gy (b) = 1. 


(d) (e*-5*) (e) 4vx (f) 4° 


(с) (x4 +5) 


(g) log.(vx) (h) 5e* (i) «(+x 


2 9 А 
(j) (2+2+2+5) (К) (+) np Pe) 
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2 3 n 
а “хо. йу х! 
(ii) If y START ag кел» зэл ce ы 
d 
(11) If у= show that 3 y x ЗЫ 
(iv) If Е prove it out 2x а + y-2Vx 20 
1 : 2 1 
v) If y= , then prove out | — ш---- 
(у) Шу ae р (2 ig 128 
2. Differentiate the following: 
(i) x" +7e* (ii) blog, х+ + Vx 
(iii) 5logx-44x-6 (iv) x(1+ х2) +.a* 


v) 3Vx+5 log, x-11log, x. vi) Ча--20267 +аЗе”* 
(v) бе ба (vi) 


dy 
3. IfVvx+./y =5, that at (4, 9), —=-3/2. 
ҮКҮ? хашин dx ; [B.C.A. (Meerut) 2003] 


ә 


=: Answers 


-1 [e 
l. (a) шор (5) = 2 (c) 4x? 
(4) (ЕБ о © (f) 4* log, 4 
(в) x (h) Se à) (+2. +45) 
: Sh. S 2) 3 
(j) (4545 (К) т (1) iU 
(m) 4128 (n) 2ax+ b (о) шаш 
b 3 
2. (1) xn"! +7e* (ii) "+з? Зул 
МЭ 1 В 2 х 
Е (iv) 1+3x° +a". log, а 
3 5 М А : 
(v) б eee ae (Wine a 
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© 
IN Examples 


Examplel: Find the differential coefficients of the following functions w.r.t. 'x' 


(i)  54*-21ogx43cosx-8secx (И) 


—— +4 cot x +9 log, x -2/3 tan x t 5c 
sinx 


Solution: 


(i) | D(5a* +2 logx+3 cos x -8sec x) 
-5D(a^) +20 (log x) + 3D(cos x) - 8D(sec x) 


=5a" log, a 2.1+3( sin x) — 8sec x. tan x 
х 


| 2 : 
=5а* log, a-- -—3sin x -8sec x. tan x 
х 


- +4 cots log, х= tani ese] 
sin x 3 


(ii) D | 
= D (7.cosec x) + 4D (cot x) 9. D.(log, x) -2р (tan x) +0 (5 c) 
= 7 (-cosec x cot x) + 4D (cot x) + 9. D.(log, x) — - D (tan x)+ D (5 с) 
29 2 
= —/ cosec x cot x – 4 cosec^ x + — log, е-2 /3 sec” x 
х 


Example 2: Find the derivatives of the following functions w.r.t. ‘x’: 


1+ o) 


(i) Зѕесх-ѕіпх+4 соѕес x-cosx-5tanx:cotx (ii) 
l- cos 2x 


Solution: Hence, we have 
(1) у =3secx-sin x +4 cosec х-соз x -5 tan x. cot x 


1 : 1 
23: -sin x - 4. ———:cos x -5- tan x- 
COS X sin x tan x 


=> yz3tanx-c4cotx-5 
d 
И а 
dx dx dx dx 


-3 вес? x+ 4(-соѕес2х) —0 =3.sec” х-4 cosec?x. 


(Ш) Let у= ЇЕ cos2x _ |2 cos? x _ COS xX _ ёо 
4 J 1-сов2х 2sin?x sinx 
dy 2 


— = –соѕес х 
dx 


Example 3: Differentiate the following function w.r.t, ‘x’. 


(i) e*. log x (ii) ax? sin x (iii) sec x. tan x 
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Solution: 
(i) Let y=e*.log x 
dy d 


281527 res log x 4 log x. Le" ae + (log x) e* 


(ii) Let у= ах? sinx 


> а = a (х2 .sin х) = 2 22 (sin x) + sin x Ж (ху? | 
ах ах dx dx 


=а[х^ -cos X + (sin x)-2x] =ax(x cos x +2 біп x) 
(iii) Let y =secx tan x 


dy d 2 
— = — (sec x. tan x) 2 sec x-sec^ x + tan x-sec x tan x 


dx 
= 2 2 _ 2 2 = 2. 
=зесх (sec^ х+ tan“ x) 2sec x (l+ tan? x+ tan* x) = sec x (1+2 tan* x) 


Example 4: Differentiate the following function w.r.t. 27: 


G)  7xa*-2sinx.cosx—Stanx.cotx (ii) log, Ухзесх -llcosecx.cotx 
iii) е log,x.tan x 
Se 


Solution: 


(i) Let у= 7ла" -2 sin x.cos x -5 tan x. cot x 


B. 7 d (xa*)-2 à (sin x. cos x) - 5 Са (tan x. cot x) 
dx dx dx dx 
- JE 2. (а^) +a". 2 ©] 2 [sin х. M (cos x) + cos x 2. (віп 2 5 4 (1) 


=7[xa" log, a+ a’ 1] —2 [sin х(-біп x) + cos x cos x] -5 х0 


=7a* (1+ x log, a—2(cos? x -sin? х) 2 7a*(1- x log, а) -2 cos 2x 


(ii) Let y=log, Jx.sec x -11cosec x.cotx 


d 

T е (log, x.sec x) – 1 (2 (cosec x. cot x) 
dx 2 dx dx 

da 


-1 ТЕ ес х. 23 (cot x) + cot x Ж (cosec »| 
dx dx 


1 1 
ES log, x.sec x. tan x + (sec x). = 8a [2 


-11 | совес х (-cosec? X) + cot x(—cosec x. cot x)] 


= тэс х Б x log, зер log, 1 +1 1 соѕес х (cosec? x+ cot? x) 
х 


wee Differentiation 


(iii) Let y=e*.log, x.tan x 


dy 


=e". log, x. (sec? x) + tan x е й (log, х) + log, 3 21 


dx 
=e" sec’ x.log, x+ tan x Б E * (log, »«e | 
x 
=e" sec’ x.log x+e*.tan x (1 + log, 3 
х 


Example 5: Differentiate the following function w.r.t. ‘x’: 


x 


: е S Sin xd cos x sso € + COtX 
(1) - (ii) ----- (iii) ----- 
1-4 e* log, x tan x— x^ 
„ү l-tanx tan x + cot x : x tan х 
(iv У (vi) ——— — 
sec x tan x — cot x sec x + tan x 
(vii sin x — x.cos x 
xsin Х + cos x 
Solution: 
e* 
i Let у= : 
0) A l+e* 
dy (1 e*) T (e*) - e* = (1+ е^) 
dx (1+ е")? 
_ (l+e*)e*-e*(O+e") (1+e*-e*).e* е" 
(е7)? (+277 (I e*y 
sin x + cos x 
ii Let у= — ———— 
@ Let y= 
dy а | sin x+ cosx 
dx dx log, x 
Apc | : 4 
(log, x). р (sin x + cos x) —(sin x + cos x) 4, 198 х) 
(log, х)? 
_ log, x(cos x —sin x) —(sin x + cos х).1/х 
(loge х)? 
_ X(cos x -sin х) log, x — (sin x + cos x) 
x (log, xy 
ЕЕ е^ + сойх 
(11) = 


= n [е (log, x).tan x] =e*.log, 2 (tan х) + tan кар (е* log, x) 
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dy (апх-х?) a (е* cot x) - (e* + cot x) LES х-х") 
V daw o dx | 
йх (tan x - х")? 
(tan x — x")(e* — cos ec? x) – (e* + cot x) (sec? x- их" 1) 
(tan x - х")? 
. l-tan x 
(iv) Let у--- 
sec x 
dy d (= tan 4 
dx dx X secx 
sec x d (1— tan x) - (1- tan x) й sec x 
И dx 
(sec х)? 
_ зесх(— sec? X) - (1 — tan x) sec x tan x 
sec? x 
2 2 
sec x [-sec^ x – tan x + (ап x] 
sec? x 
sec? x - tan х+ tan x _ 1+ tan? x - tan? х+їапх 
sec x sec x 
l+ tan х sin x : 
=-| 14 . cos X =—(cos x + sin x) 
sec х COS X 
tan х + cot x 
м) Let у= SO 
tan x – cot x 
dy _ (tan x- cot x). D(tan x + cot x) - (tan x + cot x)D (tan x – cot x) 
dx (tan x — cot x)? 
? 2 2 c? 7 2 
_ (tan x – cot x).(sec x — cosec^ x) - (tan x + cot x) .(sec^ x + cosec х) 


(tan x — cot ху 


2 2 


_ —2 tan x- cos ec^ x -2 cot x-sec” x 


(tan х- cot xy, 


1 1 -4 
2 | - +— MR NAE 
sinx.cosx sinx.cosx] _ sin x. cos x 
тэ 2 | 2 
Е X _ Cos 3 sin? x- cos? x 
cosx sin + sin x.cos x 
—4sinx-cos x —2 sin2x 41 sin2x 
- 7 = 7 = : —-2sec2x.tan2x 
(cos^ x -sin^ х)“ — (cos2x) cos2x cos2x 
xtanx 


vi Let = — 
( ) 7 sec x + tan x 


d d 
dy (secx + tan x)— (x tan x) - x tan x — (sec x + tan x) 
U с Ах 


dx (sec x + tan x)? 


wee Differentiation 


dy (secx+ tan x)(x- se? x+ tan х: 1) - x tan x(sec x- tan x +se x 


) 


dx (sec x + tan ху 


(sec x + tan x)(x sec? x + tan X)— xsec x- tan x(tan x + sec x) 


(sec x + tan xy 


(sec x + tan x)[x sec? x 4 tan x — x sec x- tan x] 
y 


(sec x + tan x 


2 xsec? x+tanxv—x-secx tan x = xsec x (sec x — tan x) + tan x 


sec x + tan х sec x + tan х 

uo sin x—x cos x 
(vii) Let y2— — ——— 
xsin x + cos x 


dy 
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: d А 4 : 
(x sin x + cos x) 22 (sin x — x cos x) - (sin x — x cos x) - (x sin x + cos х) 


= 


(x sin x + cos xy 


(x sin x + cos x) (cos x — (-х sin x + cos x) - (sin x — x cos x) 


(x:cos x t sin x ^ sin x 


) 


(x sin x + cos xy 


(x sin x + cos x)[x-sin x] — (sin x — x cos x)[x cos x] 


(x sin x + cos xy 


x? sin 


2 2 2 


x+ xsinx:cosx—xsin x: cos x+ x^ cos? x 
y 


(xsin x + cos x 


_ x? sin? x+ 3? cos? x Ш x? 


(xsin x + cos xy, (x sin x + cos xy 


ёс? 
> 


e e . . 
=: Сотргеһепѕіуе Exercise 6.2 
І. Find the differential coefficient of у. w.r.t.x*. 


(i) y=3cosx+5 (ii) y= +3 cot x+(a)* 


sin x 
(iii) y =3 log x + cosec Байг (iv) у= -3* + log, x? +5 ѕесх 
х 


(v) у= ае" +h sinx+c.cos x (vi) y-sinx-cos х + tan x 


(vii) у = tan x + 


tanx 
2. Differentiate the following functions: 
(i)  e*.log, x cos x (ii) 7a'.xsinx 
(iii) logx + cos x (iv) а“ log, х-біп x. cos x 
(v) х?.созесх (vi) 21og, x.sin x 
(vii) х2 tan x—x log x (viii) e*.sinx+x°. log x 


(viii) у =3 cosec x tan x -7sec x.cot x 


3: 
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Differentiate the following functions w.r.t 'x' : 


ех Ж. ех х 
1 — ii 111 Ї 
0) x (ii) 1+х иш) 1+х° (8) 14811 х 

х" sec х cot x 2x+3 
17 Ї Үү li) ——_, x #-3/2 
м log, x 09 х+е* (үп) уу иь 3x42 : 
(ix) Уа-Ух (х) 1+ ѕіп x (xi) xsinx 

Ма + Ух l-sin x 1+ cos x 


Find the differential coefficient at x =Oif y= а* + ТЕ 2, 
[B.C.A. (Meerut) 2004] 


| 1 - 
If y= | E i i5. Жей) [В.С.А. (Meerut) 2006] 
B а х Ап | 2x4Jax 
"m 


=: Answers 


(i) —3sinx (1) —9 cosecx. cot x —3 cosec? x + а” log, a. 
2173 аЙ : x 2 
(11) ——cosecx.cotr- 7x" —- (іу) —3*.log,3+—+5 sec x. tan x. 
26 ЕЙ Х 
(v) ae*+b cos x -csin x. (vi) cos x - sin x * sec? x. 
(vii) sec? x — cosec? x. (viii) 3 sec x. tan x + 7. cosec x. cot x 


З e П > / 
(i) —e* sin x.log, x+—.e* cos x + e". cos x.log x 
х 


(i) 7Za*(x.cosx+xsinxlog,at+sinx) (Ш) Б .cos x -sin x log | 
38 


(iv) ШЕ log, e+ log, x. log, a|- cos2x. (v) x^ cosec x(5 — x cot x) 
х 


(vi) 2 [соз x.log, x+ pum .log, ] (vii) [2 sec? x  2x.tan x -1- log x] 
х 
(уш) e* (cos x + sin x) + x7 (1+3 log x) 
23 o ех Ч mg c m 
i ii 1) = 
9 x 2» (12:20 шш) (leas y 
2. e*(1+sin x- cos x) xl (n. log,x-1) ,. [sec x [e" (tan х=) + x tan x-1]l 
(iv) 7 v 2 (vi) 27 
(1+ sin x) (log, x) (х + e*) 
1 —2х.совес^х+соїх ‚... 5 Р Ja 
(vii) 372 (ШШ) == === 
2х (3х-2) Vx(Ja + 4x) 
2 cos x ад ¥+sinx 
2 (1—sin xy. = 1+ cos x 


Іова +1 


wee Differentiation 


6.4 Facts Towards Derivatives of Composite Functions 


6.4.1 Meaning of Composite Functions 


Let f(x) = fi(t) where t = № (x) 
Then, eliminating (t), we have f(x) = fil fp (х)] 


Hence, f(x) is called a composite function or a function of a function. 


Examples of composite function are : sin? x, cos(x? +5),їап Vx; 


(2x° -4x +5)*, log sec х etc. 


6.4.2 Chain Rule of Differentiation 


If y is a function of t, and t is a function of x; then 


dy dy dt 
dx dt dx 


© 
—— Examples 


Examplel: Find the derivative of the following function w.r.t. ‘x’: 


(i) (2-5) (i) Мах? +bx+c (iii) ЖЕН И 
"ил 
(iv) біп x? (v) (еу (vi) log, sin x 
(vii) log (z+ + (viii) log log x? (ix) 179951 
(х) cos (cot x?) (xi) log tan (5 + z) (xii) e™.sin(bx +c) 
Solution: 
(i) е y= (x? a5) Putting t = 22-5 
> i =2x 
у= t? where t 2 x? -5 
d 
- 4-22. апа Ž ex 
=> сав gat =2tx2x =4x(x* —5) 


dx dt dx 
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(й) Те у-уУах? +bx+c 
Putting ax? +bhx+c=t 
у= (01^, where t = ax? + bx +c. 
Pal 1? = ! and 2 =2ax +b. 
dt 2 2.7 dx 
dy dy dt 1 
= = 2ax+ b 
> fae анин 
dy — 2ax«b 
dx 2 ax? + рее 
(ii) Let diem s. 
a —х^ 
Putting -x =t 
yeaa? where t =a’ -x° 
> ы. 1үузл and LN 
dt 2 dx 
= СОЕТ 2x) = xt 32 = x(g? rye? 
dx dt dx 
dy _ x 
ж (ly 
(ә) Let Jy =5їп х5 
Putting t2 
у =sin t where t=x° 
d 
=> Z = cos t and 4-3,2 
= сав 192 = (cos t) x3x? =Зх^.соз x? 
dx dt dx 
(v) Let у= (е5) 
Putting t=e* 
y =t?, where t=e* 
dy a2, 4a x 
~ 23t^and — = е* 
> ES an = е 
> LE UN. 2.6" =3(e*)?.e% 23(ep 


dx dt ax 


wee Differentiation 


Let 


(vi) 


y = log, sin x. 


Putting sin x = t, we have 


у =log,t where t =sin x 
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> Bal and — 
dt t 
dy dy dt 
m de^ dt de 
-Їхсовх- ---ХС08Х 
4 
= J сох 
ах 
(vii) Let | 223 
Putting МЕ 
i.e. t = 11/2 Заг 
dt l jo 1 3/2 1(1 1 | 1 3 х-1 
h = = 1 = 
Бах dx 2 2 2\ух в) 2ух\ x) 2хух 
Now y-logt 
gl 
dt t 
Hence, иа =z} ла 
dx dt ах t` 2xJx 
2111 х-1 _ 4x (x-l] x-l 
"xm (x41 2x4x  2x(x4l) 
Vx 
(viii) Let у = log. log x? 
dy d 9 1 4 2 1 14,09 
— = — (log.1 =—, . x)= у= 
de^ ee ТТР, m eee da) 
_ 1 1 = 1l 
2logx x? х.1ор х 
(x) Let _l-cos2x 2six , 5, 
l+cos2x 92 соѕ2 x 
4 
I 26 (таг? x) =2 tan xi un х) =2 tan x.sec? x 
dx dx dx 
(x) Let у = cos(cot х?) 
4 
e 2а. [cos(cot > )]=-sin(cot ж? ) (со? ) =+sin(cot x ). (-cosec? x? ) А (х2) 
=sin(cot x ) созес х 2x = 2x.sin(cot x ). созес2х^ 
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nm Xx 
i) Let = log tan | —+— 
(xi) ё y = log ШЕМ 
2 - a ов сап E + 2) 
dx А 4 2 
ж! 
= .—|tan| —4 
tan 2 + 3 ёс * om 
4 2 
1 a(m х\ d (m x 
= ү See 2 » 1 
tan Р + z) d 
4 2 
mox 
_ cos| t5 1 | | Ч 
sin E + z) cos? (5 + z) 2 
4 2 4 2 
1 
Әсіп E + z) cos (5 + 3 
4 2 
1 1 
= = =зесх 
sin2 E t z) sin (5 + s) е 
2 2 
(xii) Let y=e™ sin(bx + с) 
cae e^, 4 sin(bx + с) + sin(bx + с) Ж @ 
dx 4) dx 
=e соѕ(рх + c) gH (bx + c) + sin(bx c). е 2 (ax) 
: ғ id 
= е“ cos(by + с). р + sin(bx + с).е.а 
= e" [b cos(bx + с) + a sin(bx + c)]. 
АРЕ 
4? 
=: Comprehensive Exercise 6.5 
1. Find the differential coefficients of the following functions w.r.t ‘x’: 
| 1 rexel , eg " x 
(i) 05 x ewad (ii) ote (iii) pu 
(iv) sin? x (v) tan? x (vi) (2х- Зу»! 
(vii) (log хү (viii) log(e* +1) (ix) “біпх 
(x) (a+ bx)” (xi) log tan(x/2) (xii) с’ logsin2x 
EX 
040) 5 


2. If y = ѕіп х. соѕ 2х, prove that o = y[cot x -2 tan2x]. 
х 
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o°.. 
- p 
=: Answers 
20-32) 270 d 
2 on —A(e* — 2 
1.10) 43.211 (ii) эс (iii) (а-а? 
(iv) 3 sin? x cos x (v) 3 tan? xsec? x (vi) 2(k-D(2 т) 
чу 3(log x)” Е. т 
(vii) гж (уШ) Е а 
2. (а + ху")? (хі) cosec x 
2 
(хи) e*(2 cot2x + log sin 2x) бай) @—х°) 3 


6.5 Derivatives of Inverse Functions 


6.5.1 Derivative of sin ! x with respect to ‘x’ 
Let у= sinl x 


апа у+К= вш! (x +h), where, k > 0 


when k > 0 


Then x = ѕіп y and x+ h =sin (y + k) 


1 sin! (x+h)- sin! x 


sin x= Lt 
10 h 
sin"! (x - 1) – sin! x 
= Lt 
10 (x+h)-x 


y+k-y 
= L 
k=>0 sin(y+k)-sin y 


k/2 
k>0 | 3 `һә0 sink/2 
СО$ 2 


[ u 2 = 
0—0 sin Ө 
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_ 1 _ 1 
Ү1-віп? y 4- 2 
d. cuj 1 
sin x= 
dx 1-32 


Тал! 


6.5.2 Derivative of cos х w.r.t. х 
Let у= соз”! x and ytkz cos"! (x +h) 


Where k > 0. Where Л > 0. 


Then, x = cos y and x+ h = cos( y + k). 


-1 -1 
Я совт! v= Lt 008 (х-/)-соз x 
dx 1-0 [Д 
2h cos! (x+h)—cos7! Ж 
л-э0 (x+h)-x 
= Lt DER) 
k50 cos(y+k)-cos y 
z lt : п 
1-0 2sin(y+k/2). si(-7) 
-- Lt : Be 
k50 sin( y K/2).sin (k/2) 
-- Lt ! Er. Ae e ie 29 
k20 .. | 3 k=>0 sink/2 9-0 sin 0 
sin| у+— 
2 
=- Lt — І х1 
к-э0 sin(y+k/2) 
4 = 1 -1 -1 
--008 ¥ =-——— = = 
dx sın y Ү1- cos? y 4A - à 
=} 1 
—cos x=- 
dx 1- x2 
6.5.3 Derivative of tan! x w.r.t. 'x' 


Let у= tan! x and у+К= tan! (х+Л) 


where k > 0 where л > 0 


Then; x = tan y and (x +h) = tan( y + k) 


tan! (x+h)- tan! x 


h>0 h 


tan! (x+h)- tan! x 


E (x+h)-x 
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J+tk-y 
k>0 tan( y+ k)- tan y 
k 
Зан sin(y+k) sin y 
cos(y+k) cos y 


К cos( y + k) cos y 


- t 
k—0 sin( y + k).cos y- cos( y + K).sin y 
k cos( y + k).cos y 


k20  sin(yctk- y) 
ШЕ” какшы ав; 
1-0 sink 


= 2. даг "d [cos( y + k).cos y] 
=1-соз у: cos y = cos? У 
] | 1 
sec? y 1+ tan? y 
1 1 


> 2273 Хог 2 
dx 1+х 


6.5.4 Derivative of cot! х w.r.t. ‘x’. 
Let y = cot! x and y+ k = cot! (x +h), where k > 0 when h — 0 
Then x = cot y and x + h = cot (y + k) 


zi -1 
E cot (x+ Л) –- со x 
cot x= Lt ( ) 
dx h>0 h 


lV, a — -1 
шор cot (x4/)-cot x 

10 (x+h)-x 
-ip ГЭЭ? 

k=>0 cot(y+k)-cot y 

k 
а cos(y+k) cos y 
sin(y+k) sin y 


ksin( y+ k).sin y 


= Lt 
k0 cos( y + K).sin y —sin( y+ k).cos y 
: ksin( y+ k).sin y 
k20 sinLy-(y+h)] 


k 
= Lt |-si k).sin y. —— 
ЕЗ! sin( y+ k).sin y zl 


=— Lt [si + K).si НИ: 
oe ев k50 sink 


--віп y.sin y.l = sin? у= m [ Lt 0 -1| 


' 650 sin 
1 1 


1+ cot? y Е 1+х 


2 
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d _1 -1 
> cot x= 2 

ах 1+х 
We can find out the derivatives of sec”! x and cos ec lx, similarly as above 
=> С sec! х = l 

dx XN 2-1 

E -1 

> —cosec х= 


Key of tricks to find out the derivatives of inverse functions 


() sin7! x (ii) cos"! x (iii) tan"! x 
(iv) sec! x (v) cot! x (vi) cos ec! x 
Solution: 

(1) Consider у= sin! х = x —sin y 


Now, (Diff)". on both the sides, w.r.t. ‘x’, we get 


2-0) - (sin y) 
ls 2277 y). dy 
dy dx 
dy 
1- шат. 
= cos у di 
dy l 1 21 
dx — cos y Jl-sin? y 41-22 
Therefore, 4 sin! x= | 
dx 15-27 


(ii) Consider the functions 


y-cos X = x=cos у 


Now, (ОҒ)! on both the sides w.r.t. 'v', we get 


L a) =. (cos y) 
d 
1 = gog 
T 
l =- 2- 
ЯВ 
dy _ EN 1 Е 1 
dx sin y (1 cos? y 4A- x? 
-1 
—(cos l x)= 
1-2” 


Another trick you can apply here: 


We know from Inverse circular functions 


wee Differentiation 


sin x-cos х= = cos x--—-sin x 
d 222 Нэх 
— cos My) 2 — іп х | 20- — sin! x 
dx 
d 21 1 
cos = 
dx 1-2 
(іі) Let у= апт! х => х= (ап y 


(Diff)" on both the sides уу.т.ї. ' x' we get; 


© (ж) = 4 tan(y) 
> l= Raa (tan » 2 
dy dx 
dy 
l=sec? y.—— 
sec^ y Ж 
dy l 1 
dx sec? y 1+ tan? y 
d 
= BU. ed 
dv 14x? 
(iv) sec! x 
Let y- sec ! x, then x =зес y 
d 
> d: (x) = — (sec y) 
dy 
1- t = 
= sec y tan y E 
= dy _ 1 _ 1 
dx вес y.tan y sec y sec? y-1 
Dol 
dx xv -1 
(v) сос (5) 
Let у= cot! x 
> cot у= х 
За = —cot 
dx 7 dx 7 
1 45-23 йу 
йу ах 
4 
у 2: 
= — cosec* у. zs 
dy _ 1 Ш 1 
dx 2 2 
соѕес у 1+ соё y 
4 
= S il 


dx qe 
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(vi) Consider у= cosec lx 


= X = соѕесу 
4 (x)= (cosec y) Z1. 
dy 
1-- .cot y.— 
cosec y.cot y dE 
4 Чу _ 1 _ -1 
dx cosec y.COt yY — cosec ycosec? y-1 


dy 1 


dy xx? -1 


Another Trick: From the Inverse circular functions 


1 1 


Е E T 
we know that ѕес x + соѕес y = Л 


> созес 1х == бес! X 
2 
d 1 el zi 
блр p= (Z-s x) =0-< sec х 
2227 1) 2 
dx xv" -1 


© 
и Examples 


-1 2 
Example 1: Find 20 if y= cos x 
dx cos(ax + b) [В.С.А. (Rohilkhand) 2002] 
Solution: 
cos(ax + b) 2 (сов7! x )- cos! x? a [cos(ax + b)] 
йу _ dx dx 
dx [cos(ax + bp? 
COS (ах + 2 = | 4 (х2) сов?! x?. (- sin (ce) É (ar +b) 
cos? (ax + b) 
сохи 2х + 5іп(ах + р) (совт! х? ).а 
= ПЕТ; 
cos? (ax + b) 
-2х а sin(ax + b) cos! x? 


(41-39 ) cos(ax + D) сов? (ax + b) 


225 шшш 


wee Differentiation 


TI 
sin x 
P show that: 


Example 2: If y= 
1-х 


(1-22) T- xy +l 
dx [B.C.A. (Agra) 2001, 2003, 2005] 


sin™! x 
2 


Solution: We have y= 
1-х 


dy 41-32 4 (sin x) - (sin! 0-2)? 
* Wl- 
dice? aga x) - (sin! 2 dos y 
- dx dx 
(11-42 
1-22 (пті 23 (52%) | 


1-х 2 41-32 
Lay 
TON x 

= dy _ 1-2 

Ах 1-i2 
> 2) qp *^ 

d 
= (1-22) € =1+лу 

dx 


Example 3: Find the differential coefficients w.r.t. ‘x’ : 


(i) — sin-l(x/a) (1) tan-l(x/a) 
(iii) sec”! (x/a) (iv) қал" Rt eos z) 
cos x — sin x 
(v) sinQx) (vi) tan"! (log х) 
P tan" (a қ?) (viii) cos (« sin! 1) 
x 
(1х) sin(et@™ Ж) 
Solution: 
| d 1 4 
(i) Um х/а| = 0272) Uk (x/a) 


Ё а 1- 1 
Je -х2) (à Va — x2 


1 La a 


4. re "T 
Hn) в vea а” dex a а? + 
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_ 1 21204 - 
En 4 ЕНЕ 4 (2-2 


(м) Let y= tan! (= x + cos =) 


cos х —sin x 


Now divide by cos x т № апар", we get 


js tan”! (= x+ 3 йа Ї + tan 3 


l-tan x l- tan х 
y-tan ШЫЛЫ 
4 
э ‚= (==) 
de 
(Diff)" w.r.t x on both the sides, we get 
(+ 
dx dx\4 
= 9 шон or 9 1 
d. ed 1 d 2 
(v) —sin (2х) = .— (2х) = 
dx 40-(2х)2) d 40-42) 
А 4 21 1 4 1 1 1 
vi —tan (log x) = —————~ x — (log x) = х — = 
(i) dx (log x) 1+ (log ху? а. 83) 1+ (log x)? х x [L4 (log х)21 
T Ти сх 2 1 d сх 2 
vii) (ап (a *. x ) = ———_._~ —— (a ^.x 
„= | я”) ах ) 


1 xd 2, 24 P 
“Tagen Ge EX Zar] 

l 
xt eer 


4004 Е И! | ‚ 1\4 НЭЭ 1 
(viii) FL (asin 1) = -sin (asin +) (asin (2) 
= -sin | asin а 
x | 1 | dx Vx 


Ш 2х+ xa log a. Zenl- [2 + сх Іова] 


Е 


їс = 
d 


--да sin (« sin! (3 2 | 
х2) 4x? -1 x 
= á sin Ї sin! (3 
xx? -1 х 


wee Differentiation 


а. -ly -1ү4 aly 
(ix) — sin(c?? ху = cos(c ‘ай ее 2 
dx dx 
-1 1 
=cos(e" Хх) ап (tan™ x) 
р. p. 1 Quan! * cos (eon ху 
= cos(e ^ x) gem x ? 2 j 
1+х 1+х 


-1. 
Example 4: If у= е9 5 log(sec? x?) then find the value of 2 
x 


212 Е 
Solution: Given function y =e" *.Jog(sec? x?) = eU" * Joe(secx 
J 5 8 


tan! 


=@ * 2 log(sec x) 
Now, differentiate on both the sides w. г. t. ‘x’, we get 


5 -2 ца e =. [log(sec i) log(sec x). M (сап?! » 


Эр 
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2 Al, 
ad^ J (sec дууны Pe zZ (аа! 9| 


sec x 


| 1 3 3 43 3 
22,0" 5 : t .—(x°) +1 . 
е | а-зесх” tan х P ) + log(sec x^) m 


=. : l 3 
=2 ей * Б х3).32 + _ ) | 
1+х 


223 

-l, log вес” x 

= ее" * | 642 tans рг 3 5 
1+ х 


Example 5: To Prove that 
d 


E ~~ +2 шан 2 (а? -х°) 
Solution: We have £ E \/( g- ) + a біп” 4677) | 


- 2 x(a -x 24/2 Ян a Р sin! 221 


A 


d 24 1 
= |. a 241/2 a x? 1/2 | a? /а 
| en ee ny? ul. оо “(x/a) 
(By chain Rule) 
oy ae ua ug "du ay +47. Pm M 
2 dx (а2 - x2) ü 
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| at =) PU 


ea | 5 


2 42-08 


Example 6: If y= сал?! == then бла the value a2 W.I.t. ‘x: 
1+ cos x dx 


[ B.C.A. (Meerut) 2009] 


1 |l- cos x 


Solution: у= (ап 
l+ соз х 


1-(1-2 sin? > 
1 2 


1-0 cos? х/2 -1) 


= ќап 


у= tan! (tan x/2) = х 


Now, differentiate on both the sides, we get; 2 үн (х/2) - l 
dx dx 2 


Examples 7: Find the derivatives of the following functions w.r.t. 'x': 


(i) cos! /со8 x (ii) сал” (sin vx) (iii) sec! x? 
Solution: 
(i) £ id 4cos x] = | . 2 (со8 ху? 
dx (1-(Усов xy dx 
E: E MN 
т (cos x) d (cos x) 
» 1 1 ге sin x 
41-совх 24cosx. | 24cos xl- cosx 
(ii) Let у= tan"! (sin Vx) 
dy 1 4 
Th = i р 
en E qum A de sin( x) 
_ 1 ЖЖ” 
“a go їй. (х) 
К 1 КҮТЕ. ке cos Vx 
l+sin? Vx 24x 2./х(1+зїп^ Vx) 


(iii) Let y= Мѕест! x? = (sec! х? y /2 


dy 1, 1 y LT -1 2) 
2 - 3 


— = — (sec sec x 
dx 2 
1 1 4,9 
= 3 .— (x*) 
24 sec! x? 244-1 dx 


Е 1 1 2%- 1 
2 бес”! L 52 424 -1 xxt isee! х2 
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ay 
dx 


n 


-1. 
Example 8: Find £ if y =e" Х.Тор(вес” ay 


tan` 


1. 
Solution: y=e “log (вес? x) 


(Diif)" on both the sides, with respect to x, we get 


| = etn! x РТ х3)] + log(sec? x3) Ч uan =) 
dx dx 


dx 
=] 1 4 ad Е 
QU» 9 53 £ (sec? х3) + Іор(ѕес2 x?) е8" * ^ (апт! x) 
бес” x^ dx dx 
=! 1 d =ї : 1 
= 80 Хх, 23 2.sec x? — (sec x°) +e х log(sec? x) 5 
sec x dx lay 
-І 
x 2.2 
-y l d ей * log(sec? x 
sag. =, 2-3 (sec? х5 tan x?) (x?) + & ) 
sec x dx lex 
a 
tan x 2 3 
22,09 * tan 3 3x2 + Чай ес # 
"T 
-1 
tan x 2.3 
4, е .log(sec^ x^) 
22689" Харх 3x7 + 
1+2 
2 3 
= ӨТ *|6у2 tan x3 к. и r) 
1+22 


аха” b bc с \eta 
х х х 
Examples 9: If (х) = у : : ; then find out f'(x) 
х x" х“ 
Solution: We have f(x) = (Ge А (ус-аус+а 


j 33 2.2 2 2 
ха - yb =c" ұс--а 


M 32 22 aif 
ын БЫНЫ) 
x dx 
Example 10: If у = (1+ 1/4) (L+ x) (1-17) then find 2 
Solution: We have у = (1+ x!/4)(1+ x! 2) d-r) = (—х1/?)(1+ 1/7) =1-х 


(0) == (1-а) = = (I) -— (x) = 0-1=-1 


Example 11: If S, denotes the sum of n term of a С.Р. whose common ratio is г, then 


dS 
p] n 
(=) 


1 


+ S= лаг" 
» 
a(r" —1) 


Solution: We have, S, = 1 
r- 


> (7-1)5, =ar"—a 
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On differentiating both the 81468 w.r.t. г, we get 


(r р +S, = nar’ Ho 


> (r- p + S, = nar’ l 


b 4 
: га ӘК 
Example 12: Differentiate = with respect to х. 
х 


х? (log, а)? P (log, а)? + 


97р х2]; 
Solution: (4) =1+ x log, a4 21 ay, ee 


: 2 4 
(481 1 _ 1l (log, 4) І (log, a) 
y^ y ч үт log, a4 y oa Ы үл-37 2) а 


Differentiate on both the sides; we get 


d (5)- а Б y log, a+ х7" (log, ар "HL (log, ар à: 


dx х" dx 21 31 Б seas 
eis 1 (log, a)” 
ш-н +(—п+1)х "log, a+ (-и+2)х "* m 
3 
+(-n+3). x"? dopa Tasse 
3! 
= х" [их  (-n4 1) log, a+ (-n+2)x ee ar 


= х" [их + log, a+ E (log, i +.....] 
х? 2 
+ log, adl + х log, a+ 2149% ay + 
1 i 2 
=x "[-лх {1+ x log, a+ 2 (log, а) 4....... ) + (log, à).a*] 


- >|- ға (log, ан | 
х 


а[ли а" п 
=— |-—t log, a| =—,| log, a-— 
ELF x x 
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e°’ 
28 
=: Comprehensive Exercise 6.4 
1. Find the differential coefficient of the following functions w.r.t. ‘x’. 
(i) cot"! (cos ec x) (ii) tan! (sin е”) 
(iii) tan"! (log, х) (iv) (sin! xy - (cos! xy 
=1 
(v) sin(e®™ *) (vi) log cos! x 
(vii) log(cos7! x?) (viii) cot(cos ^! х) 
(ix) sec? (tan! x) (X) сов fa ви?! 1| 
х 
2. If y= xsin! x e Vl-x?. Then prove that Y санг" x: 
x 
3 хаш! x 2, dy y 
. If y= . Prove that (I- x^) —2x4— 
1-22 dx х 
= Ч 4 
4. If у= бап! бш) Prove that Z -1 
1+ cos х dx 2 
-1 (2 cos x +3 sin x) dy 
5. If y2cos! ( . Prove that — =1. [B.C.A. (2002, 2005, 2008)] 
2 ЛЗ ve maat gy 
ө?? 
e, 
=: Answers 
.. cosecx.cot x шу СЕ COS 
Па OD ----- O 
0) 1+ созес х tii) l+sin? e”. 
a 1 (iv) 2 (вш! x+cos! х) 
x[1+ (log, х)?] ЛЕ 
1 d 28 tan7! xX : 1 
(0 ==" “аав ) (vi) | 
Dex (41-32 ) cos! x 


2 (viii) 1 


1 
40-39) cos! x? 4-x 


1 


2x.sec? (СЕШІ " 22) 


(vii) .cosec? (cos x) 


а sin(a cosec lx) 


_ XN E] 


(x) 


1+х° 
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е 
— Examples 


(Transformation) 


Example 1: Differentiate the following function w.r.t. ‘x’ 


() тап! 5 Gi) sinc (8x-42°) 
-Х 
3 
(iii) sin | 2xJ1l- x?) (iv) tan! 2 
1-3x 
Solution: 
(i) Шш у= бап! A 
Putting x =tan Ө so that 
Ө -tan'! x, we have 
_1( 2tan80 | E 
= (ап |————|-tan (tan 20 
d gs Ө ) 
у=20 
> у=2 tan! х. 
йу 1 2 
-2 х = 
dx l+x? 1432 
(ii) Let y -sind (3х-4х3). 
Putting x=sin@ >6=sin! x 
we have y =sin (3 зїп Ө —4 sin? Ө) =sin7! (sin30) 230 
> у=3 sin! х 
йу ze 1 | 3 
dx 4- à 4-2 
(iii) Let уз sin! (2xV1- x?) 
Putting x=sin@ 20-sin^! x 


we have у= sin! (2 sin 0. J1— sin? Ө) 


= зіп! (2 sin® x cos 0) = sin! (sin 20) = 20 


> y-2sin x 
йу x 1 2112 
& 41-23 41-02 
А 3x- i) 
(iV) Let шалан”! 
á 1-3х2 


Putting х= апе Ө = tan !x, we have 


wee Differentiation 


у= ган ЗїапӨ—їап? Ө 
1-3 tan’ Ө 


| = tan! (tan 30) 


Example 2: Differentiate the following functions w.r.t ‘x’ : 


2 -1 
1 2-11-х T | x+x 
i) sin ii) sec 
0) i3 e) ES 
(ii) tan dg (iv) cos! ши 
(1-4х) V 2 
Solution: 
(i) y snis | Put x - tan 2 Ө = tan! x 
+х 
2 
We have у= іп! — 
1 1+ сап Ө 


ЯВЖ cos? Ө—їп^ Ө 
=sin 2 -2 
cos^ Ө + sin* Ө 


-sin (cos? 0-sin? Ө) 
-sin (cos 20) 


-sin 18ш(76-20)| 


21-90 
2 
> y=n/2-2tan! x 
dy 1 2 
-0-2х = . 
йх l+ x 1+ x? 
| яаг › 
(ii) Let у= «= i | = sec"! Ї = sec"! Ё 2 1 
Х-Х Tu x^ -l 
X 
> у= сов7! x = 
х^ +1 
Put x=cot® > @=cot! x 
cos? 0 
1 cot? 0-1 1 sin? Ө Е 
we have = cos” = COS” 
Ч cot?0 +1 cos? 0 /sin? 0+1 


255 жш 


("х = ќапӨ ) 
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= соз | (cos20) 220 


-1 cos? Ө—5їп^ Ө 
= cos 2 --0 
cos^ Ө+1їп^ Ө 
> y=2cot! х 
d Е 
2-25] = 2, 
dx 1+х 1+х 


(iii) 
2./х = ќап Ө so that Ө= tan” 


ye as 2 tanO 
1- tan? Ө 


у=2 tan | (2Vx) 
dy 


L2 Ax); we have 


| = сал” (tan 20)-20 


1 4 


9-24. (tan! 24x) =2 


I 1 


| 2 1/2 
1+ (2./х)” 7 
2 


. 228 
1-4х `2./х 


(iv) 


1 


| 


2 cos? 0/2 
2 


х -—cos0 => 0-cos. 


1+ cos Ө 
2 


уз сов”! | 


= cos! | 


-1 1 


(1+ 4х)-/х 


x;we have 


| = соз (cos 0/2) -0/2 


z) 


ЕТЕ 


x? 


Example 3: Differentiate the function in respect to Y; 


14811 х 


| 


l+sinx 


wa] 


Solution: Let y= zal 


1-віп x 


l-sin x 


| 


(cos х/2 +sin x/2) 


(cos x/2 -sin х/2 


| 


18 


wee Differentiation 


E x/2 + sin x/2 
cos х/2-віп x/2 


+ tan x/2 
]- tan x/2 


nn 
dx 2 \2 


Example 4: Differentiate the following functions w.r.t.'x'; 


2 
б a (Fes) || тас 84 


x 


Solution: 
(i) Let у= tan! (14 i2 +x). 
Put х =їапӨ 20-2 tan! x we have 
= m (N14 tan? Ө + tan Ө) 
= tan” 1 (sec + tan 0) 
-1(1-5119 
со80 
шигээ 
cos? 0/2 — sin? 0/2 
cos 0/2 sin 0/2 
cos 0/2 - sin 0/2 
„41+ + tan 0/2 
1— tan 6/2 
= tan M T 40/2 | 
= Л. LE 
75275 
4 
> ДЕТЕ E E E l 7 
dx 2 1-х5 2(1- х) 


X 


2 
(ii) iere br =| 


Put x =їапӨ so that Ө = tan ^! x. 


i| 14 tan? ян 
we have, y= tan 


tan Ө 


"ES 
= tan 
tan Ө 
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_1 соѕ Ө 
= tan 
(Сн Ө ЇЕ 0 | 
[= со80 cos 1 
= tan 
со80 ' sinO 
as cos "| 
= (ап 
51п Ө 
2 sin? 0/2 
2 sin 0/2. cos 0/2 
= ап! (tan 0/2) 
> y-9/22 у= уап”! х 


dy 1 1 _ 1 
d 21432 2(1 2) 


Example 5: Find the derivative of the following function w.r.t. 'x 


(i) a 853) (ii) e 
а^ x 4x? +e 
Solution: 


(i) Let y= tan! | 
е J an | 3 


Put x =a sin, so that sin0- (©) 
> Ө =sin7! Ө we have 
Js ac 4 sin 0 | 
а2 -a sin? Ө 
Ш “| а sin® | 
а\/(1—5їп^ Ө) 
езі ШЕ) 
cos Ө 
= tan”! (тап Ө) 
> уз 
= іп” Vx Ja) 
2 1 а а 1 1 
d ЕЕ) ЕРЕ ЕСЕР 
e 


(8). Шауа | 
e J COS | ean 


wee Differentiation 


Put х-асо(Ө = 0= cot | (x/a) we have 


y=cos | a coto | 


Уа? cot? 04. а? 


-1 acot 
= COS 
acosec Ө 


= сов”! (сов0)-0 
- y =0 = сос! (х/а) 
1 


а | -l а 
dx 0ex?/d a d +2? 


Example 6: If у= Е ‚ па p 


Solution: Let x = cos 0 then 0 =cos™ x 
49 __ Il 
dx Vl-x 


_ (cos0).0 — 0.cos0 
41-сов2 Ө sin 


and 


-Өсо(0 


m. 0 й (cot0) + (cot0). B .Ө. 
40 40 49 


= Ө(-совес 20) + cot0.1 


=cot 0—0. cosec? 0. 


_ cos0 1 
ЕСІГІН “sine Ө 
EE: ЕС x): 22 x ш. 
1-х -Х 1-2 1-х 
dy _ йу аө 
dv 0 ах 
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_ x cos! x 1 _ cos! x 
41-2 1-22 1-22 бе) 


Example 7: Find £ if (i) y (а) 4 as 5) 


(й) у= віп [х.х - x V1- x? ]. 


Solution: (i) Given function 


шш 258 B.C.A Mathematics-I (Unified) === 
= со"! Ух-1 +sin7! Ух-1 5t sec! х = соѕ7! L 
Мх +1 Vx +1 x 
2 | = à 2 
= — " sin x-cos x-2— 
2 2 
Vo 


dx 
(ii) Given function у= яаг = х—/хУ1—х^ | 


Put x 2sin0 > 0- sin"! x. 


апа Vx 2sinó > $2 sin! Vx 
we have now; 
y sin" (лө. (1-і? ф —sin ф .NI1-sin? e| 
-sin [sine . Cos ф – sin ф cos 9] 


-sin [sin(0 — ф)] 


=0-ф 
> y =sin7! x sin! Vx 
dy 1 1 d , 2 
2 zd 
41-32 41-48) 
Е 1 1 1 (хул? _ 1 1 
41-32 vl-x 2 41-48 24x4l-x ` 
Example 8: Find — if 
dx 


СЭР Е 
(1) y=sin Р tan! hi (1) у= tan! Vie? edic 


Solution: 


(i) Given function 


1-х 
-sin|2 tan! 1 
у snf an =| 


Put x =cos26, we get 


y=sin| 2 tan7! Id 
1+ cos 20 


429 
=sin 2tanl, 22. 
2 соѕ Ө 


-віп|2 бап”! (tan 0) | 


=sin20 


= |1 cos? 20 


wee Differentiation 


(ii) Given function 


уе” 1| М1-32-441- x? 
"ER -vl- x 
2 


Put X^ = соѕ2 Ө, we have 


шанцай 4Ї--сов20--,1-сов20 
шан 1+ соз20-,1-сов260 


nl X2 cos? 0 + A2 sin? 0 
42 cos? 0- 42 іп? 9 
со80--5110 
cos 0 - sinO 
‚Эй Ө 
E T bs 0 
an _ sin Ө 
со8 Ө 
2 x 
= tan 
1—- tan Ө 
- tan as «eJ 
zT 
4 
2L, — cos! x? 
4 2 
d 
= jg d (cos 122) 
ах 2 ах 
204 1 1 4 (x2) 
2 1-3 йх 
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= cos20- x 
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g** 
= 


= : Сотргеһепѕіуе Exercise 6.5 


1. Find the derivative of the following trigonometrical functions using suitable 
transformations: 
(i) sin! (V1- x?) (ii) cos-!( 1- x?) 
(iii) sin! 1-23?) (iv) сов (222 –1) 
2 
=| 1-х : -1 Ї 
(v) cot c3 (vi) sec БЭ 
9 
52 EP. = 41 Зах х 
vii) cos (4х -3x viii) tan 
(vii) со” ( ) (viii) E == 
(ix) tan аш =) (х) cot! Їнэ 
-Х 
бй ш -Ц1-совх бай Чын (2 x-sin £) 
sin x COS X t sin x 
(xiii) sin! а ана (xiv) tan! Цаш а 
нэ NE БЕЗГЕН | реет 
(ху) ) біп? |с =l = 2 ч 
4 4 
2. If pssi th that © =o, 
у= іп и 2 өг 3 en prove tha 211 
..” 
e, 
=: Answers 
1 й 1 T ДЕ -2 
(yes (ii) (iii) 
1-х2 2. IE 
(v) 22 202 = 
м2 І+ х 1-22 
" 23 1 
vii viii ix 
wu) aie ( кли 05) i 
1 1 
х) - ХІ) = xii) -іІ 
6) —— (xi) 5 (xii) 
1 1 
(xiii) (xiv) — (xv) -- 
241- x2 241- x? 2 


wee Differentiation 
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6.6 Logarithmic Differentiation 


When a given function contains a variable as its exponent or the function is the product or 
quotient of a number of function: the derivative cannot be obtained easily by using 
standard formula. In such cases; 


To find the derivative, we Proceed as follows 
(i) Given function as y 


(ii) Find log y 


(iii) After (Diff)"; calculate (2) 
x 


© 
— Examples 


Example 1: Find the derivatives of the following functions: 
(i) x? (i) ху (i) хх (iv) (log x)?" * 
Solution: 
d y=)" 
Taking log on both the sides, we get 
log y = log(x)*= x log x 
(Diff)"; both sides w.r.t. ‘x’, we get 


ry =x. + (log x)1 
= Е = y +100 x] 
1.6. 2 = (x)* [l+ log х] 


(i) Let у= w. 


Taking log on both the sides, we get 


log y = log(x) Ух 
- log y =-/х.1ор x. 
(Diff)" on both the sides w.r.t. ‘x’, we get 
E =. (орх) + (log x) 2. (x) 1/2 =F = (log 2). (x) 12 
ld 1 
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=> 2. P (ғ: 
Ух 
dy (x) | 
= 1+—1 | 
PT GE og x] 


(iii) Let y= Qo A then; 
Taking log on both the sides; 
log у= cos! x.log(x) 


(Diff)" on both the sides; w.r.t. ‘x’, we get; 


1 dy 1 1 

--.---(сов х). 1,1982) - 

yJ ж yl- x? 
— pes ly тіре) 


(iv) Let y= (log ga 
Taking log on both the sides, we get; 
log y =sin x log(log e 
(Diff)" on both the sides, w.r.t. ‘x’, we get 


І : m sin x © logllog x] + log(log x) 4 (sin x) 
y dx dx 


= sin x. ша + log(log x).cos x 
log x. x 
dy sin x 
> = у + cos x. log(log x) 
dx X log x 
> — = (log хул BM + cos x log (log » 
x.log x 


Example 2: Find the differential coefficients of the following functions w.r.t. ‘x’ 


22 43/2 „у 1\2 = 
(i) Lo А ао 
(x+ p) Gc @)(х + г) Ух (х+4)”.е 
Solution: 
Р 1 
(1) Let = 
I (x+ р)(х + 4)(х + т) 
Taking log on both the sides, we get 
1 
lo =lo 
8.7 7298 ee part qoc n) 


> log y = log 1—log(x + p) - log(x + 4) - log(x +r) 


245 === 


wee Differentiation 


(Diff)" on both the sides w.r.t. 'x', we get 
Dd gg 1 1 1 


y dx x+p хад х+г 
d 
= y | l + | | ! | 
ах х+р хад хаг 
йу 1 1 1 1 
= = | + | 
йх (х+ р)(х+4)(х+т)| хар xq x+r 
ЕСТЕ? 
(i) ^ Let у= =” then 
Taking log on both the sides, we get 
(х ѕіп x)? 
log у = Іор 
(ху 2 
3 : 1 
= log у= тонк sin x) gee 


(Diff)" w.r.t. 'x' on both the sides, we get 


d 
Ly ue L . (1- cos x) л 
y dx 2 x-sinx 27х 
-4 dy _ Ё 1-со8 х d 
dx 2 x-sinx 2x 
-3 dy (x-sinx) ^? 3(I-cosx) 1 
dx 24x (x-sinx) x 
2 | 
(iii) tego Үлгі then 
(x +4)’ .e* 


Taking log on both the sides, we get 


(x +1)*.(vx—1) 


log y=1 
шы (x 493. e* 
=> (log y =log(x 4 1? (x —)) -log((x 4 4)? е") 


=2 log(x +1) 4 ода 1) – {3 log(x +4) + х.1ор„} 


log у =2 log(x+1)+ : log(x - I) -31og(x + 4)- x (г loge 21) 


(Diff)" on both the sides, we get 
E 3 143 . 
y dx х+1 2 х-1 x+4 


_ ж: 1 3 1 
dx х-1 2(х-1) (x+4) 


dy (хэ104х-11 2,1 34 
dx = (x-Ap.e* |x+1 2(х-1) (x+4) 


Example 3: Find the differential coefficients of 
( + 1 

x 
Solution: Let the given function is 


y=( E) хөрч” 


1+— 
x 
и= (+) and p=(x)!*!/* 
x 


X 
| (0) хулд, w. 


X 
Let 


— 
(Diff) on both the sides, we get ; w.r.t. ‘x’; 


dy. (du | dv 
dx (ах dx 

x 

u=(1+4} 

х 
1 
юви=х1ов[1+ 1) 
X 


(Diff)" on both the sides. w.r.t. ‘x’, we get 


J-7utv 


Now 
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„(1) 


1 4и 4 1 

—.—— = x.— 1ор|1+ 

и ах Ах Ж 
1 


Again 


=> 
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Example 4: Find the differential coefficients of (sin x)“°** + (cos х) wart. Ч. 
Solution: Let y = (sin х)9085 + (cos x)" *, 

Also, (sin х) =u and (cos ху * =>. 

Then, we have узижү 

7) 
авшиг в 40) 
dx ах dx 

Now, и = (sin х) * 
> log и = cos x log sin x 

(Diff)" w.r.t. 'х' we get; 

Lu COS X 227 sin x) + log sin x А chi х) 
ша dx’? шанг” 
йи 1 Р : 
> — = и| cos x.—.cos x + (log sin х).(-віп x) 
dx х 
i = (sin x)*?** (cos x. cot x —sin x. log sin x) 44(2) 
X 
Again v = (cos x)” * 
> log v =sin x. log cos x 
ldv , 1 : 
—.— =sin x. —— (-sin x) + (log cos x).cos x 
р dv 
dv : 
> P m v [-sin x.tan x + (log cos. x). cos x] 
dv sin x Р 

> 25 (cos x) [cos x. log cos x -sin x. tan x] ...(3) 

From (1), (2), and (3), we get 
a = (sin х)°°° (cos x. cot x —sin x. log sin x) 
+ (cos x)" * (cos x. log cos x —sin x. tan x). 


Example 5: If у= 2-8 pue that 0-329 4 40 
1+х dx 


1-2 
Solution: Let y= (= : 
1+х 
Taking log on both the sides. w.r.t. ‘x’, we get 
lo alig l-z 
5752 961; 
> log y= 5 [log(1— x) -log(1+ x)] 
(Diff)" on both the sides, w.r.t. ‘x’, we get 
а Ai 8 1 + 
y dx 20-х dx l+x dx 


1| I 1 
-3 leu 
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;| 1 1 | 
= 
211-х 1+х 
|» Е 1+х+1-х | 1 2 
21(1-х)1-3)| 21-12 
4 
у da 1-х 
= Lyla 
уж 1-22 
> (сақ. рей 
“ах 


Example 6: If _y=e**° ; Prove that 


б os 2 
dx 1-у 
FE 7 
Solution: Let y=e**° 


=> J шүу) 


Taking log оп both the sides, we get 
log, y = log, e+) 

log, y = (x * y)log,e 

log, y 2 (x y). 


Now, (diff) on both the sides w.r.t. ‘x’, we get 


Ж. 2 
yde dx 
> (1-шы 
y dx 
y ) dx 
d 
= ЖУ... 
ах 1-у 


т 
Example 7: If y= Ё £x? -1 | , prove that 


d 2 
(e -1 (2) = п? у? 


Solution: We have 


[B.C.A. (Meerut) 2006, 2007] 


(г log, e =1) 


[B.C.A. (Meerut) 2009] 


sti 


d m-l 7 
тж УС -Ц «ze pue 23 
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d т—1 
"SLE 21| |» ші 
dx x =] 
dy | 9 Гг P EE 
=~ -m|x-cwNx-l 
dx х2-1 
т 
ду т| ха Vs? =1] 
di = г 5402) 
х -1 
йу my 
From (1) = 
dx 2-1 


Taking square on both sides 


(2) _ n? y? 
dv) (5-4 


d 2 
> (х2 -1 (2) = n? y? 


E le 8: Find =, if Х -1 ) 
цацаг "n шр Уунчараг gu [B.C.A. (Meerut) 2009] 


Solution: Differential w.r.t. (x) 


esee» e 2] = : E 


dx х+ y) dx 
(x+ y) cos(x + у) + (x * y) cos(x + т sig E 
J J J ЖУ Де ae 


4 
[(х + у) cos(x * y) - I] Tal (x+ у) соѕ(х+ y) 


ау 1-(хж y)cos(x+ у) _ 1 
dx (x+ у) соѕ(х+ у)—1 


y 


"T 
E 


е . . 
=: Сотргеһепѕіуе Exercise 6.6 


1. Differentiates the following function w.r.t. 'x'; 
1 
(i) (Lex) (i) хх (ін) (xin 
(iv) (x)""* (v) pn * (vi) (cos x)log x 
(vii) (log x)°°S* (viii) (tan ®t" (іх) (sin x) * 
X 
(x) e*.cos? x.sin? x. (xi) о (xii) (x-a)(x - b) 
(x) х-с 

1 1/х | | 
(хїїї) (х)!/* + (5 (xiv) ny. X 4 (log ху 

х 


cot x 


(xvi) (cot x)" * + (tan х)" ір С.А. (Meerut) 2009] 


(xv) (sin x)” + Grn 
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„Жөнө. 4 
2. у=" "prove that x. do X 
dx l- ylogx [В.С.А. (Meerut) 2004] 
Жазы со 9, 
3. Ify-() „then prove that 2 8I , 
x(1— y log x.log y) 

sin x)....... 2 " 

4. If у= (sin хуббіп E ) 7 prove that dy _ J cot x 


dx l- y. log sin x | 


Find dy if y" y! — (х + ЗИ, 
а [B.C.A. (Meerut) 2003] 


(iia s (Ез + cos x. log J Gy) © = Х + sec log 2 
х 


КЕИ 
г“ = Е 21 Ps L (vi) (cos x)!°8 * Ё log cos x - tan х. log 1 
-x 


(vii) (log x)*9* * mm Š 


—sin x log (log 1 
х log х 


сора 


(viii) (tan ху 9: cose? x [1 – log (tan x)] 


-1 Е log sin x 
(52) (in © lc sb | 


"SS 


6) =, cos? x.sin? x [1-3 tan х+ 2 cot x] 


(xi) Ens (log 5 | (xii) (ON end) | | | : | | 
x x 


(кін) (x)!/* (=) - E (L+ log x) 
38 ae 


(xiv) (хувь х 2 шаг 


+ (log x)* I (log x) + ——— І | 
(log x) 


(xv) (sin х)“ (x cot x + log sin x) + (pus [E + cos x log 2 
х 


(xvi) (cot x)@" ¥ sec? х (log cot x — 1) + (tan x)*** *. созес x (1 — log tan х)1 


8 
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6.7 Derivative of an Implicit Function 


When independent variable x and dependent variable y occur together in an equation and 
it is not convenient or possible to express y in terms of x. Then we say that y is an implicit 
function of x. In such cases, the variables x and у are connected by a relation in the form 


f(x, у) =0. 


4 
In order to find Е from f(x, y) = 0, adopt the following procedure : 


(i) Differentiate the term w.r.t. 'x', nothing that y is a function of x. 
dy 


(ii) ^ Solve the equation, thus obtained for d shown in the examples. 


© 
мылы Examples 


(implicit Function) 
d 
Example 1: Нах? +2 hxy + һу? +2gx +2 fy+c=0; find Z 


Solution: The given equation is 
ах? + 2hxy + by? +2ех+2]у+с=0 


(Diff)" w.r.t. ‘x’ each term of the given equation, we get 


2ах torxa ya) ай 2er. 2-0 


dx 
dy dy dy 
wth) х. by . = = 
> «+1 ЭН term 0 
йу 
> Ucet эт аг да 
dy| | (ax t+ hy * g) 
dx (hx + by + f) 


: ; d 
Example 2: If у" = x?" J, find 2 
dx [B.C.A. (Meerut) 2002, 2005] 
Solution: We have (y)* = (х) 7 


үзін y 


log( y)* = log(x 
> х log y =sin y.log (x) 
(Diff)" on both the sides w.r.t. ‘x’, we get 


v4 og y) Loin у) 1+ (og x) cos у.® 
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Е | dy sin y 
— — – соѕ y.logx|—— = ———- -log y 
y dx X 
IN х- ycos y.log x dy sin y-xlog y 
y dx X 
= dy | y (sin y -xlog y) 


dx x(x- y cos y.log x) 
2 t= dy loge x 
Example 3: If (x)J =(е)* 74, prove — = — = 
dx (1+108,х) [B.C.A. (Garhwal) 2005, 2008] 


Solution: Given function (x)? = (e)* ^ I 


Taking log on both the sides, we get 
log,(x)J = log,(e)*~ 7 


> y log, х=(х- у) log, е (log, e =1) 
> y.log,x=x-y 
х 
1 1 9 =y жые ~ 
=> y+ log, x)=x ә y EE 


d d 
(1+ log, x) — x -x — (l+ log, x) 
(Diff)" we get, B. “ж dx - 
dx (1+ log, x) 


(1+ log, ») 1 s (0 1) 
Ш х 


(1+ log, xy 


 l«log;x-l ^ log,x 


(1+ log, xy (1+ log, ху 


ЗА 2 
Example 4: Ifsin y = x sin (a+ y); prove that 2 = автан) 
* SINA  [B.CA. (Kanpur) 2004] 


Solution: We have sin y = x sin (a+ y) ...(Т) 


(Diff)" it w.r.t. ‘x’, on both the sides, we get 


cos у® =x cos (a+ y) ФУ sin (a+ y) 1 


> [cos y — x cos 212222 (а + y) 
> Бы (а + у) P, sin (a+ у); From (1) 
> [sin (а + - | an. in? 
у) cos y – cos (at sim yp =“ (a+ y) 
x 
> sin (a+ у-у) =? (a+ у) > sin a. sin? (a+ y) 
5 x 


dy _ sin? (a+ y) 


dx sin a 


wee Differentiation 


dy cos x 


Example 5: If y = [sin Х 2811 x +... о; Prove ыша ed 


[В.С.А. (Rohilkhand) 2001, 2005] 


Solution: We have; у= үзіп X sin X +... оо 


> у= sin x + y 
=> y) -sinx y 
(Diff)"on both the sides w.r.t. ‘x’, we get 
d d 
2у. Z со, а Z 
dx dx 
dy 
2у)-1)--- : 
= ду Бу cos x 
dy cos x 
dx 2у-1 


Example 6: If x 1+ y + у1+х 20; prove that © (ау? 


Solution: We have 
xl yy 1+х=0 
хй+ у=-у 1+х 
x (1+ у) = у x) 
Oa yen? ay 
(х= у) (x + у) =- xy (x-y) 
(х= р) (Œ+ y+ ay) =0 
х= у or x+ у+ху=0 


у у у уу 


Since x = у does not satisfy the given equation therefore, we get 


х+ у+ху=0 
у(1+х)=-х 
M J "Tye 


г. (Diff)" w.r.t. ‘x’, we get 


dx (14 ху 
Ф 1 
dc — (+x? 

=> саи ху? 
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Example 7: Find Е when (x)? + (у) = a. 
х 
Solution: The given equation is (x)? + (y) = а 


(Diff)" w.x.t. ‘x’, we get 


Now put (х) = и, Then; 


log u= y log x 


Lo. d РЕЈ 
и ах ах 


du =u E + a log 3 
х dx 


4. (х) = (x) Е + E log 3 


Again, put (y)* =v, Then; 


log v = x . log y 


Т у. log y+ (log y) -1 
> cre eme 
> a 57846574 Ё v + log 8 
Hence, from (1), we get 
оа og eor [Z.Z y) о 


> Е Б „log x+ у" 4] -- s 24 у" log v) 


х 


dy 


(х7 log x x y) =-(у.х2-1 + у" log y) 


dy 4 жә! + y*.log 4 


dx y + xJ log x 


255 шш 


wee Differentiation 


e?" 
= 


2:Сотргеһепвіуе Exercise 6.7 


1: Find a when; 
dx 


(i) x + у? = Ф (ii) xy – log (xy) = log 2 


(iii) if J1- x? l= y" = а(х — y). Prove that 2 ше, 


dx 1-х 
[B.C.A. (Meerut) 2003] 


2. di у=үх+ fm Prove that SP = 
.. . с А С dy а 

f у= е + е + fe +...00 ; Prove that 2 = 
(i) if yo e eet + fe" +. ; Prove tha ёс 2у-1 


d 
(iii) if x= y+ мэ. ; Then prove that Е =2x + у? -3ху 


+ — 
7 ут... © 
[Hint: Take х = (» + 2) ; Then (Diff) and take 1 = (х2 - ху)| 
х 
йу cos? (b + y) 


3. If cos y = х cos (р + y); prove that — = - 
dx sin b [B.C.A. (Kanpur) 2003] 


ө?" 


2 
=: Answers 


r (i) — (йу —— 
J 48 


6.7.1 Derivative of Function in the Forms of Parametric 


Let y be a function of x. Some times x and y both are expressed as a function of another 
variable. If x =Ф (t) апа y = y (t) are functions of a variable t, then the functions : 

х=ф (1) and у= v (t) 
are said to represent the function ' y' of ‘x’ in Parametric form and the variable t is called 


the parameter of the function ' y' of ‘x’. 


d 
Note: We always find A in such cases without first eliminating the parameters by the 


formula a = m x a 
dx dt dx 
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е 
—— Examples 


(Parametric form) 


хэавес0|, ау 
Example 1: If find — 
у=} (ап Ө dx 


Solution: We have x =a sec0 (Diff)" w.r.t. ‘8’, we get 


WE. ass tunt 
40 


Also, Jy - b tan Ө (Diff)"w.r.t. 0, we get 
d 
2 Zb sec% 


dy dy dt. b sec? Ө 

dx dt dx  asecO.tanO 
| bsecO0 р 1 „©0560 
atan@ а cos0 8 0 


2801 
4 sin® 


b 
= — cosec Ө 
а 


Example 2: Find Е from the following equations: 


x =a(t+sin t) 


y=a(l+ cos t) 


Solution: x —a(t * sin t) 

= =а (1+ cos t) 
dt 

Again y=a(1+ cos t) 
d 
a a а (0 —sin t) 
dt 

=> 2 =-asint 
dt 


dy dy dt. -asin t 
dx dt dx a(l+ cost) 
2 sin (t/2) . cos (t/2) 
1+2 cos? (#/2) -1 
2 sin (t/2) . cos (12) ^ эт (1/2) _ 
2 сов? (1/2) сов (2/2) 


Непсе 


tan 1/2 


йу 3 аг 3 at? 
Example 3: Find — when; x = y= 
P dx +Р d PT. 
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Solution: x=3a. 


1+ 


dt | Ша 


3 2 3 
xe ҮЛ p aa 


Шъ у 772, 
2 
Again =3a. 
5 P Izd 
3,4 2 2 d 3 
dy : ndr -t P А (1+ 13).2.-022.302 
= эа. = oa. 
dt @ к) (+e) 
40428 -38) = г) 
= 3а. 3.3 =3a. 3.3 
(19 t) (19 £^) 


dy dy dt 3aQ-D). (1+0) -40-0) 
de dt ах (й+у Зай-22ү 1-28 


= t + log tan (t /2 
Example 4: ваа? when: " э og tan (t / | 


dx’ y-asint 
[B.C.A. (Meerut) 2002, 2005, 2006, 2007] 
Solution: We have x = а (cos t + log tan 1/2) 


dy =a | sin t 4 І › 4 (tan (ру 
tan (1/2) dt 


=a |- sin t + cot (2/2). sec? (t/2). ;| 


_ 4 де сов (1/2) | 


2 sin (2/2). cos? (t/2) 


=a | sin f I | 
2 sin (12). соз (t/2) 


: 1 1—5їп^ t| acos? t 
-a|-sin t + — =a j =— 
sin t sin t sin t 


Again y=asint 
e =a cos t 
dt 


dy dy. dt _ acost sint 


Hence 7 
dx dt dx  acos^t cost 


sin Ё 


—e=tant 
dx 


— 256 


B.C.A Mathematics-I (Unified) === 


2 


Example 5: If y 2 x + tan x, show that cos? x = -2y+2x=0 
[B.C.A. (Meerut) 2008] 
Solution: We have у=х+{(ап х 2-00 
(Diff)" (1) w.r.t. (x), we get 
dy 2 


—=1]+sec* х 
dx 


Again (Diff)" w.r.t х”, we get 


42 

42-2 sec x.sec x tan x 
dx 

d? y 2sin x 


dx? cos? x 


z d 2 sin x 
cos? x 7 == 
dx COS X 


cos? i2 tan х [from (1)] 
42 
2 у 
cos? x —--2[y-x 
= [y - x] 
42 
= cos? х=-у--2у+2х=0 
d? y 
Example 6: If x = а (cos t + t sin t), y = а (sin t — t cos t) Find rey 
x 


[B.C.A. (Meerut) 2008] 


Solution: We have x =a (cos t + t sin t) and y =a (sin t — t cos t) 


dx | : 
> тәала се EOS 
йу | 
апа gr T7 (C08 t соз é + t sin t) =at sin t 
dy (dy/dt) atsint Жетен 
dx (dx/dt) atcost 
> Osos a1) 
dx 


Again (Diff) w.r.t. х? 


dt 1 
5-4 =se t & = sec? tx 
dx 


2 
dy 
dx? a t cos t 
12 
а 


а вес 
=> ay = 


at 


wee Differentiation 


2:Сотргеһепвіуе Exercise 6.8 


1. 


257 жш 


Find фу when 
dx 


(i) х=а, y -2at (ii) x-2acos0, у=азѕіп Ө 

(iii) x -asec0, у-а(ал0 (iv) x=a cos? 0, y-asin? 0 

(v) x=a(t-sin t), у-а(1- cos t) (vi) x=logt+sint, y 2e! + cost 
( 


Ф 


vii) x =a (cos t + tsin t), y -a(sint—t cos t) 
| ; prove that 
t 


2t 2t 
2 onal Е -1 
If x =sin [ Т 3 ‚ y-tan | 3 


[Hint.:t = ап Ө, x -20 ам y -2 0] 


[B.C.A. (Agra) 2006] 


PA Rua 
If у= (ax + by '*, find =. 
dx [B.C.A. (Kanpur) 2007, 2009] 


2 E 
If у= tan! x), than prove Ё J e 1237) 


(+ 6)? 
2 
If y = tan x + sec х, prove that ыг = = 
dx (1-віп x) 


2 
IF y=|to feya +1 |]. prove that (х2 +1) 7 :9 =2 


E 


ж 
=: Answers 


(i) : (ii) —cot® (iii) соѕесӨ 
3 t ы t(e —sin t) 
- {ап Ө C= Ss 
(iv) — tan (v) co 7 (vi) Е 
(vii) tan t 
БІР г (ax + py? /4 2 
TENI 


6.7.2 Derivative of a Function with Respect to Another Function 


let u and v be two functions of x such that 


u= fi(x), v= h(x) 


i.e. (Diff)" the function w.r.t. ‘x’, we get 


d dv 
а= Л (а), =’) 


= 258 
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2. Derivative of u w.r.t. v is 


du du de 
dv ах dv 
> du = Л P 
dv f'(x) 
. du Derivative of и w.r.t. x 
Le. = 


dv Derivative of v w.r.t. x 


© 
ахалж Examples 


Example 1: Differentiate sin! i 


= 4 w.r.t. Ax. 
[B.C.A. (Meerut) 2005] 


2111- y? . , du 
Then we have u=sin -----| We have to find 4 
lv 


Putting р = (ап Ө, we get и=ѕіп 2 
1+ tan* Ө 


1 ! - tan? ] 
cos? Ө - sin? Ө 
cos? 04 sin? 0 

-віп”! (cos? Ө – sin? 9) 


( 
-sin! (cos 2 0) = | (sin (1/2 -2 0)) 


2 p=" -290 
2 
x -1 
= эЛЕ B Р; (г tan Ө =>) 
dg d 
dv 14-02 
= — 2 Н ( Pa Vx) 
1+х 
Hence, the required derivative is Е 
+ х 


piir =l 


X 


1 


Example 2: Find the differential coefficient of tan ^ w.r.t.tan х. 


I 


x 


and v = tan! x 


Solution: Let и = tan” 


Now putting x = tan Ө, we have; 


wee Differentiation 
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i+ tan? Ө tan? Ө—1 
u= tan" 
tan Ө 
sec0 - 1 
tan 0 
cos 0 
-tan _ 
- cos "n іл Ө | 
1- соз Ө 
sin ЕКІГЕ 
-(1-2 sin? 0 / 2) 
2 жээ со80/2 
= tan” l (tan 0/2) 
— и-0/2 
Also, у= tan”! (тап Ө) (2 х = ќап Ө) 
> v=0 
р 
и=— 
2 
Hence, the required differential coefficient 
du 1 
dv 2 


Example 3: Find the differential coefficient of tan | 


$ with respect to 
1- Р 
їп! 2x 
14-32) 


Solution: 


[B.C.A. (Meerut) 2001] 
Let u=tan! E and rv 2sin^! ах 
1-х 1+х 
Now putting x = tan 0, we һауе 
2% 
u= tan! am заан?! (tan 2 0) =2 0 
l—tan* Ө 
> и-2 tan! х > = 
t4 1+х 
Also, 


y —-sin 


-1( 2 tan@ 

1+ tan? 
| É tan ] 
=sin 2 
вес” 0 


2 sin 0. cos? J 


= іп! 


cos 0 x1 


=sin™! (2 sin 0 cos Ө) 
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= іп! (зїп 2 Ө) 
=20 
=> р-2 ал”! x 
dv 2 
dx 7 14 x? 


du du. de 2/0-37) | 
dv dx dv 2/(1-х2) 


tan х 


Example 4: Find the differential coefficient of (log x) w.r.t. sin (т. cos! x). 


tan x 


Solution: Let u — (log x) 

Then log и = tan x . log (log x) 

(Diff)" w.r.t. ‘x’ on both the sides, we get 
Du. tan x 


l + [log (log x)] sec” x 


и dx У log x E: 
> a. u —— + sec? x log (log x) 
dx х . log x 
225 (log x)'?^ * ы sec” x log (log x) 
dx x . log x 
Again, let v =sin (m cos^! x) 
4 = соз (т сов"! х).т 1 = M соз (т. сов7! х) 
dx Са T. 
Hence, the required differential coefficient is 
du du, di 
dv dx dv 
(log x)? * 65 + se) х. log (log 1 
_ х . log x 
--LP соз (т сов7! х) 
Jl- х? 
с -1 t 3 
ШЕШЕ (log x)? * EZ + sec) x log (log » 
_ x log x 
m cos (m сов”! х) 
4у 
Example 5: If -sn| КОБИ да | find =. 
" d sin x vx dx [B.C.A (Meerut) 2003] 
Solution: Putting Vx = Ё, sin Vx =sin t = и and ,/sin Vx = Ju =v, we get 
с 99И Е | yl? = ! 


dv du 2 2Ju 
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22 = cos t and — 1 
dt " 79 
So, dy _ ша 
ах dv du dt dx 
= | cos р ——.c ЕК ЖЕ 
i 24u' ET 
= | cos Ми. cos Ё. = (v = Vu) 
Б 2 2. 24x Е 
1 1 1 
=— cos ( sint ). „соз ух. [^£ 4x] 
4 ( ) sin Vx x 
cos cos (ysin Vr) vr) Л 
cos 
4 Ax sin Vx 
$ se 
iar 
= Comprehensive Exercise 6.9 
1. Find the differential coefficient of the following functions: 
(i) e wrt. VE (i) log x w.r.t. tan x 
(iii) log (х2 +25 +1) wort. (х2 +2x) (v) e7 wort. sing! x 
v) е“ ^ wert. cos x vi) sec! w.r.t. ЇЙ — x? 
5 “= 


(vii) біп”! (2x J1— x?) w.r.t. sin! (3x —4х?) (viii) x9? * w.r.t. (sin x)* 


X 
da ; dina Z- 


e 
RE dx q-eg-25 


3. If f(x) =sin (log x) ZEE 


2. If y= 


3-2x 
Prove dads 12 = |. cos log SET 
dx (9-4x? 3-2x 
4. Find the derivatives of the following functions w.r.t. ‘x’: 


> par Есен (i) чап! =: 


asin x + р cos x 2 -tan x 


4 2 4 
5. Ifsin y =x cos (a+ y) then show that m - өв UAN and find the value of m 


COS 4 


at x =0. [B.C.A. (Meerut) 2003, 2004, 2005] 
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(4r 


Па? =1 2х үї-х° 
б. Find the derivative of апт! ver _w.r.t. tan! | 1 5 | at x 20. 
х -2х 
7. Find the differential coefficient of the function 
f(x) = log, sin з? + (sin х?) log, x with respect to „/х + 1. 
42 
8. If y=? +P and x- t - f* find 57. 
dx 
e*; 
>. 
=: Answers 
1. Іі) 2207 w = cos? x 
-lx 
iii Ay) gu 
i) Tp (iv) 
(v) -с5 сит (vi) — 
нш Ба + cos x. log 2 
a A х 
(vii) — (уш) - 
9 (sin x)” [x cot x + log sin х] 
4. 2 sec” x 
i) -l ii) ———_,— 
0) (8) 4+ tan? x 
5.| cosa 
G a 
4 
5 2 х+1 {20 cota? - Llog,sina?] 
log, x | qat 
+ (sin x2)l08« х E .log, x? 4 2x log, x cot Я 
х 
ЕЙ (т згтвг 67) 
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Rolles and Mean Value 
Theorems 


7.1 Rolle's Theorem 


If a function f(x) such that 
(i) (х) is continuous in the closed interval [a,b] 
(1) f'(x) exists for every point іп the open interval Ja, b[ 
(iii) f(a) = f(D), then there exists at least one value of x, say с where a < c < b, such that 
f'()20 
Proof: Since f(x) is continuous in closed interval [a,b], therefore it is bounded and attains 
its bound in [a,b]. If 
т іп f(x):x Е [a,b]} 
M=sup{f(x):x є [a,b]} 
Then there exists two numbers с and d in the interval [a,b] such that 
f(c) = M and f(d) =m 
Now, there are two possibilities, either m = M or m + M 
(i) IfM =m, then f(x) =М=т 
= f(x) is a constant function Vx e [a,b] 
=> f'(x)20 Vx e[ab] 


Hence, the theorem is proved in that case. 


(ii) 


Note: 
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If М + т, then at least one of the number M and m must be different from the 
equal values f(a) and f(b) [ f(a) = f(b)] i.e., either M or mis not equal to f(a) 
and f(b). Let M = f(a) then М = f(b). Thus f(c) = f(a) and f(c) ж f(b). Therefore, 


c#aandc#bora<c<b. 


We have М = f(c) =sup{f(x):x е(а,01) 
Now f(c) is supremum of f on [a,b], therefore 
f(x) < f(c) V x e[a D] xL) 
Or f(c-h) x Ко V (c-h) e[a P] 
Or cee 20 2.00) 
-h 
Or lim Lea 5) > lim 0 
1>0 -h 1^0 
Or Lf '(c) 20 ...(3) 
By the same argument аз above, we get 
Rf'(c) 50 ...(4) 
Since }' (с) exists, hence Lf'(c) = КА! (с) = f' (e) 559) 


From (3), (4) апа (5) we conclude that 
f'(c) =0 
Similarly when m = f(d) = f(a) or f(b) we can prove that f'(d) 20. 


This prove the theorem. 


There may be more than one point like c at which f'(x) vanishes. 


The converse of the Rolle's theorem is not true i.e, f'(x) may vanish at a point 
c аа, b| without satisfying all the three conditions of Rolle's theorem. In other 
words, the three conditions of Rolle's theorem are sufficient but not necessary 


conditions for f'(x) 20 for some x e]a,b[ 
Rolle's theorem will not hold good 
(i) If f(x) is discontinuous at some point in the interval a € x € b. 


(ii) If f'(x) does not exists at some point in the interval a < x < b. 


(iii) If f(a) = f(b). 


7.1.1 Geometrical Interpretation of Rolle's Theorem 


If a function is continuous on a closed and bounded interval 1.е., its graph has no break 


and is 


derivable i.e., has no sharp bend, then there exists at least one point on the graph, 


the tangent at which is parallel to the x — axis. 
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Fig. 7.1 


7.1.2 Algebraic Interpretation of Rolle's Theorem 


Between two zeros a and b of f(x) i.e. between two roots a and P of f(x) = 0 there exists at 
least one zero of f' (x). 


© 
‚Жаиа Examples 


(Rolle's Theorem) 
Example 1: Verify Rolle's theorem for 

Р(х) = x* -l in [-1,1] 
Can we apply the theorem for f(x) =|х| in [-2,2] [B.C.A. (Meerut) 2007] 
Solution: Ist Part: The function f(x) = x* -lisa polynomial in x of degree 4 so it is 
continuous in the closed interval [-1,1] and is differentiable in the open interval ] - L,1[. 
Also /@ =1-1=0 and f(-l=( ТЫ 1-1-1-0 
So that FM = f(-1) 


Hence, f(x) satisfying all conditions of Rolle's theorem in [-1,1], then there exists a point c 
such that 


' (c) 2 0, differentiate /(х) = x* -1w.r.tx we et., 
8 


Fi (x) = 4х3 put х=с 


> fi@=4c 
= 0-4 
= с=0 - сє|-Щ 


Such that -1 «0 <1 

Hence, the Rolle's theorem is verified. 

IInd Part: We cannot apply Rolle's theorem for f(x) = |x| in [-2,2] because f(x) = |x| is 
not differentiable at x = 0 which is a point of the open interval] — 2,2 [. Thus f(x) does not 


satisfy a condition of Rolle's theorem. Hence Rolle's theorem is not applicable here. 


В.С.А Mathematics-I (Unified) == 


Example 2: Verify Rolle's theorem for the following: 
(х) -х2 in [L] 

Solution: We have f(x) = x? taking a=-l, b=1 then, 
(i) /(д- х? -0х-0 isa polynomial and we know that every polynomial in х is 

continuous for every finite value of x, f(x) is continuous in [-Ы]. 
(ii) — f'(x) =2x which is exists for every value of x in ]—1,1[. 
(ii) f(a) = f(-) =(-1)? =1 

and f(b) = а = 0)? =1 

= 


Hence, f(x) satisfies ай the there conditions of Rolle's theorem. Therefore, 
there must exists at least one point c є]—1,1[ such that f'(c) =0 


1:6.; 2c202c20 


This is а point in the interval ]—1,1[ and hence the theorem is verified. 
Example 3: Examine Rolle's theorem for the function 
f(x) 2| x| in the interval | - L1[ 


x if O<x<l 
Solution: We have Р(х) = 


-x if -І<х<0 
The point x 20 є]—1,1[. Let us the differentiability of the function at x =0. 


Rf' (0) = lim Orn = fO) о 


10 -h 
= lim EMEN. lim | : | --1 
7-»0 Л 10 \-h 


Thus, К} ' (0) = Lf' (0) and therefore function is not differentiable at x = 0. This show that 
function is not differentiable in ]—1,1[. 


Hence, Rolle's theorem cannot be applied for the function f(x) =| x| in the interval ]-11[. 


Example 4: Verify Rolle's theorem when 


f(x)2e'sinx, a=0,b=n 


Solution: The function f(x) = e* sin x is continuous as well as differentiable on А. So 


f(x) is continuous in |0, п] and differentiable ]0, n [. 
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We have /(О) = 2 sind 20 
and f(x) =e" ялт =0 

ЛО) = f(x) 


Thus, f(x) satisfies all the three conditions of Rolle's theorem in [0,7]. Therefore there 
must exists at least one number say с in the open interval JO. л | for which 


Л =0 


Now, f' (x) =e" sinx +e" cos x =e*(sin x + cos x) 


Putx=c = (с) = е (sinc + cos c) 


= О = е (sinc + cos с) 

But c^ #0 = sinc+cosc=0 
=> tanc —--1 

— ЯГ 


Thus, the Rolle's theorem is verified. 


Example 5: Discuss the applicability of Rolle's theorem to 


Р(х) = 22 ын | in the interval [a,b] O «a < b 
(а- Бух 
Solution: We һауе (а) = log ё жай -1081-0 
(a+ bja 
12 + ab 
f(b) = | 58 | ныг 0 
Thus, F(a) = f(b) -0 
Also Rf ' (x) = lim ы ы 


Л-э0 Л 


li | ааа (ЕД 
= lim -| log log 
1h50 Л (a+ b)(x +h) (a+ Бух 
po ша ыш 
(a b) (x + h)(x? + ab) 


= lim 
10 1! 


- Шы. 


(x? 2а шил х 
10 h 


x +ab x+h 


= lim | 14 2. d в 1 
1-0 Л Х x 


Us h | 


= lim 
һәО Л 


чар x 


| E 
= -- “Іоә(1-х)-х----..... 
24 X ыы 2 | 


— 268 В.С.А Mathematics-I (Unified) мн 
Again ІР (x) = lim келе) 
[ДЕТ -Л 
_ 1 |-2ж+ (h) 
= lim 
Л-э0 (-h) x? ар x 
_ 2x _ 1 
х2 нар х 


Since Rf' (x) = Lf' (x), f(x) is differentiable for ай values of x in [a,b]. We know continuity 
is the necessary condition for differentiability, so f(x) is continuous for all value of x. Thus 


all the conditions of Rolle's theorem satisfying then there exist a point c such that f' (c) 20 


: ^ 2x 1 
16., / i gr da 
Put x 2c 
= Р(0 =0 

2c 1 
= со: 
> 2c - (=? + ab) =0 


> с= Jab 


This is the geometrical mean of a and b and lies between a and P i.e., с «|а, |.Непсе Rolle's 


theorem is verified. 


Example 6: Verify Rolle's theorem for 
f(x) =x(x+3)e-*”? in [-3,0] 


Solution: (i) We have f(x) 20? sone, The function(x? + 3x) and е7*/2 аге 


polynomial and exponential functions, therefore continuous. Also their product is 


-х/2 


continuos i.e., f(x) = х(х+3)е is continuous in [-3,0]. 


(1)  f(3)- f(0) 20 
(Ші) Р) = (2+3) 2/2 + (x? +Зх)е-*?? (- z) =e? [эз e 


1 -х/2ү,2 
mee -x-6 
е [x^ -х-6] 


which exists in the interval |-30( 


Thus, the function satisfies all the three conditions of Rolle's theorem, 


therefore there exists a point с. 
Such that f'(c) =0 
> Рд -- 5e) e -e-6)-0 


> 2-с-6-0 
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> c=3,-2 
But, c =3 e[-30] while c 2 -2 €]-3,0[ 


Hence, Rolle's theorem is verified. 


Example 7: Verify Rolle's theorem for the function [B.C.A. (Meerut) 2011] 
f(x) = —6х” +11x-6 


Solution: We have (х) = x -6x +11х-6 
Put f(x) =0, we get 
х? — 6х? +11х-б=0 
x? (х-0)-5хх-1-6(х-1-0 
(x-I)(x* -5х+6) =0 
(x-1)(x-2)(x-3) =0 

ЕО 
Let us consider the closed interval [1,3] 
(0) fl) = f3) =0 


(ii) f(x) is a polynomial in x, hence it is continuous in closed interval [1,3 | 


Gii) f' (x)= 3x? -12x +11 which exists in an open interval ]1,3 [, 


All the conditions of Rolle's theorem are satisfying in [L3 |, therefore there exists 


a point c such that 


/' (с) 20 
> f'() 232 -12с+11=0 
Е ЕЕЕ Г 1 
6 43. 1732 
= с=2+ -58=2-58,1-42 


Both these points lies in the interval |1,3 [ and therefore, the theorem is verified. 


Example 8: Verify Rolle's theorem for the following functions. 
(i) f(x) = (x -4P (x -3)! in the interval [3,4] 


(ii) EE figs. ЛАРА 

f(x) = e* (sinx — cos x) in d'a 
Solution: (i) We have f(x) = (x -4y (x =з which is a polynomial in х of degree 9 and a 
polynomial function is continuous as well as differentiable on R . So f(x) is continuous in 
[3,4 | and differentiable in |3,4 [. 
Also КЗ) =0 and f(4) 20 so that f(3) = f(4) 


Thus all the three conditions of Rolle's theorem are satisfied so that there is at least one 


value of x in the open interval ]3,4[ where f '(x) =0 
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Now, f' (x) -5(х-4У (х-3 +4 (x -3 (x -4Ap 
= (х3) (x - AY! [5(x 23) +4(x-4)] 
= (x -3 (x - 4! [9x - 31] 
Put РО) 202 (x-3)! (х-4/ (9x -31) 20 
— x =3, 4, al 
9 


out of these values the value I 23 ы is a point which lies in the open interval |3,4 |, Since 


3-3 5 « 4.Непсе the Rolle's theorem is verified. 


(ii) Here f(x) 2 e* (sin х— cos x) 


we have f (=) = (9/4 (sin i - cos i) =0 


f 2 = 51/4 un eee 
4 4 4 


хаа! 1, 8-9 


The function f(x) is continuous as well as differentiable for ай real values of x and so f(x) 


is continuous in В 23 and differentiable EA Thus f(x) satisfies all the three 


conditions of Rolle's theorem in E 20 


: А : т от 
-. There must exist at least one real number x in the open interval E E 


at which f'(x) 20. 


Now, f'(x) = e" (cos x + sin x) + e" (sin х- cos x) 

=2е* sin x 
From f' (x) =0 > 2e* sinx =0 or sinx=0 [7 +0 VxeR] 
or sinx=0 оғ xsO, tm, 2220; t3m,.... 


Out of these values x = л lies in the open interval E zl 


Thus the Rolle's theorem is verified. 


Example 9: Verify Rolle's theorem for 
f(x) = (- ay" (x - b) 


Solution: We have f(x) = (x - a)" (x - p)" 
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As m and n are positive integers, (x—4)" апа (x—b)" are polynomials in x on being 
expanded by binomial theorem. Hence f(x) is also a polynomials in x. Consequently f(x) 
is continuous and differentiable in the closed interval [a,b]. Also 


Ха) = f(b) =0 


Thus all the three conditions of Rolle's theorem are satisfied so that there is at least one 


value of x in the open interval | а,Ь | where f (х) =0. 


Now f' (x) = (x а)". n(x — ay" + тх — a)" (x – p)" 
Solving the equation f'(x) 20, we get x = a,b, (na + mb)/(m ^ n) 


Out of these values the value (ла + mb)/(m + п). is а point which lies in the open interval 
Та, , since it divides the interval ]a,b[ internally in the ratio m:n. Hence the Rolle's 


theorem is verified. 
Example 10: Show that between any two roots of e* cos x = І there exists at least one 
root of e*sin x — 1 2 0. 
Solution: If x =a and x = b are two distinct roots of e*cos х = 1 then 

е“ cosa 2 land е” cosh =1 za) 
Let f be the function defined as follows: 

f(x)2e* -cos x 

We observe that 


(i) fis continuous in [a,b] as both e™* and cos x are continuous. 


(1) — f'(x) = е sin x, which exists Vx €]a,b[;so f is differentiable in Ja, Д. 


Gii) f(a)=e" -cosa=(e“-e“) =0 [By (1)] 
f(b) =e” -cosb = (е7 -e") =0 [By (1)] 
ie., f(a) = f(b) =0. 


Thus, f satisfies all the three conditions of Rolle's theorem in [a,b]. Hence there is at least 
one value of x in the open interval а, b[, say c, such that f' (c) =0. 


Now f'(c) 30 2 -e* *sinc 20 S е япс-1-0 
>c is a root of the equation e*sin x -120. 


Hence, between any two roots of the equation ех cos x = 1 there is at least one root of the 


equation e*sin x - 1-0. 


В.С.А Mathematics-I (Unified) == 
Example 11: The function f is defined in [0,1] as follows: 
f(x) =1 for II 


f(x) 22 for E <] 


Show that f(x) satisfies none of the conditions of Rolle's theorem, yet / (x) =0 for many 
point in [0, 1]. 


Solution: Here f (1 +0) ->/($ 0] =1. 


Since f (5+ 0] 21507) is discontinuous at x -2 and so it is not differentiable at 
х = 5 Also /(О) -1,70) 22 so that f(0) = f(I). 

Thus all the three conditions of Rolle's theorem are not satisfied by f in [ОД], But f is a 
constant function in los] and in E J 
Hence f'(x)=0 for many points in [О]. 


9 | Я 


PRN J а„ = О. Show that there exists at least one 


M- 2. 


Example 12: Let 
n+] n n-l 


real x between О and 1 such that 


аух" a x" 1+... а, =0 


Solution: Consider the function, f, defined by 


nd х" 2 


х 
F(x) = ау + d AM Tax 
ntl їл st ЭМ 


Since f(x) is a polynomial, it is continuous and differentiable for all x. Consequently f(x) 
is continuous in the closed interval (0,| and differentiable in the open interval |0,1. 


Also f(0)=Oand (0) = 29 + 


i.e., fO) = f0) 


Thus all the three conditions of Rolle's theorem are satisfied. Hence there is at least one 


а 


а 
pnl = : 
п l Ё + à, =0 (given) 


value of x in the open interval JOJ[ where f' (x) =0 


1/6; дух +ах cod, Xd, =0. 


Example 13: Show that there is no real number k for which the equation х3-3х-1- 0, 


has two distinct roots in |0Д. 


Solution: Suppose, if possible, there are two distinct roots a,b of the given equation in 
104[ such that O <a < b < 1. Let 
Р(х) = х? -3х+К. 
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Since f(x) is polynomial, so it is continuous and differentiable for ай values of x i.e., f(x) is 
continuous in [a,b] and differentiable in Ja,b[. Also we have f(a) = f(b) =0. 

Thus f satisfies all the three conditions of Rolle's theorem in [a,b]. Hence there is a value c 
of x in Ja, | such that f'(c) =0. 

Now f'(x)=0 => 3x7 -3=0 >x=+], which contradicts the fact that а<с<В, as 


O<a<b<l. 


Hence our assumption is wrong. So there cannot be two distinct roots of f(x) 20 in (0, for 
any value of K. 


Example 14: If the functions f, 6, are continuous on [a,b] and twice differentiable on 


]a,b[, prove that there exist 6,1 e]a, | such that 


Жа) Ж» Жо i Жа) f'(§) f'm 
ga) gb) ge) == (b-c)(c—a)(a—-b) | gla) (5) g'im 
h(a) 0) h(cO Жа) (6) (т) 


where a < c <b. 


Solution: Consider the function F defined by 


Ка f(b) f(x) TRE Ха) fh) fto) 
F(x) =| g(a) Ж) gG)- —————~ | g(a) gb) go) 


Kay Ий, на) € 9€ ua. ны We) 


We have F(a) = F(b) = F(c) 20. The function F satisfies the conditions of Rolle's theorem 
on [a,c] and [c, b]. Hence, we get 

F'(x,) =0 = F' (x) where a < м «cand c < x <b. 
Again, applying Rolle's theorem for F' (x) on [x] , x» |, we get 


F" (п) = О, where xj < n < x 


Now Е" (п) =0 
Ха) fh) f'm а Ға) Ж» fe) 

> g(a) gb) &''(т) "ойе g(a) gb) go) -40) 
h(a) ҚЫ А" (т) Җа) hb) h(c) 


Again, let ф Бе the function defined by 


Ха) f(x) f'm x-a) Жа) fb) Жо 
ф(х) = а) g(x) g'n) ира 
Ма h(x) Г v cmn 


Then 6 (а) =0 and using (1), we have ф (b) =0. 


Therefore applying Rolle's theorem for ф on [a,b], we have ф (&) =0 where a<&<b 
Жа) РО) f'm 4 Жа) f(b) Жо 

i.e., ба) Ұ() a (= 2-00-20-:1 ga) А 40) 
Җа) KE mm) “ 4v 7" [hay му Қо) 
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2 Comprehensive Exercise 7. 1 == 
(Rolle's Theorem) 


к- 


Show that Rolle's theorem is not applicable for the function 


2 : 

x +l if 0<х<1 
Xx) 
fe) | if 1<х<2 


sinx sina sinp 

n 

2. If f(x) = | созх cosa cosp Where, O<a «p Sg 
tanx tana tanp 


Show that f'(£) 20 wherea < & «p 


3. Verify Rolle's theorem for 
f(x) =3x4 - 4x? +5 in [—1,1] 


4. Discuss the application of Rolles theorem for the functions 


(i) f(x) =tan x in the interval [0,7] 
(ii) f(x) =cos B іп the interval [-LI] 
х 
(iii) f(x) 2 sec x in the interval [-л, л] 
(iv) f(x) =sin x in the interval [-1, л] 
5. Discuss the Rolle's theorem for the functions 
(1) f(x) x? -3x +2 in the interval [L2 | 


(ii) f(x)-2|x-2]| in the interval [1,3] 


e** 
Ф 
е - 
=: Answers 
4. (i) Rolle's theorems is not applicable. 
(ii) Rolle's theorem is not applicable. 
(iii) Rolle's theorem is applicable and verified also 


(iv) Rolle's theorem is applicable. 


5. (i) Rolle's theorem is applicable. 


(ii) Rolle's Theorem is not applicable. 
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122 Lagrange Mean Value Theorem 


Theorem 1: Ifa function f(x) is 
(i) ^ continuous in а closed interval [a,b] 
(1) differentiable in the open interval |а,Ь| i.e., a < x <b, 


then there exists at least one value c of x lying in the open interval |а, such that 


70)- Ла) 


b- = f'(o) [B.C.A. (Meerut) 2011] 
а 

Proof: Consider the function 

ф(х) = f(x) + Ax (1) 
where A is a constant to be so chosen that 

$ (a) = 6 (b) 
= /(а) + Аа = f(b) + Ab 

fb- f(a) 
БЕС А ав Ан x2 

= А (boa) (2) 


(i) The function f(x) is continuous in [a,b] and Ax is a polynomial, so continuous in 
[a,b], we know that sum of two continuous function is continuous, therefore. 


Р(х) = f(x) + Axis continuous 


(ii) Тһе function f(x) is differentiable in |а, | and Ax is polynomial, so 
differentiable then ф(х) = f(x) + A x is differentiable in Ja, Dl 


9 (a) = Ф() 


(iii) Thus, ф(х) satisfies all the three conditions of Rolle's theorem. Therefore, there 
exists a point c e]a,P| such that 


Q9 (c) -0 
But ф(х) = Р(х) + А 
Put x=¢ > ф'(с)= }'(с)+А 
= 0={' (<) + А 
> -А-/"с) [From (2)] 
b) a 
= DAE A. ғо 


which proves the theorem. 


7.2.1 Another form of Lagrange's Mean Value Theorem 
If a function f(x) is such that it is 
(i) | Continuous on the closed interval [a,a+ h] 


(ii) Differentiable on the open interval Ja,a+ h| 
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Then there exist at least a number Ө such that 


f(a-- h) - f(a) 


Г = f'(a+6h) where 0 <0<1 
1 
Proof: Let a+ Л = b, then by above theorem, we have 
a л) – f(a 
кы ы (1) 


h 
where Л = b — a. Since the number c lies between a and a+ h must be greater than а by а 
function л. Therefore it may be written as с = a+ ӨЛ, where 0 is some positive fraction lying 
between О and l i.e., 0 <0<1 
Hence from (1), we have 


/в+й-/@ gp 
1 


7.2.2 Geometrical Interpretation of the Mean Value Theorem 


Let y= f(x) and let ACB be the given graph of 
y= f(x) in [a,b]. The coordinates of the point A are 
(a, f(a)) and those of B are (b, f(b)). If the chord AB 


makes an angle a with the x-axis, then 


9-79 


tana = 


by Lagrange's is mean value theorem where a<c <b. 
Thus, Lagrange's mean value theorem says that there is 
some point c in Ja, В [ such that the tangent to the curve at 


this point is parallel to the chord joining the points on the 


graph with abscissae a and b. 


7.2.3 Some Important Deductions from the Mean Value Theorem 
Theorem 2: Ifa function f is continuous on [a,b], differentiable on | a, b | and if f' (x) =0 for all x 


in [a,b], then f(x) has constant value throughout [a,b]. 


Proof: Let c be any point of [a,b]. Then the function f(x) is continuous [a,c] and 


differentiable on Ja, c[. Thus f(x) satisfies all the conditions of Lagrange's mean theorem on 


[a,c]. Consequently there exists a real number d between a and c i.e., a < d < с such that 
Рс) - f(a) = (с-а) f' (d) 
But by hypothesis f'(x) = О throughout the interval Ja, |, therefore, in particular / (d) 20 


and hence 


f(c)- f(a)-0 or f(c) = f(a) 


Since c is any paint of ]a, Д, therefore it gives that 


/(х)= fla) V x jad 


Thus f(x) has a constant value throughout [a,b]. 
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Theorem 3: Let f(x) be a real valued function, continuous оп [a, b] and differentiable in |a, b|, then 


(i) (х) is constant if f' (x) =О on Ja, bl 
(1) /(хуіз strictly increasing on [a,b] if f'(x) >О on Ja, bl 
(iii)  f(x)is strictly decreasing on а, if f'(x) <0 on Ja, b| 
[B.C.A (Rohilkhand) 2003, 2007] 
Proof: Let хү,ху where (x) > хү) be any two distinct points on [a,b] then by Lagrange's 
mean value theorem. 
JOB JUD. Weine, TELS са 010) 
(x) — ду) 
(1) Since f'(x) -0 in ]а,Ь, therefore f'(c) 20 then from (1), we have 
Хб) = Аа) -0 


(ә =) 
= f(x) = Јо) =0 
> F(x) = Жа) 


as ху — ху >0. Since д and хо are апу two arbitrary point of [a,b] such that 
а) = f(x). Thus f(x) has a constant value throughout [a,b]. Hence, f(x) is a 
constant function. 
(ii) Since f'(x) >0 in Ja,P[. Therefore, f'(c) >0,then from (1), we have 


(хә =) 
> ТОю)- Р) 20 
> Рә) > Ха) 


Thus, f(x5) > Р(х), where хо > xj and д,хә ва, 


Therefore, f is strictly increasing on [a,b] 


(iii) Since f'(x) <Oin x eJa,D[, there fore f'(c) «0 and hence from (1) we have 


S (x2) = Жо) <0 


Ху- 
> f) - Ая) «0 
> Жо) < Ға) 


Thus, (хә) < f(x), when x, >0 and xx, €la,b[. Therefore, f is strictly 
decreasing on [а,Ь]. 


Note: 

l. If f(x) is continuous on [a,b] then f(x) strictly increasing or strictly decreasing 
on [a,b], as f'(x) >0 or <0 in Ja bl 

2. For a strictly increasing function f(x), the derivative f'(x) need not be strictly 
positive 


For example, consider f(x) = х3,хе [-5,5 |, Here f(x) is strictly increasing but 


Fi (x) =3x*, which is zero at x =0 €] - L1[. 
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© 
(амины Examples 


(Lagrange's Theorem) 


Example 15: If f(x) = (х-1(х-3)(х-5), a 20, 9-4. find the value ofc such that f' (c) 
has the same value as the slope of the chord joining the points for which x 20 and x =4. 


[B.C.A. (Meerut) 2006] 


Solution: We know that a polynomial function is continuous as well as differentiable for 
all x. Since 


f(x) =(х —1)(х—3)(х—5) 2 i -9x? -23х-15 


is a polynomial in х, therefore, it is continuous in [04] and differentiable in ]0,4 [. 


Hence, f(x) satisfies all the conditions of Lagrange's mean value theorem, therefore, there 
exists some point c & 0,4 [. such that 


74)-/0) 2 
лб 7 (с) 
: ICID ун, 
5 3-0) (1) 


Since f(x) = х3 -93?423x-15 
/'(х) =322 -18x423 
/'(с) = 32 -18 +23 
3 =302 -18c 23 


= (3c-10)(c-2) 
с-2,10/3 €]0,4[ 


411401 


Such that the slope to the curve at these points is same as the slope of chord joining the 
points for which x 20 and x =4. 


Example 16: If f(x) = (x - )(x -2)(x -3) and a=0,b =4, find c using Lagrange's mean 


value theorem. [B.C.A. (Meerut) 2005; B.C.A. (Rohilkhand) 2004, 2007] 


Solution: We have f(x) 3(x-9(x-2)(x-3)) = x? -6x^ +11х-6 


f(a) = f(0) 2-6 and f(b) = f(4)- 
fO)- fla 6-(-6) 12 4 
(b — a) 4-0 4 


Also f (02332 -12z«11 > f'() 232 -12c411 


Putting these value in Lagrange's mean value theorem 


/®-/@ _ py 


(boa) (a < c < b), we get 


3 232 -12c«11or3c -1204 820 
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, 12t4144-96 _, , 243 


6 3 


or 


As both of these value ofc lie in the open interval JO A[, hence both of these are the required 


value of c. 

Example 17: Discuss the applicability of Lagrange's mean value theorem to 
3. 

f(x) =х їп [-1,1] [В.С.А. (Meerut) 2006] 


Solution: The function Ро) = х? 


is a polynomial and so it is continuous and 
differentiable at all x € R. In particular it is continuous in the closed interval [—1,1] and 


differentiable in the open interval ] - L1[ 


Since, f(x) satisfies all the conditions of Lagrange's mean value theorem, therefore, there 


must exists, some c є]—1][ such that 


1-(-1) 
or 1-С) ad 2 
2 
[^ (x) 2367] 
Or бж ta e adum 
3 3 


As both of these value of c Пе in the open interval ] - LI [, hence both of these are the 


required value of c and this verifies Lagrange's mean value theorem. 


Example 18: Findc of the mean value theorem, if 


f(x) = x(x -1)(x-2), a=0,b =1/2 [B.C.A. (Meerut) 2003, 2004] 


Solution: We have Ка) = f(0) 20 


Now F(x) - -3x +2х 
> f(x) =3х? -бх-2 
> Ро) =з -бс-2 


Put these value in Lagrange's mean value theorem 


20-18 Fig, (a € c <b), we get 
(b — a) 


3-32 -6с-2 ог 1262 -24с+5 =0 
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‚_24= 24 x24-4x12x5  24t4436-15 
| 24 24 


421 


zli 
6 


Out of these values of c only 1- x lie in the open interval 10.5 [ which is therefore the 


required value of с. 


Example 19: Find с of mean value theorem when 


Ро) =? -3х-2 in [-2,3] [B.C.A. (Meerut) 2007; (Rothak) 2011] 
Solution: We have 

f(x) = 3 -3x-2,a=-2 ,b=3 

f(a) = f(-2) =(-2)° -3(-2)-2 =-8+ 6-2 =-4 

f(b) = f) = GP -33-2 =16 


f(b) f(a) _16-(-4) 20 , 
b-a -3-(2) 5 


Also /'(х)=3х° —3 gives /'(с) =3¢ -3 


Put these values in Lagrange's mean value theorem 


ITO „ Peace) 


4248 -3o0rc2 £47/3 


As both these values of с lie in the open interval ] -2,3 [ , hence both of these are the 
required values of c. 


Example 20: Verify L.M.V theorem for f(x) 22x? -7x 410 in [2:5]. 


Solution: Here f(x) is a polynomial and hence it is continuous and differentiable in 
[2,5 ]. Also a 2 2,5 55. 
| f(a) = f(2) -22Y. -7(2) +10 =4 


апа f(b) = (5) = 2(5)2 —7(5)+10 =25 
Also f'(x) 44х-7 then by L.M.V theorem, we find 

b- f(a 

ple = for fla 

(b-a) 

=> К “ы жү 
5-2 

> 4c=14 о с=7/2 235 €]3,5[ 


= Lagrange's mean value's theorem is verified. 
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Example 21: Find с of the mean value theorem when 
f(x) = cosh x in [-1,3 | 
[B.C.A. (Rohilkhand) 2008; (Delhi) 2011] 


Solution: Here f(x) =coshx - (e* +e-*) 


Ж =x 
е-е | 
= sinh x 


> ДОР 


е 


1 
Ка) = fC) = = = cosh (1) 


3 -3 
f(b) = f(3) = ==) = созһ3 


Р) – Ра), 
ба 77% 


cosh3 — cosh 1 


> ————_ sinhe 
3-1 
| 10.068-15431 
> sinh c 2 ————————— 
4 
— sinhc 22-1312 
> c =15 (Approximately) 


Example 22: If f(x) = log x, find all numbers strictly between е? апае? such that 


FE- fe) 


(6-6) 


f'(*)= 
[B.C.A. (Meerut) 2008; (Agra) 2006] 


Solution: We have f(x) = log x 


1 
> Ро) =- 

х 
> / (е?) =loge? =3 loge =3 
And Ке) log е2 2 loge =2 


Put these values in 


FE- fie) 


Рб = (8-6) 
= d 3-2 
x е-е 
5 тын 
x е-е 
> x2eg-g Ух 


This is required value of х such that 


e «x«e 
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Example 23: Test if Lagrange's mean value theorem holds for the function f(x) =| x| in 


the interval [1,1]. 


Solution: The function f(x) is continuous throughout the closed interval [-1,1] but it is 


not differentiable in ]—1,1[. Hence Lagrange's mean value theorem does not hold for the 


function f(x) 2| x| in the interval [-1,1]. 


Example 24: Verify the mean value theorem for 


f(x) = log, x in [Le.] 
[B.C.A. (Meerut) 2002, 2003] 


Solution: We know that every logarithmic function is continuous and differentiable in its 
domain, therefore f(x) = log x is continuous in closed interval [1,e.] and differentiable in 


the open interval ]Le.[. 


Therefore, all conditions of Lagrange's mean value theorem are satisfied. Now, by 
Lagrange's mean value theorem there pu c є|1,е.[ such that 


g=] 


=logx > f'(x 


_ ven 
ё e-l 
1 _ log, е- 1081 
со e-l 
1 1 
=> = = —— 
c e-l 
> с=е-1=2.71-1=1.71Е ]Le.[ 


Hence Lagrange's mean value theorem is verifying in ]Le[ 
Example 25: If f(x+ h) = f(x) + hf' (x + 0/),0 «0 «1L find the value оғ when 
2 
Хо) =х [В.С.А. (Rohilkhand) 2005, 2008] 


Solution: We have f(x) = х” => f(xth) ) = (х+ Л)? 


Апа Р(х) =2x 
Put х=х+0ӨЛ = f'(x*9h) =2(x + 0h) 
Put these value in f(x*h) = f(x) +hf' (x + ӨЛ) 


(x+h)? = x? +h2(x Өй) 
х2 + +2хй = x +2х + 2017 


EN 
= 12 -201° =0 
=> I? (1-20) =0, but? #0 
> 1-20=0 
> get 


2 
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Example 26: A function f(x) is continuous in the closed interval [0,1] and differrntiable 
in the open interval (0,Д, prove that 

/' (4) = f() - f(0), where 0 < xj «1 
Solution: Here a=0,b = 1 so that 


f(b)- f(a) 70-70). 
b-a 1-0 


If we take c = хү, and substitute these values in the result of Lagrange's mean value 


f() - Х0) 


theorem, we get 

f- А00) = f'(x) where 0 < xj «I 
This is a particular case of Lagrange's mean value theorem. Students can give an 
independent proof of this. 


Example 27: Separate the intervals in which the polynomial 


9х3 153? 4 36x «lis increasing or dereasing. 
Solution: Wehave f(x) -2х3-15х2 36x41 
f'G) 26x? -30x +36 26 (x -2)(x -3) 


Now, Ж.О) >0 for x «2 orfor x »3 
Ж.О) «0 for2«x «3, and / (х) =0 for x 22,3 


Thus f'(x)is + ive in the intervals |- «92 [ and ]3, e» [ and negative in the interval ] 2,3 [. 


Hence, f is monotonically increasing in the intervals ]— 2 |,[3,°[ and monotonically 


decreasing in the interval [2,3]. 


Example 28: Use the function f(x) = xl/*, x > 0 to determine the bigger of the two 


number e" and л“. 


Solution: Let f(x) = x!/*. Then log f(x) = I log, x. 
х 


Differentiating w.r.t. x., we get 


І roe D ud log,x or Жат ue x] 
ШЕ) xx gb ааа 
For x>e, f'(x) «0 [= log, x >lfor x > е] 


2. f(x) is a decreasing function of x for x > е. 


Hence, п>е /(л) < fle) эл!" <e!” 


— (T! TYT c (dy 5 пе <e" >e" is bigger than л“. 
Example 29: Show that the set of all x for which log (1+ x) € x is equal to [0, ee [. 


Solution: Let f(x) = 109(1+ x) - x. Then f(0) 2 0. 


Now Peis йке и 
1+х 1+х 
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^. f(x) is a deceasing function in [0, [| 
> f(x) < КО) for x 20 
> log(l-x)-x S0 or 1ор(1+х)<х Югх є [0, |. 


Example 30: Show that 


DEL a log(1* x) «х for x » 0. 
1+х [В.С.А. (Meerut) 2008, 2011] 


Solution: Let f(x) =log(l+x)- 2s 
1+х 


10) =0 


Then Pee 1 1Д1-х)-лі 1 1 х 


1+х — (xy I-x (4x? (1-3) 


We observe that / (x) > 0 for x > 0. Hence f(x) is monotonically increasing in the interval 
[0, »» [. Therefore 


Р(х) > f(0) for x 20 i.e, ГЕ 9-12} > 0 for x >0 
+х 


i.e., log(l x) > —— for x>0 ...(Т) 
1+х 
Again, let ф(х) = x - log(1+ x) 
$ (0) =0 
Then Фф (x) =1— І =% 
l+x l+x 


We observe that ф' (x) > 0 for x > 0. Hence $ (x) is monotonically increasing in the interval 
10, e» [. Therefore 


ф (x) >$(0) for x 20 ie., [v-log(l+x)]>0 forx>0 
1.6: x > log(1+ x) for x 20 22) 
From (1) and (2), we get 

с < log(1* x) « x for x 20 
Example 31: Use Lagrange's mean value theorem to prove that 


1+ Ханх Ух>0 
цасан саг [B.C.A. (Meerut) 2005] 


Solution: Consider the function f(x) =e” in [0, x]. 


Then f is continuous in [0,x] and differentiable in ]0, х[. Consequently by Lagrange's 
mean value theorem there exists с є (0,х| such that 


fo 219749) or е“ EE 2-00 
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Now О<с<х е0 <е «c (2) 


X 
From (1) апа (2), < ы. «e Nx >0 
х 


1 К : 
<е*ог x «e* -1« xe” 


X 
е шэнэ, 
or 1< 
X 
Or I-x«e* <1+ xe”, which proves the required result. 


Example 32: Let f:[0,]] > К be defined by 

F(x) -(х-1Р +2 Vx e [0,1] 
Find the equation of the tangent to the graph of this curve which is parallel to the chord 
joining the points (0,3) and (1,2) of the curve. 


Solution: Since f(x) is a polynomial function, therefore it is continuous on (ОД and 


differentiable in J0,I[. Hence, by Lagrange's mean value theorem, there is some c е|0Д such 
that 


IO p) or? “шт Тере 
Now Fi (x) =2(х- poe /'(с)=2(с-1) 
Thus 2(c-1) 2-1 I 


2 РО) = 2, so that the point of contact of the tangent is (5-2) and its slope is f'(c) 2-1 


Hence the equation of the required tangent is 


(= ог 4x c4 у=11 


Example 33: Show that any chord of the parabola y = Ax? + Bx +C is parallel to the 


tangent at the point whose abscissa is same as that of the middle point of the chord. 


Solution: Let a and b (a<b) be the abscissae of the ends of the chord and let 
f(x) = Ax? + Bx + C. Since f is a polynomial function, f is continuous on [a,b] and 


differentiable in Ja,b[. Consequently by Lagrange's mean value theorem there exists 
c Е|а, b | such that 
(b)- (а) , 
TECEN 
-а 


ie, Ab +ВЬ+С- Аа - Ba- C =(b—a)(2Ac+B) [> /'(д=2Ас+ В] 


On simplification it gives с = 2 (а + D) i.e., the abscissa of the point at which the tangent is 


parallel to the chord is the same as that of the middle point of the chord. 
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Example 34: Compute the value of 0 in the first mean value theorem 
/(х+) = f(x) - hf' (x +h), if. f(x) = ах? ++ 


Solution: Here Р(х) = ax? «bxc 


f(x*h) =а(х+ hy? +b(x+h)+c 


f'(x) 22ax +b, f'(x + ӨЛ) =2а(х + ӨЛ) + b 
Substituting all these values in the Lagrange's mean value theorem, we get 


a(x + hy +h(x+h)+c= ax? bxc h[2a(x + ӨЛ) + b] sl) 


The relation (1) being identically true for all values of x, hence when x > 0, we have 


al? +bh+c=c+h [2a0h + b] 


or al? -2a0l? or 9 => 


Example 35: If x >0, then show that 
x? x? 
x-—— < log(l + x) < x - ———— 
2 2(1+ x) [B.C.A (Meerut) 2004] 


2 
Solution: Let f(x) =log(1+ x)- | - У) then f(0) =0. 


Ре ха x >0 [+ х>0] 
1+х БЕЗ U 


= f(x) is an increasing function of x, for x » 0 


= f(x)» f(0,forx »0 => f(x) >0 Гг f(0) 20] 


2 
> өші) >0, for x >0 


2 
x— "> <108(1+ х), for х»0 


2 
Let 2 (х)-х jim m 109(1+ x), then g(0) 20 
" 2 2 
(ізі 1 = 1 | x ->0, (es) 
2 1(1-х) (+x) 2(1+х) 
— g(x) is an increasing function for x » 0. 
= g(x) > g(0), for x 2502 g(x)>0 [^ (0) = 0] 
2 
22 —log(1+ x) >0, for x 20 
2(1+ x) 
m 
log(1+ x) < x- ——— ——,forx»0 
2(1+ x) 
x х2 
Непсе x -— < log(1+ x) < x - —————,for x >0 
2 2(1+ x) 
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Example 36: If x >0, then show that 


x? х3 x? x) 
--- < log(l+ x) «x - —— € — 
2 34-53) 2 3 [B.C.A. (Meerut) 2005] 
x? à 
Solution: Let f(x) =log(1+ x)-|x 2 3139) . Then f(0) 20 
2 3 3 
о PE i = 5 >0,югх>0 
1+х 31-37 3(1+ х) 


= f is increasing, for x 2 0 2 f(x) > f(0) 20 for x >0 


> tta 
2 34x) 
X 


Э 


2 
Again let (х) = х - 3 log(1+ x), then g(0) 20 


< log(1- x), if x 20 


2 1 х? 


= > 0, for x >0 
1-х l+x 


#' (х) =1-х+х 


= g is increasing, Югх>0 2 g(x) > g(0) =0 for x >0 
2 ES 
> log +x) «x2 sif 20 


Example 37: If 0 < х <l, then show that x < ЯМ pg 


Solution: Let f(x) -sin^! x — x, so that f(0) 20. 


1 1-41- 2 
'( )- 1- 
us 41-22 41:42 


-Х 


>0,for0<x<l 


> f is strictly increasing шО < x «1 


> f(x) > 0) =0 for 090 <х<1 (С х>0) 
> sin! x-x >0, Юг 0 <х<1 
> sin! x > x, for O<x<l 
> x ви! x, for О<х<1 
Again let g(x) = 5 -sin7! x, then g(0) 20 
1-х 
131-2 — нэ 
' 2 ]l-x 
&'(х)= 
01-32) 1-22 
1 1 x 


20 


OW 4122 (er? 


= g(x) is strictly increasing, forO < x «I 
> g(x) > 2(0) 20 for0 <x «1 (:х>0) 


for О<х<1 


>вїп x and hence sin"! x < 
2 1— 2 


1-х 
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Example 38: Using Lagrange's means value theorem, show that 


x : 
—— <log(l+ x) < x,if x 20 
1+х [В.С.А. (Rohilkhand) 2003, 2008] 


Solution: Let f(x) 2log(l- х) in [0, х] = /Ғ(х)-і1/(1-х) 


We know that every logarithmic function is continuous and differentiable in its domain. 
Therefore, f(x) = log(1+ x) is continuous in closed interval [0, х] and differntiable in the 


open interval JO, х]. 
So by Lagrange's mean value theorem, there exists some 0,0 «0 «1 such that 


ЈЕЛО /'(Өх) ог log(l+ x)= 


х-0 1+ Өх 
0 «0«12 Ох «0r < xand f(0) 20 (1) 
Моу0 <0 <! апа х>0 = 0х <х = 1+0х<1+х 
- 1 1 X X X X (2) 


> = > > < 
1+0х 1-х І-Өу 1-х 1-х 1-0 
Азат 0 «0«1 and х>0 0«0x -1<1-0х 


l <=> «x 43) 
1-0х 1+ Өх 


From (1), (2) and (3), we at once conclude that 


=> 


T log(1-* x) «х, forx 20 
l+x 
Example 39: Applying Lagrange's mean value theorem to the function defined by 
Р(х) = log(1+ x) for all x > 0, show that 
0 < 09(1+ хү! -x «] for x »0 


Solution: First proceed like example 38, to obtain 
l+x 1 1 
> > 

х log(l-x) x 
1 1 1 1 1 

> >--эі> >0 
x 109(1+х) х log(l--x) x 
1 


х 
—— < 100(1+ x) « 3 
iix og(l-x)«x => 


— 14 
Hence, 0 < [log(1 + xy! -x «l 


Example 40: Prove that tanx > x, whenever 0 < x < 1/2. 


Solution: Let с be any real number such that 0 « c « n / 2. 


Let f(x) tan x - x Vx e [0,c] 
Clearly, f(x) is continuous as well as differentiable on [0,c]. 
Now Р(х) =se? x -1- tan? x »0,for0 «х «c 


Thus, f(x) is strictly increasing in [0,c] = f(x) > f(0), forc » 0 
But f(0) 20. Therefore, f(c) >0 = tanc-c»0 


Sincecis any real number such that О « c < n /2,therefore, tan x > x, wheneverO < x « 1/2. 
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Example 41: Let f(x) be defined for all x є R and let| f(x) - f(y)| < Gay, Vx, y € R. 

Show that f(x) is a constant function. 

Solution: We have| f(x) - f(y) | <(х— у)” vx, ує К tL) 
[7 |x|? =x", Vr e R] 


Let x be any real number and let y be chosen arbitrarily close to x but not equal to x. Then 
(1) gives 


X = 
fœ- ЛО eji) 
x-y 
Taking limit when y —> x, we get 
= lim LO) fon < lim |x- у 
yox x-y yox 


5 |/'(х)|<0 | lim 769-10) роу ay 


yox x-y 


But| f'(x) | > 0, therefore, | f'(x)|=0 = f'(x)=0 = f(x) is constant. 


Example 42: Use the mean value theorem to show that 


1-5 « ас БІЛЕ р>а 
b а а 
Hence, obtain (1/2) «log2 <1. [B.C.A. (Meerut) 2002] 


Solution: Let f(x) 2logx- ( - 2) then f(I) = 


Fi (x) 5-79 РО = if x»1 
=> f(x) is an increasing function of x, for x > 1. 
=> f(x) > f(), for x>1 > f(x) »0 [> ЛО =0] 


= ювх-(1-Ц >0, or LS 14 аня 2.00) 
x х 


Again let (х) =(x-1)-log x, then g(l) =0 


Pre eae => Vedi 20, if x>1 
x x 


= g(x) is an increasing function of x, for x > l. 

=> g(x) > g(1), for x >l= g(x) »0 [^ 20) =0] 
> (x-1)-logx >0 = logx<x-l 54402) 
From (1) and (2), we get 


1-1 < log х<х-1 for x>1 :4(3) 
х 
: Р р : : 
In particular if x = — > l, then equation (3) gives 
а 


аа бағы) 
Ь а-а 
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or te Siege ud for b>a (A) 
b а а 


which proves the required first result. 


If we take b =2 and a =1 ; b >a, then (4) gives 
1 1 
1-—«log2 <2-lor—<log2 <1 
3 og ого og 


which proves the required second result. Proved 


Example 43: Given that f''(x) exists for x in [a,b] and шэн z жу. ‚а<с<Ь 
-c -а 


[^ 
41) 


prove that there exists a point t e (a,b) s.t. f''(t) =0 


Solution: Since f''(x) exists in [a,b], the function f and f' are both continuous and 
differentiable in [a, b] and hence also in the intervals [a,c] and [c, b]. Applying LMV theorem 


in the intervals [a,c] and [c, b], we shall get two points x; є (a,c) and хо є (c, D) such that 


$i o =. and Piet 
Coa b-c 


Using the given result (1), we get 
РО) = f'(x) 


Now хү, x2] c [a,b], therefore, f'(x) satisfies ай the conditions of Rolle's Theorem in the 
interval хү, x? |. Therefore, we shall get a point t € (35, x») s.t. 


lano] =o or f''(t)20 
Since t е(х,Х0) = ЕЕ (aD) also. 


Example 44: Applying the Lagrange's mean value theorem prove that: If / (x) is positive 
for all points in the open interval (a,b) then f(x) is strictly increasing throughout the closed 
interval [a,b]. [B.C.A. (Meerut) 2003] 

Solution: Since / (x) > 0,it means f(x) is differentiable and hence it is continuous also. 
Suppose хү x; are any two distinct point of [a,b] s.t. м < x; Then [x], x9] < [a,b]. Now all 
the conditions of І. М.У. Theorem are satisfied by the function f in [x], x |, Applying 
mean value theorem, we get 


f 03) - Жа) 


X9 - М 


= f' (c) where xj «c «x, 


But given that f'(c)20 and x-y; is also positive as д «x9. So necessarily 
РО) = flay) > 0, ie, Р(х) > f(x) necessarily. 


= f(x) is strictly increasing. 
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=: Comprehensive Exercise 7.2 
(Lagrange's Mean Value Theorem) 
1. Determine whether f(x) zt -1<х<0 is strictly increasing,decreasing or 
X 
neither of these. [B.C.A. (Meerut) 2008] 
2: Explain Lagrange's mean value theorem for the function 
f(x) = 1 in the interval ]—1,1[ 
x 
3. Verify Lagrange's mean value theorem for the function 
(i) Ах) = х(х-1) in [L2] (ii) f(x)- (x-1)? +2 in x e[0,l] 
(iii) f(x) -23? +3х+4 in [L2] (iv) f(x) = х -3x-2 in [-23] 
2 21-11 2| 
))z2x^-3x-1 : 
(v) /(х)=х x in| T5 


(vi) f(x) (x- a)" (x - D)" in [a,b], where m,n € N 


4. Find c of mean value theorem if f(x) = L —5х^ Зх, а-1,-3 
5. Find the interval in which the function (х) =(x* +653 +1722 -32х--32)67" 


is increasing or decreasing. 


6. Prove that cos х + xsin x > l in the interval 1.2 [ 

7. Find the interval in which the polynomial 2х3 1522 « 36x «lis increasing or 
decreasing. 

8. Verify Lagrange's mean value theorem for 
(i) /(х)= р? +тх+п Ухе [a,b] (ii) f(x)= Vx? -4 in interval [24] 


(iii) f(x) =sin x in interval Ш 


9. If f(x) = sin? x Vx € [0, x] on what subinterval of [0, л] is f increasing and decreasing. 
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e" 


2: Answers 


1. | Decreasing 


2. | The function is not continuous and differentiable at x = 0, so mean value theorem 
does not hold. 


5. | Monotonically increasing in the intervals [—2,—I] and [0,1] and monotonically 


decreasing in the interval ] - es -2 [, [-10] and П, ee] 


7. Monotonically increasing in the intervals ] — 2 [, (3, | and monotonically 


decreasing in the interval [2,3], because f'(x) 0 when x 22 and x 23 


9. f(x) is increasing in the interval 0, 4 and decreasing in the interval НА 


Т. 5 Cauchy's Mean Value Theorem 


If two functions f(x) and g(x) are 
(i) | Continuous in a closed interval [a,b] 
(ii) | Differentiable in the open interval Ja, b[, 


(11) g'(x) #0 for any point of the open interval Ja,b[, then there exists atleast one 
value c of x in the open interval ]а, 0 such that 


А-а) ҒО 
60)- а) &'(с) 


Proof: First of all we shall prove g(b) — g(a) +0 i.e., g(b) + g(a). If possible let g(b) = g(a) or 


‚ а<с<Ь 


g(b) – g(a) =0, then the function g(x) satisfies ай the three conditions of Rolle's theorem 
and therefore, there exists a point x ва,В[ such that g'(x) 20 which contradicts the 
hypothesis (iii) that g'(x) #0 Vx e]a,P]. 


Hence, g(b) - g(a) #0 
Now, let us consider function ф(х) defined on [a,b], 
ф(х) = f(x) + Ag(x) me 
Where A is a constant to be chosen such that 
(a) = (b) 
= Ха) + Agla) = f(b) + Ag(P) 
2 AL fO- E 


ЕГІ ТЕП 
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(i) Now f and g аге continuous on [a,b], therefore, ф(х) is also continuous оп [a,b] 
(ii) Again, f and раге differentiable on Ja, | therefore ф is also differentiable on Ja, b[ 
(a) = 0 (b) 


(11) Thus the function 0(х) satisfies the conditions of Rolle's theorem in the interval 
[a,b]. Consequently there exists, at least one value of c in Ja,b[ such that 


ф' (с) =0 
But o' (x) = / (x) + Ag' (x) 
> ф'(с) = /'(с)+ Ас (с) 
> 0 =/'(с)+ Ag' (c) 
E -А- 9 ...(3) 
g' (o) 


From (2) and (3), we get 
ЛО) (а) f'©) 
&(b)- gla) (0) 


which proves the theorem. 


7.3.1 Alternative form of Cauchy's Mean Value Theorem 
If two functions f(x) and g(x) are such that both are 
(i) _ Continuous on [ga + h] 
(ii)  Differentiable on (4,4--Л| 
(іі) g'(x) #0 Vx e]aa- h| 
Then there exists at least one real value number Ө between О and 1 such that 


Таж”)- fla) /(а-Өй) 


,0<0<1 
g(a*h)—-g(a) g' (а+ӨЛ) 


© 
—— Examples 


(Cauchy Mean Value Theorem) 
Example 45: Verify Cauchy's mean value theorem for the functions x? and х in the 
interval [1,2] 


Solution: Let f(x) = x? and g(x) = P 


The function f(x) and g(x) both are continuous and differentiable for all values of x € R. 
Therefore, f(x) and g(x) boths are continuous in [1,2] and differntiable in ]1,2 | such that 


f2)-fM fo (1) 
20)-0)  g(o 


We have F(2) =4, Р) Lg(2) = 8, 60) 21 
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Also Т (x) 22x, g' (x) =322 
> fi) =2с, 8 ()-3< 
Then from (1) we get 
4-1_ 2с 
8-1 3 
=> 9c? -14с-0 
> с(9с-14) = 0 orc =0 orc =14/9 


с-0611,2 [ whereas c = се 121 
Hence Cauchy's mean value theorem is verified. 


Example 46: Verify Cauchy's mean value theorem for 
f(x) -віпх, g(x) = cos x in E 2 о] 
Solution: Here both the functions f(x) and g(x) are continuous in the closed interval 


ЕШ and differentiable іп the open interval| > 0 | Also g' (х) =-sinx #0 for any 
point in the open interval Ї - 0 | Hence by Cauchy's mean value theorem there exists at 


: : T 
least one real number in the open interval | 2 0 | such that 


/9-4(2) гө 


0) (-") 89 ыг 
sino -sin(- z) 
? cos 0 - cos (- S^ 
Also f'(x) = соѕ x, g' (x) = -sinx 
T 


'(с) cose _ 


: : PE 
Put these values in (1), we get - cote = lor cote = - 1 whose solution с = ub lies in the open 


interval ЇЕ 2 0 | Hence Cauchy's mean value theorem is verified. 


sina -sin В 


Example 47: Show that = cotd 


cos В – cosa 
Where O<a<B< > 
Solution: Let f(x) =sin x and g(x) = cos х 


for x є [o B], where 0 <a <<; 


295 == 
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fi(x)=cosx and g'(x) =-sinx 


Here both the function f(x) and g(x) are continuous in the (о, | and diferentiable Jo, D [. 
Also g'(x) =-sin x #0 for any point in the open interval (0,8 [. Hence by Cauchy's mean 
value theorem there exists at least опе real number say Ө, in the open interval | o, p [ such 
that 
АВ) – (а) / (0) 
(Ө)- о) 80) 
sinB-sina _ cos(0) _ 


=> = —— cotO 
совВ-сово/  -sin(0) 


sina —sin T 
= Са ЖИИ" where 0«oa«0«p«— 
cos В – cosa 2 


Example 48: Find c of Cauchy mean value theorem for the following pair of functions 


(i) ХО) =е", р(х) 2e in [a,b] 


(ii) f x =x, (х) = X in [a,b] 

Solution: (1) If f(x) =e" and f(a) =e" and f(b) = е? 

If g(x) =e” then g(a) =e“ and g(b) = e? 
We have f'G)2e*,g'(x) 2-e "therefore 


f' (o) =е andg'(c) = 
By Cauchy's mean value theorem, we have 
Р) – Ра) f'() 


000) а а) (0 
b 


LE _ E 
жа е? Lg E m 
2 n Е E, 
1 Dc 
g^ 067 
2 (е? - eye et E 
а b 
(е“-е 
= ele _ е2 
=> а+Ь =e" 
> а+р= 2с 
І 
> б ee) 


(й) If (х) = ух and g(x) = then 


f(a) = Уа, f(b) = Vb, g(a) =—= and g(b) =o, 
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We have Pies a (х) = a 

ЕЛ Эва 
Therefore, /'(с)= y and g'(c) = zz 


By Cauchy's mean value theorem 
f(b)-f(a fo 
gb)-g(a (о 

1 


(Vb-Ja) _ 24c 
1-1 -1 
(55 x] 2eve 


ae. 
- (vb M Ur с 


> Ма =-с or с=\/ав 


Example 49: If in a Cauchy's mean value theorem, we write f(x) = ES and g(x) = 1 Шеп 
Х Х 


show that с is Harmonic mean of a and b. 


Solution: If f(x) =—у- and g(x) = 1 , then we have 
х 


Ха) = X: F0) ЫҚ (a) =— ,g(b) = 
We have fi (x) =-2 x? and ч (х) = M 
Then /'(с)= -2c? and g'o) = -с?. 


By Cauchy's mean value theorem, we have 
РО) уа) _ Го 
&Ф)—&(а)  g'(o 


1 _ 1 
p 2 -2c 
11 -с? 
р а 


(42-12) 2 рар 22, 246 


= (a—b)(ab) c d ab c are: 


Hence, c is a Harmonic mean of a and b. 


TU 
COS -—— 


Example 50: Find the value of lim 2 
xl ТЫ 
х 


Solution: Let f(x) = ЕНЕ = Іор x,a = x,b = 1. Putting these values іп Cauchy's 


‚ by using Cauchy's mean value theorem. 


mean value theorem 


wees Rolles and Mean Value Theorems 297 жш 


А-а) _ flO 
8(9)-8(4) 0 
Л м) -m . (лс 
4 es (2) (T) 5 uM 
log 1- log x 1 
с 


, a<c<b 


Taking limits as x —> I which implies that c > 1, we get 


lim = lim 
xl lo 1 col] 1 
5 P 7 
2) 
—.cos'| — : 
or lim ОЕ. те as sinf) > as col 


or lim 4—5 = 


Example 51: Deduce from Cauchy's mean value theorem 
| b 
лө?) 
where f(x) is continuous and differentiable in [a,b] and a « c <b. 


Solution: Cauchy's mean value theorem is 


/@)- f(a fo) 
6(9)-(а) (о 


»а<с<р 


Now let g(x) = log x, then 2 (x) = } and g(b)- g(a) = log b—log a = log H 
х а 


79)- Ға) f'o 
b 1 
log 3 А 


= /®- f) - © ов (2) 


From (1), we have 


Example 52: If f(x), g(x) and h(x) are function such that 


(i) all the three are continuous on [a,b] 

(ii) all the three are differentiable in |а,9|, then 
file) go no 
f(b) g(b) h(b)|= 0 where a<c <b 
Жа) ga) h(a) 
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Solution: Consider the following function 
f(x) g(x) h(x) 
o(x)=| f(b) g(b) Қ) 801) 
(а) ga) hla) 
On expanding the determinant, we see that the function ф (x) is of the form 
Af (x) + Ве(х) + Ch(x), where А,В,С are some real numbers. 


In view of the given condition (i) and (ii), ф(х) is continuous on [a,b] and differentiable in 
Ja, b|. Also ф (а) = ф(}) = 0 because then the two rows of the determinant become identical. 
Thus 6 (x) satisfies all the conditions of Rolle's theorem. Hence there exists a value c of x 
lying between a and b such that $' (c) 20 


Жо (0 (0) 
ie., f(b gb) А0) |=0 E 
Жа) ga) (а) 


= 
e - . . 
=: Com prehensive Exercise 7.5 
(Cauchy Mean Value Theorem) 


1. Find the value ofc € lez | for the pair of function f(x) = 22, g(x) = cos x, which 


. . 22 T 
give the result of Cauchy's is mean value theorem in interval Ш for the 


function f(x) and g(x). 

2. Verify Cauchy's mean value theorem for the following functions . 
G) f@=2.2@)=2 in [25] 
(ii) f(x) = log x, g(x) = x in [Le.] 


3. Find с of Cauchy's mean value theorem for the pair of functions. 


f(x) = xx -1)(x-2), g(x) = (x e )(x*2) in СЯ 


е" 


Answers 


ә 
о 
о 2 
e 


l. The root of the equation sinc – ыг =0 is the required value of c. 
T 


3. | с-024 (Approximately) 


%%% 


каре 


Expansions of Functions 


81 Maclaurin's Theorem 


Let f(x) be a function of х which possesses continuous derivatives of all orders in the 
interval [0, x]. Assuming that f(x) can be expanded as a infinite power series in x, we have 


СЭР x? ” х3 - Эвт” 
= Oye t O o СТА o PO) 


Proof: Suppose f(x) = Ao + Аүх + Аух” + Ах? + шохой ...(Т) 
Differentiate successively, we get 
Ро) =A, 42A x 34A x? AA X Le 

f" (x) 22145 +32 Азх +43 Ах” +...... 

fi" (x) -321А; +432 Алх+..... and so оп 
Putting x =0 in each of these relations, we get 

/0)= Ао, f (0) = Ay, f" (0) = (2) 145, f" 0) = (3) А; 

Substituting these values of Ao, Aj, ҙ,....... in (1) we get 


p Ци x п 
суу ытта 


2 
' { Х № Л 
Хо) = fO) x F'O £0): 
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This is Maclaurian's theorem. If we denote f(x) by y then Maclaurian's theorem can be 


written as 
хз х" 
у= (уо + (Di Z (ro | = h* i 30+ oe + Gi Jno +... 
по" уг x? (dis үл б 
ог у= у(О)+ ain i20 enced + Gy JH) + ОКТУ 


8.9 Tay lors Theorem 


Let f(x) be a function of x which possesses continuous derivatives of all orders in the 
interval [a,a + |]. Assuming that (и + h) can be expanded as an infinite power series in Л, 


we have 


flath) = f(a) * hf' (a) + ism DECR — 


Proof: Suppose f(a+h) = Ag + Ал Agi? + Agi? +...... wl) 


Now by successive differentiation, we get 
f' (ah) = А +2Agh+3 Agi +...... 
fi (ath) =2.145 +3.2.Аӊй+...... 
fi (ath) =3-2-1Ag+...... and so on 
Putting л = 0 in each of the above relations, we get 


fla) = Ау, f'(a) = A, f" (а) =(2)! Ap 
(а) = (3З)! Ау and so оп. 


Aog =f (a), A = f' (0,4 = PAs «гу Л” 0 20 and so on 


Put these values in (1) we get 


! Ir " "ng h” n 

fla+h)= f(a) + hf (+077 09 (a) ку (а)+....... ты Е 
Note: 
1. The Taylor's theorem in the power ОЁ(х-а) 

2 п 
f(x) = fla) + (x-a) (өз Sh PARC т fie 

2. If we expand f(x + h), by © theorem as a power series іп h, then 

fxh) = f(x) + hf' (x) + Epo beet ACE хэн 
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8.5 Some Important Expansions 


1. Expansion of e*: 
Let f(x) =e". Then f(0) = 2-1 
Differentiate w.r.t (х) successively we get 
(уе f Gees "(жу = гаг Р(х) =e" 
Put x 20 in above relation we find 
f' 0021 f'O=HL f'"(0)-L.... f^(0) 21 


Put these values in е series, we get 


f(x) = fO) + xf' Oe Po ins v 


= ех =1+х+ | Tas 


2. Expansion of sin x: [B.C.A. (Rohilkhand) 2003, 2005, 2008] 
Let f(x) =sinx, x eR 
> f'(x) =cos x, f''(x) 2-sinx, f''' (x) =- cos x 


In general f"(x) = sin(x + a) 


Put x =0 in above relation 


> fO)=0, f'(0)21, /''(0)=0, Ғ"(0)- 1, /7(0) =sin( } 


When n=2m, f"(0)=sinmn =0 
When п=2т+1, f"(0) = sin(2m 4 1) 2 =sin (ял + 3 
= ( у" сіп (=) = (y 
(—) 2 (D 


Substituting these values in Maclaurin's series, we get 


ұз үрт 
sinx =0+х1 +0 +-——(—1)+0+...... -0-(-07 SE osse: 
(3)! (2m 4 1)! 
3 5 2m4l 
Or нее dot —......... +(-1)” 5 
(3)! (5)! (2m+1)! 
Э; Expansion of cos х: 
Let f(x) = соѕ х Vx eR 
Then, f'(x) 2-sin x, f''(x) =- созх, f" (x) =sin x 


f" (x) = cos (7) VneN 
Put х-0 in above relation we get 


f(0)-1 f'(0) 20, /''(0)=-1, /""(0)-0, /?(0)- 
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f?"0) = zd. еее (0) —0 and so on 


Put these value in Maclaurian series 


: D x Е P Яг 
fe) F0) x fO) TIO +f" Or 
x? ха xe К y" 
> cos x =1 бу eer (-1) Ол 
4. Expansion of log (1+ x): 
[В.С.А. (Meerut) 2011] 
Let f(x) = 109(1+ x) = f(0) 21og120 
Е ТЕ iita ә ЕШ ОМ 
POT POs f= TS 
In general — f"(x) Кеш (n=)! 
(1+ х)” 
Thus f(0)20, f'(0 2L f''( (1)! (1)! 
F'O = (1)? (2), А (0) = c1 (3)! 
f" (0) 2 (-1 7 (п- 1) апа so on 
Put these value in Maclaurin's series we get 
А x Ж х - 
f(x) = f(0) + х f 0 oi^ Ou COE 
_ x? | x x4 | nl P 
Or log(l* х) =x 2 Ge ewe + (-l) 5 +..... 
5: Expansion of (1+ х)”: 
Let f(x) = 0 x)" 
> f'o) = mlx)” 1 f'(x)2m (т-1) (1+ x)” 


In general — f"(x) = m(m-1)(m —2) ....... (m — (n—1)) (1 - x)" 


>  f(0)zLf'(0)2m, f '(0) = m(m-1), }""' (0) = m(m-1)(m-2) 
f" (0) = m(m -1) (m -2)...... m — (n —1), 


Put these value in Maclaurian's series 


53 3 
Fla) = f0)+ x /' @)+ O /'' Он» по 


3)! 


ee ee т(т-1) Pad т(т-1)(т-2)....т-(1-1) | п 


(2)! | (л)! 
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© 
——_— Examples 
(Maclaurion's Series) 


Example 1: Obtain by Maclaurin's theorem the first fine terms in the expansion of 
log(1- sin x) [B.C.A. (Meerut) 2002, 2004, 2008] 


Solution: Let у = log(l+sin x) 2( y)g =0 


_ COS X тэ”, 
HT зу Jio = 
-sin x(l+ sin х) – cos? x —(1+ sin x) 
- - = = --1 
(1--віп х)? (1+ т xy? 1+sin x (ao 
| cosy _ cosx 1 _ 
з (1--віп xy? l+sinx l+sinx л» 
> (¥3)0 5-07)009)0 = (—1)(—1) =1 
(ло =-Ал-Ю 
> (Јајо =—-Ол)оОз)о (ә) =-1-1=-2 
апа (5) =-WI4 — 72.3 -25› Ja =—ул -3 Jo Js 
> (J5)o =(-1(-2)-3(-1) =2+3 25 
Put these values in Maclaurin's series, we get 
2 4 5 
— аж 3. 4 x | x | 
J = (о +57» + (271920 * 3)! (J3)o 4 (ay 40 (51 9570 эн 
2 3 4 5 
log(1+sin x) =0 + x+—— (-l) + >— (1) Z— (22) + А (5)+..... 
(2)! (3)! (4)! (5)! 
„2 3 4 5 
log(l + sin x) = x са 


Example 2: Find the first four terms in the expansion of log(1+ tan x) in the power of x. 
[B.C.A. (Meerut) 2005] 


Solution: Let у = log(1+ tan x) ә (у) «0 


Now eJ 2] tanx 
Differentiating both sides w.r.t.x, we get e? yj = sec? x (1) 
Putting х=0 0 (no -se?0 => (no =1 


Again differentiating (1), we get 
eye te y, 22 sec? x tan x 
or e (ye yy) =2 sec” xtanx ...(2) 
Putting x = 0 in (2), we get 
1-(у5)ї) =9 ог(»)у 5-1 
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Again differentiating (2) w.r.t. (х) we get 
e (Уу + Yo) t e! Q yi yo + уз) 22sec! x +4 sec? x tan? х 


or eJ (ye +3 и + уз) = 2 sec? х+4 вес? x tan? x (3) 


Putting x =0 in (3), we get 
1+3-1(—1)+ (y3)ọ =2 or (ys)o =4 
Differentiating (3), we get 
e! y Qi +3 + X) te" G Ia +39 +3 у\ уз + у) 


=8sect x tan х-8вес? x tan? х +8sec* x tan x 


or eJ (yt +6 ур у» +4 у уз +3 ys + уд) =16sect x tan x + 8sec? x tan? х (4) 


Putting x = 0 in (4), we get 
1-6:1-1)-4:1-4 +3 (-12 + (y4) =0 


ог (J4)o +14 20 or(y4)g =—14 
Now putting these values in Maclaurin's theorem, we get 
х^ х2 ха 
log(l+ їапх)=0+х.1+ (-1) 4 А + (-14)-..... 


Q^ ФГ qq 


2 
Or log(1+ tan x) = x — 723 spes 


Example 3: Apply Maclaurin's theorem to find the expansion in ascending powers of x 


of log,(1+ е") to terms containing х. 


Solution: Let y =log,(1+e*). Then ( y)g = 109,(1+ 2) = log, 2. 


e (1+е*)-1 1 1 1 
Now, = a= — =l - so that =1-—=—, 
“ 4 1-7 1-6" 1-7 (л) 2. 2 
e* е^ 1 
-04 = 85 -= у (1 = : 
J2 (1+ e*y? 14-67 14-67 A( A) JA ж 
45-43 fip. 
So that - = Seo е ee 
o tha (о =o “LU =5 (5) ! 
= po —2 so that (уз) ay 1 Lap 
23 = J242 78 ger. ийн 


2 
J4 = J3 -2 y2 -2 уу y so that ( y4)g =0 244) 0- rand so on. 
Now by Maclaurin's theorem, we have 
2 3 4 
х х х 
J = (0 + (лу, 55920 +510320 n 


: 121 8 хэ 1 
1ое(1+е*) =1ое2+х.—+—.—+—— 04 . Б... 
Ogee тым | | 
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Example 4: Assuming the validity of expansion, show that 


[B.C.A. (Rohilkhand) 2002, 2006, 2008] 
Solution: Let f(x) =logsecx = f(0)=log(secO) = log(1) =0 


f'(x)=tanx = / (0) -(ап0-0 

f'' (x) =sec7x=1+tan? x > f''(0)=14+0=1 
We can also write f''(x) =1+{f' (x)? 

И =2 Е" а) 9 /'"'(0)=2. /(О0)/7(0)-2:0-1-0 
апа Р) Ро" = /07(0)-0-:2-1-2 


Since Maclaurin's expansion is valid for the function f(x) = log sec x, therefore, 


à хэ 
f= /0)+х /'@ ++ £0) Л” OF (1) 
Putting the values of f(0), f'(0), f" (0), f (0), f (0) in (1), we get 
| х2 x42 х2 x 
og sec y = + F... = | Ene 
21 4! 2. 12 


Example 5: Assuming the validity of expansion, show that 


x 239 2922,4 920 
с“ cosx=l+x 1 


3! 4| 5! 


[B.C.A. (Meerut) 2003] 
Solution: Let f(x)=e* cosx = /(0)- &.cos0 21.121 
Thus f has derivatives of all orders, and we have f(0) 21- f'(0)21, 

f'' (0) 20, f" (0) 2-2, f (0) =-4, f (0) 2 —4 and so on. 


Since Maclaurin's expansion is valid for the function f(x) =е* cos x, therefore 
х? P 
Ја) = f) f) 7 f) 2 £0). 21) 


Putting the values of /(0), f'(0), f" (0), 777 (0), / ?(0) in (1), we get 


23 27,4 "t 


е” cos x lox 


3! 4! 5! 
x 
Example 6: Exapand by Maclaurin's theorem f(x) E i г as for as the terms of x. 
+e 
[B.C.A. (Rohilkhand) 2005] 
1+е*—1 1 1 L 1 
Solution: х) = --21 == Г(0)-1 =] = 
700 1+e* 1-с" 70) 1+ 

x x 

> f'(x)=0+—* S l 


| (р “Ipe dee 
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224 
4 


нһ|- 


- f'(x) = f(x)0- f(9) = f()-Lf@P = /'(0) = 


д =f) -2 fl) f(x) 5 у'@)=; j 3 
fs 1709-2170 -2 др") 


гү 1 
> р" Q)=0 2/ | ОЕ апазо оп. 
Since, function is differentiable any number of times, Maclaurin's expansion is valid for 
the function f(x), 
х? хэ 
> Тэрэ Шан Otag O0) Эв ...(Т) 


Putting the values of f(0), f'(0), f" (0), £'' (0), f (0) in (1), we get 


Л! І x хү 
= =—+x.—+ 0+ E suus 
ЛАЙ ЫТ s os) 


е^ i ox 14 


or -=—4 X^ +..... 
1+е 2 4 48 


Example 7: Apply Maclaurin's theorem to find the expansion in ascending powers of x of 


x ‚у; 4 
log,(1-- е") upto the term containing х. [B.C.A. (Delhi) 2004, 2004] 
Solution: Let f(x) =log(1+e") 2 f(0) 21log,(1 e = log, 2 
e* (I e) -1 1 1-1 
х) = = -1 '0)=1-= = 
fe 1+е* 1+е* l+e* БОЛ: 2 2 
" e* е“ 
f''(x) =04 ae = f'(x)[l- f'(x)] 


(Lees (+e) тет 


> FOFO- = Pos =} 
1 


/''"(х)=/''(х®)-2/'()/''( кезу ға. ius 
) 


f x) = /''"'(ху-2/''(х)]} -2f'Q)f'"'(x 

2 
1) 0- апо аза. 
4 8 


Since, Maclaurin's expansion is valid for the function Ч x) = log(1+ е”). Therefore 


Эн f (0) =0-2 ( 


fx) = /(0) +x Р Шы LP х "о "эт 1) 
Putting the values of f(0), /"(0), 7" (0), /" (0), к ) in (1), we get 


wc 1x31 2 v1 ‚ 
1ор„(1+е*) 21og2 E PRAE аг aa нь 


-1082-4:4 Б...... 
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Example 8: Expand log{x + ү1+ 22 } in ascending powers of x and find the general term. 


Solution: Let y=log{x+vl+ х^ } 


1 2х 1 
Th 5 414 - mi 
n A х- (12x?) | eu Ja х2) p 


00 (1+ х2)-1-0 


Differentiating again, we get (1+ х? )2 yj y» + 2 ху -0 


ог 210457) уу €] =0 
ог (1+ 32) y + xy, -0 since2 y #0 ...(3) 
Now differentiating (3) п times Бу Leibnitz's theorem, we get 
(1+ Жуу, +N. ух + Мас Yn? + Уух. у1=0 
ог (1+ Хуа + (20+ 1)ху + iP y, -0 ...(4) 


Putting x = 0 in (1), (2), (3) and (4), we get 
(No =9,(%)o=1 (92 )o =9 
And U»a2)o = — (Indo -5) 
Now Putting и = 1,3,5...... in (5), we get 
Оз =-P (no =- 
О» = (-37)(93)o 2 C3?) CD) = 37.7 
(о = C57) (95 Jo = (57 )(-37) P.) = 257,3? ^, and so on 


Putting л—2 in place of nin (5), we get 
(Омо = 6-07 2) Yn 2) (6) 
-(-(n-2Y Hn 4 } pao 
[ replacing n by 1-2 in (6), we have (y,,_9)o = -(n- 4. (Ys 4)0] 


Thus if nis odd, we have 
(Омо ={-(n- 2° H-(-4y).....(-52) 23?) P) 
= (-10707 (и-2)2 (и-4)?........ 5° 321° mus 


Again, putting n 2 2446,.... in (5) we get 
(J4)0 =" (рр -0,(У6)0 =-4° Cus =0 and soon. 
Thus, if n is even, we have ( y,)o =0. 


Now by Maclaurin's theorem, we have 


Ж. х2 x) 
J 7 (J)o + Ovo 521020 tar Uslot ө 


-- 508 ой Б.С.АМаіһетайсв-І (Unified) 


2 3 
log{x + (632) 20 x1 5045 Хэ рь”-0 


J 
eax-t paf (02р) 
p Us 


n 
The general term = A ( Ул)о Where ( y;)o is given by (7) when nis odd and ( y,„)ọ =0, when л 


is even. 
Put (2n- I) in place of n in (2), we find that 


(Co) ae oe a 52 32 2 


7 
_ 2 d 2 92 ? 292 52 X 
Thus log{x + N14 x? Ү-х-Е. a os би! 153-5 = +....... 


© 
—_— Examples 


(Taylor's Theorem) 


Example 9: Expand sin x in powers of Ё - z) by using Taylor's series. 
[B.C.A. (Meerut) 2003, 2005] 


Solution: Let f(x) = sin x, we want to expand f(x) in the powers of Ї - z) 


Ро)= Е Ё - 5) (Expand Бу Taylor's theorem) 


nre Ed eee o 
nte 


Now, f(x)=sin x, therefore f 


f'(x) = cos x, gives f' (5 


Г . л 


f'''(x)=- cos x gives f 


( 
) 

/''(х) =-sin x, gives f" ВЕ Эй А 
Gh 


f(x) = sin x gives Dub =sin дн =1 
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Substituting these values in (1) we get 


sin x =1+ [+ zat E DE du а) oaa Pe 


=1 ox "yl Ё ae seme Ys 


Example 10: Expand log sin (x + Л) in powers of A by Taylor's theorem. 


Solution: Let f(x +h) = log sin (x + h) 
Then by Taylor's theorem, we have 


log sin(x +h) = f(x +h) 


-—— лт” A 
- fo) ру Л" + а Pes 
Now  . f(x-*h)zlogsin(x + Л) 


f(x)2*logsinx f'(x)= 


I 


sin x 


cos x = cot x 


Рб) = —cosec?x 


/''' (x) = 2 cosec х. cosec x cot x = 2 cosec? x cot x 


2 
Hence, log sin(x + Л) =logsinx+hcotx- oT совес x + V I? cosec? x cot х+...... 


"I 
E 


БМ ei . . 
=:Comprehensive Exercise 


(Maclaurian's and Taylor's Theorem) 


Expand the following functions by Maclaurin's theorem. 


ах 2. tanx ЗВ 4. secx 5. ете 
6. Show that 
we 2p 2? x4 225p НЕ 
(i) e* cosx=l+yx Б... cos | — |= +...... 
(3)! 4! 6)! 4) (а)! 
2 n/2 
(ii) e" sinx=x4+ x? 2 à 2 х?+..... | sin (2)? 
в (5)! 4) (n) 
3 
(iii) e sin bx = bx + abx? Еа "P 
3)! 
n/2 
+ шэг x" sin ( tan! В) 
n)! а 
(іу) е“ cos bx =1+ах+ 2-0 x? аба -3/) 3 ғ... 
2 (3)! 
2 үп/2 
+ ағу, соз(лїап^! () +. 
а 


(л)! 


-- 510 i В.С.А Mathematics-I (Unified) 


8. (i) Expand sin”! (x +h) in powers of x as for as the term хэ. 
3 
ii) Prove that log(x +h) = log h+ Ž b onus 
(ii) 8 ) = log h E. ЕТЕ 


9. Ехрала tan! x in power of (» - 2) 


10. (1) Expand 23 +7х^ + x -lin the power of x -2 
(ii) Write the value of a, if the Taylor's theorem 
2х9 473? 4 x 120453 (х2) +19(х-2)2 +2(х-2)3 


11. Expand log sin x in the power of PN 


, (m= у 
(2) 


NU - ТЕ 


12. f(mx) = f(x) + (m-Daf (x (3)! 


a Py 


1 1+xloga + (x log a)? Ca) 
g о“ п 
3 
2 ge ш = os T 
3 15 
3 TRS х ШЕ Bs 


2 4 
a | арлаас 7: 


(2)! (4)! (6)! 
2 4 
22 14x42 — 7 
22740 
8. | (i) sin hrr у ^+ x МЕК? x Я Эу: 
(2)! ECT i 
2 2 
9! ШИ х ас х шороо 
«(2080-2182 0-2) ШЕ |} 
ШІ (145 +53 (х-2) +19(:=2)2 -2(x-2) (и) 
11. | logsin a+ (x-a) cota («-а) cosec? a + а-а), cosec? x соїа+...... 
; (2)! (3)! j ин 


%%% 


Indeterminate Forms 


01 Indeterminate Forms 


If f(x) and g(x) be any two functions of x, then we know that 


fo 15470) qa 


lim - 


хэа g(x) 2. gx) ga) 


But if both f(a) and g(a) are zero 


i.e. lim f(x) 590 and lim g(x) 0 
xoa xu 

Then lim f(x) = (9) 
хә а g(x) 0 


70), 


This is called indeterminate form. This does not mean that the limit of ES is 
gx 


meaningless or that it does not exist. 


The other indeterminate forms are: 


АЕР Т9 1”, 0° and e? 
1 1 
Note: logl=0,loge=1, log =e log а 
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9.1.1 The form (o) Г Hospital's Rule 


If f(x) and g(x) be two functions of x which can be expanded by Taylor's theorem in the 
neighborhood of x = a and if f(a) = g(a) = 0, then 


lim JW. lim 218 
xoa g(x) xoa g'(x) 


provided, the latter limit exists, finite or infinite. 
Proof: We have by Taylor's theorem 
2 
(x = а) [E а 


| F(a) + (х-а) f'(a) + 
lim Sœ = lim 


xoa g(x) xoa (х— а)? 


g(a) + (х—а)' (а) + 


(2)! 

Where В, Bel f" 4a 8; (x — à)), 0 «6 «1 
A): 

And К, = m ңа | 0, (х ау), 0 «0, =] 
n): 


Now, since f(a) -0 and g(a) 20 we get, after dividing both numerator and denominator 


by (x-a) 


lim йн = lim — 
xoa g(x) xoa g(a) i g (at... 
fu £0 


This is known as L'Hospital's rule 


Note: 
If Ра) = Г" (а) =........ = f" "(a =0 
and g (a) = g (a) =....... = ен (a) =0 


But f"(a) and g"(a) are not both zero, then by repeated application of L. Hospital's rule. 


fe) 2. fo 


lim = lim 


xau g(x) xau g'(x) 


Rule: If the limit of Нь as x > a takes the form (5) differentiate the numerator and 
gx 


f'(x) 
g'(x) 


0) , : : . 
takes the form (9) differentiate the numerator and denominator again w.r.t. x and repeat 


denominator separately w.r.t. x and obtain a new function 


. Now as x > a, if it again 


the above process, till indeterminate form persists. 
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9.1.2 Method of Expansion (Algebraic Method) 
The following expansions should be remembered. 


G) ((+х)”=1+лх+ щп-1) 2 | nn-D(n-2) 3, 
(2)! Qr еке 


(ii) яана ТТТ 1х|<1 


(іі) а*=1+ х1ора+^— к. +— 


(2)! 


: : x 
(v) ё7-1-х-4 | ғ... 


(v) sinx =x-——_+-—_.-..... 


(vi) cos x=l- ++... 
(2)! (4)! 
3 


(vii) тапх=х+—+-—=х°+...... 
3 15 


x 
^ 
A 


(viii)log (1+ x) 2 x 


(x) sin! x2x4 


4 
(ix) log (1- x) E ЭР ғ... ич 
NM 
6 
хэ 


mu 


: -1 
хі) tan х=хХ- Бао 
(xi) 3 


ы щл 


БЭРТ х 
(xii) пһх=х+——+-——+..... 


(xiii) cosh x = ПЕЛЕ ВЕЗИ 


Qi e 


ЦЭ” Examples 


Example 1: Evaluate 


sin x ss : sin ax 
(1) lim 


х-0 Ж х->0 sin bx 


[B.C.A. (Garhwal) 2011] 
е^ —log(1+ 
(iv) lim 22 -log0 t 9 
x0 x x20 х [В.С.А. (Meerut) 2007] 
хХ-2х3 Ax? +9х-4 
x31 — x*-2x)542x-1 [B.C.A. (Rohilkhand) 2002] 
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sin x 


Solution: (i) We have lim 
x20 x 


Applying L' Hospital's rule 


КЕЗЕН 
х-0 1 1 


> : sin ax 
(ii) lim = 
х->0 sin bx 


Applying L' Hospital's rule 
: cosax.d a 
= lim = 
x0 cosbx.b b 


Gi) lim C627 1 
x0 53 


Applying L' Hospital's rule 


xe* — log(l- х) 


2 


(iv) Wehave lim 
x> Х 


Applying L' Hospital's rule 


xe” xe = 
= lim І+ х 
x20 2x 


= lim 
x0 2 
_0+1+1+1_3 


2 2 


202-203-402 +9х-4 
(v) іт = 1 3 
xl x -2x'-2x-l 
Applying L' Hospital's rule 
2. 5x* 612 - 8x 49 
= lim 3 2 
xol 4x -6x +2 


Again by L' Hospital's rule 
.. 20x? -12x-8 
= lim j 
x21 ]2x* -12x 


Again by L' Hospital's rule 


= lim 


60x7-12 60-12 _ 48 _ 


хә1 24х-12 24-12 12 


4 


(4 form 
0 


(5) form 
0 


(5) form 

0 

(4 form 
0 

(5) form 
0 

(9) form 
0 

(0) form 
0 

(5) form 
0 
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Example 2: Evaluate 


(i) lim 2 088 [B.C.A. (Meerut) 2011] 
x0 X 
eno X-tanx КОРЕИ log x 
hg 5 lim 28% 
Gi) X DO хз 09 X 20 Х-1 
aX ,-ах 2 ора 
(iv) lim 2° —_ не ТИ wi) lim : 
х- 0 log(1+ bx) x20 l-cosx хә} x*— 
Solution: (i) We have lim pom (5) form 
х-0 x 0 
Applying L' Hospital's rule 
| — cos Ч | | 
= lim 7 — | form 
x>0 3x 0 
= lim |ш “| (4 form 
x30 бх 0 
Applying L' Hospital's rule = lim ез “| = 1 
x20 6 
(ii ^ Wehave lim Балы (4 богш 
х-0 x 0 
1-sec? x 0 
Applying L' Hospital's rule = lim — sz (4 form 
x20 3x 0 


2 
Again applying L' Hospital's rule lim [mme 
х- 0 бх 


. —Asec? x tan? x -2 sec! x -2 -l 
= lim - = 
x0 6 6 3 
(iii) lim 2085 (4 form 
x1 Х-1 0 
Applying L' Hospital's rule 
= lim (=) -1 
x0 1 
ах -ах 
(іу) Wehave lim 2 (5) form 
x30 log (1+ bx) 0 
Applying L' Hospital's rule 
| ае +e “а 2а 
= lim = 
х- 0 b 1 b 
l+ bx 
log (1+ kx? 
(v) Wehave lim DEURE) Y form 
х-ә0 (l-cos х) 0 


Applying L' Hospital's rule 
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| (о) 
= ait —— | — | form 
x30 sin x 0 


| 2х (5) 
= lim 2 — |form 
x20 (1+ Àkx^)sinx 0 


Again applying L' Hospital's rule 


: 2k 
= lim 7 =2k 
x20 [(2kx)sin x + (1+ &^) cos x 


b х 
(vi) Wehave lim ~ - ый (4 form 
xobx*'-— n 0 


Let y 2 x* > log y = xlog'x' 


Differentiate w.r.t. х 


ЦЭЭР 


=— =y., —+ log x 
Ja х. — + log x 
d : 
> “= уй+1орх) =x" (1+ log x) 
> 527127. (1+ log х) 
de 5 
b x „5-1 рх 
lim 2 -b _ lim bx b* log b 


- By L. Hospital's rule 
хэр х5-17 x>b x” (1+ log x) - 0 (Ву Ё 


СВ p Jog? _ Ъ”(1—1ор}) _1-1ор} 
00 (1+ 1060) 00 (1+ 1050) l*logb 


Example 3: Evaluate 


| ev + о") 
(1) lim 15954 
х>0 їапх-х ЇВ.С.А. (Rohilkhand) 2000, 2003] 


x cos x — log (1+ x) 


Ф lim 
ii 
GD 230 x [B.C.A. (Meerut) 2004] 
. e*-2cosx+e* 
(іі) Іш ——__—_ 
х-0 xsin x [B.C.A. (Rohilkhand) 2000] 
Gv) l e* sinx -x- x? 
jv). HE су STATUE 
x20 x^ + xlog(l-x) [B.C.A. (Kanpur) 2011] 


(2) 

е" + log | —— 

Solution: (i) We have lim —~ 
x30 їапх-х 


х - -- 
_ lim е^ + log(1— x) – loge (5) iem 


х- 0 їапх-х 


ш Indeterminate Forms 


By L' Hospital's rule lim =———- 
x20 бес х-1 


Again by L' Hospital's rule 
gus. 
= lim 1-2)? 


х0 2sec? xtanx 


Again by L' Hospital's rule 
x 2 
(1- x9 ES! 


= lim : 
2 Р 2 


x20 | 2sec* х+4 sec? tan 


x cos x – log(1- x) 
2 


m lim 
(ii) x0 X 


Applying L' Hospital's rule 


xsin x + cos x 


= lim 1+х 
x0 AX 
Again by L' Hospital rule 
—sin x — sin x х cos х---- 
= lim ea 1 
x0 2 2 
x А -Х 
(ін) lim e -2 сов х+е 
x0 xsin x 
Applying L' Hospital rule 
. € -*2sinx-e* 
= lim — — >>: 


x0 sinx+xcos x 


Again by L' Hospital 


х>0 |cosx+cosx—xsinx 


ж =% 
= tim | e +2 со5х+е 5-2 


| 20 @*8їпх—х—х^ 
(iv) lim Tg A 
x20 x^ + xlog(l— x) 


517 жш 


= lim 
x20 2 x? E 
x^-c-x|-x—-——-——--——-..... 
4 
3 3 
b MM; 
xx? | +...... х—х° 
= lim 6 2 
к-0 -1 3 
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= lim 
x20 3 1 ) -1/2 3 
——+....... 
2 
ҮЗ 
sin x- x +— 
Example 4: Evaluate lim ———- 
х->0 Х 
Solution: We have 
хэ 
sin x- x +— 0 
lim ———- (4 form 
x30 X 0 
pop х3 
i +..... Хх + 
ate, (3)! (5)! 
x20 " 
хэ x 
(5)! (7)! 2 
= lim Ө) LD! = Jim е 5 P ЭЭ? = L- l 
x0 X х-0 | (5)! (7)! (5)! 120 
Example 5: Evaluate 
Ах оо 
lim (1+ x) е 
x20 x [B.C.A (Meerut) 2003] 
Solution: We have 
l/x _ 
lim Ura te (4 form 
x20 X 0 
As lim (1+ x) "=e 
x20 
Let y=(l+ х)", then 
2 3 
пан т | 
x 7 
2 
-11- z + E 
2 3 
x x 
=1+2 25---4---.... 
2 3 
2 
у= =ee duct os 
(0! (2)! 
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2 24 
х По 
(Le ху : [ pum buses E 
Now, lim lim 
x20 x x20 X 
E т | 
. 2 24 
= lim 
x20 Xx 
: | 1 11 | —е 
= lim e i Б...... — 
x0 2 24 2 


X -Х 2 
Example 6: Evaluate lim бте 210 (1+ x) 


х-0 xsinx [B.C.A. (Meerut) 2006] 
Solution: We have 
е7 92 log (1+х 
lim 4-24 - ogee) (4 form 
x30 xsinx 0 
By L' Hospital's rule 
e+e- T 0 
- lim — 1+х (0) form 
х-0 sinx+xcos x 0 


x -Х 2 
ә нүхэн 
: (1+ x) 1-1-2 
= lim = = 
x0 cosx+cosx—xsinx 1-1-0 


1/2 
Example 7: Evaluate lim se 
x30 (е —1) 


1/2 
j t 
Solution: We have lim ап | с 
х-0 (e* –1) / 


: x’ tanx . x'^ tan x 
= lim 77 = lim 373 
x20 2 x20 2 
DEI гүнг -1 XL... 
: x! tan x tan X 
= lim = lim 


wu 520 us В.С.А Mathematics-I (Unified) 


i 1 tan х 
~ a x 3/2 - -1-1-1 
( ++... ) 
2 
Example 8: Evaluate lim ae 
x0 x^tanx [B.C.A. (Meerut) 2003,2007] 
Solution: We have 
: tanx—-x : 
lim LX (4 form 
x20 x^tanx о 
3 
94 2 + А 3 Басын X 
= lim 15 
гэ0 of л? 
X" | е 
3 


Example 9: lim 
x20 x [B.C.A. (Rohilkhand) 2005] 


ах —b* 0 
lim (5) form 
x20 X 0 


Applying L. Hospital's rule 


Solution: We have 


Жж x 
= lim a loga-b logh -loga-logb = log Ө 
x0 1 b 


Example 10: Find the value of a and р in order that 


x (1+ acos x) - bsin x 


lim 3 may be equal to 1. 
x0 X 

Solution: Wehave lim ао E EPI (0) form 
x Ж 0 


2 A 3 5 
(е 5 ar сс | ф dip зас, | 
(2)! (4)! (3)! (5)! - 
3 
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e) 
—— + H 
= lim е” | 2 6, =] 
x0 X x 
> l+a—b=0 and LU NET 
2 6 
: 3 
Solve these equations, we “эсгийн иг) 
Example 11: Find the value of a,b,c so that 
x 1 -Х 
lim ae ЕЕ 59 
х->0 xsinx 
Solution: We have 
х = 
lim ae = оыс 29 
x0 xsinx 
2 3 2 4 
= lim a| l4 x4 E ы ы 11-42 54 
x30 (2)! (3)! Q (4)! 
l 53 
+c] l—-x + —--—— H...... 
| (2)! (3)! | 
3 5 =2 
х 
+——+..... 
| (3)1 6)! | 
jfa. b c 
(а-р+с) + x(a-c)* x =+ JH... 
қ 2 2 2 
= lim 7 " =) 
x0 2 X xX 
- LM +... 
| (3)! 6! | 
a-b+c a-c а b c 
ru 20 
> 1 35 -2 
25 x? хэ 
— — + — 
(3)! (5)! 
> а-р+с=0, a-c=0anda+b+c=4 


Solve these equations, we get 
а=], b=2 andc=1 


Е 522 А В.С.А Mathematics-I (Unified) 


*: Comprehensive Exercise 9.1 


Evaluate 
2 2 
ЈЕСТЕ: -108(1-Х9) 
1. lim а: 2. lim вый. 
x0 X x20 logcosx 
: tan x . at] 
3 lim 4 lim 
x20 x x20 p*-] 
. x—sin x l—cos x 
5 lim 3 6 1 2 
x20 tan’ x Ы x0 3x 
. l- cos x | log (1+ x?) 
7 lim ——————— 8. lim ---4а -- 
x20 х10 (143) x20 sin? x 
віп хві x е – е OOS 
9. lim — z 10. lim -- с: 
x0 X x20 Х-8ШХ 
11. lim d -h 12 lim = Шы. 
“хэр gf -p | x20 x* sinx 
. cosh x — cos x е“ — log (e + ex 
13 im — — — — 14. lim € — log (e+ ex) 
x20 xsin x 352.) x? 
| cos? лх . . a -l-xloga 
15. lim D 16. lim EL ын 
х-»1/2 е —2ex x20 X 
: ex 
_ sin2x42sin? x-2sinx @+ * e+ = 
17. lim 2 1: fim os 
х>0 cos x—cos* x zol Ám 
lim tan x—sin x 
19. о E 
: ... X(a* bcos x) -csin x 
20. Find the values of a,b,c so that lim ( ) zr 


x0 > 
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Answers 
Л, | ВЕ 2, S 3, 1 
2 
4. | log, a 5 1 ЖЕ 
6 6 
7. mE NE 1 9. |I 
2 
ІШ 3 ШИШ ВЫ n2, ! 
1+ log b 3 
12! БҮЙ | 15. | л? 
2е 
16. | | (пора)? 17. | 4 18. | 11 
2 24 
П І 20. | а-120, b=60, 
2 с=180 


9.1.3 When form (2) then Applying L' Hospital's Rule 


Note: log0 = –, log e» = ee 


Example 12: Evaluate 


() lim — 
хә £ [B.C.A. (Meerut) 2008] 
1 X 
бі) lim 981 
x0 cotx [B.C.A. (Meerut) 2000] 
ГІ Х- х) 
(iii) lim ас (iv) lim — 27 
X9 A x п/2 tan x 
2 
(у) lim log t (vi) lim хх 
x20 cotx х = 


3 
Solution: (i) We have lim (=| 
Хх >> оо 


е? 


х> со е 


2 
Applying L' Hospital's rule= lim ES 
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= lim (=) (= form) 
ХЭ со е со 
6 


= lim (5 = B =—=0 
X — оо e* e^ go 
(ii) We have lim 1955 (= form) 
х- 0 cotx со 
Applying L' Hospital rule 
. | 1/х | 
= lim — a 
x>0 |-со8ёс x 
= lim a Ч (5 form) 
x0 X 
Again by L' Hospital's rule 
E —2 sin x cos x 
= lim | ——— — — 
x70 
ра —sin T -0 20 
x20 
Й log x сө 
(ii) lim = Е form) 
X — со a со 
By L' Hospital's rule 
= lim 1/х $ =0х0=0 
хә = |a" loga со 
ГЕ - z) т 
(iv) lim с 22 Е form) 
хә 1/2 tan х со 
By L' Hospital's rule 
1 
2 
= lim 4Х-Л/24- lim ко 
x n/2 | sect x xomn/2 |х-т/2 
= lim S A Й 0 [By L' Hospital's rule] 
x> 1/2 1 1 
log x? T 
(v) lim 98 : (= form) 
х->0 cot x оо 
By L' Hospital's rule 
1/x? x2x 


= lim E 9 R^ 
x0 -cosec^x^ x2x 
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Again by L' Hospital's rule 


т(т--1)х”72 


= lim 


Continuous upto л time 


2 
= lim E ) sin 32)21x0 20 


- -2)...3.2. n) | 
Em m(m — 1) (m га), 324. lim (m)! 0 
X о ех x £^ 
log log (1-3? T 
Example 13: Evaluate lim Be ee 02-81 (= form) 
x20 log log cos x со 
Applying L' Hospital's rule 
lo 1 х?) 1 3 9 
= lim Bi 
шах: : .(-віп x) 
log cos x cos x 
22 lim x cos x log cos x 


x0 sinx (1-х?) log(1 - x?) 


COS X 


log cos x 


lim 


=2 lim 


——. z- lim 2 
х- 0 sinx x50 ]-x^ x0 108 (1-2) 


-Әхіхіх lim 


x20 log (1-22) 


(-віп х) 
=2 lim <0$Х 


log cos x 


x20 
-2x 
cz! ) 
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9.1.4 Form (0 x сэ). This form can be written in the form (9) ог (2) i.e., 


со 
0x» ee 
1/ 0 
And kss LC 
1/0 œ 


Then used L' Hospital rule or otherwise. 


ИЯ Examples 


Example 14: Evaluate 


T 
i li — |1 
(i) im (sec Z) og x 


[B.C.A. (Meerut) 2002] 


(ii) lim x log x 
х>0 


(ii) lim (1—х)тап = 
x21 2 [B.C.A. (kanpur) 2006] 


Solution: 
(i) lim sec t3 log x [form ee х0] 
x1 2x 
= lim log x 
кә! cos ( т. ) 
2х 
Applying L' Hospital's rule 
. 1/х 7 2х ( T ) 2 
= lim = lim cosec = 
xol . (=) л хә1 T 2х) m 
—sin| — || - —;- 
2X 2? 
(ii) lim xlogx [0 x ee from ] 
x20 
| log x 65 
= lim (= form) 
x20 1/х Ён 


By Г Hospital's rule 


(11) Similar to (ii) 
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9.1.5 Form [co – œ]. If lim f(x) = е and lim g(x) = e 
xoa xoa 


Then lim [ f(x) – g(x)] becomes of the form (оо — оо) we write it as 
xu 


1 1 
F(x). g(x) 


Then applying L' Hospital's rule 


ІШ Examples 


Example 15: Evaluate 


1 1 
б) lim " Ime. 
x30 Ax" sin x [B.C.A. (Meerut) 2000, 2006] 
(ii) lim (5- cot? J 
TOME [B.C.A. (Meerut) 2006] 
Solution: (i) We have lim (z-z) ( оо — со form) 
x20 Хх sin^ x 
. sin? x- x? 0 
= lim 77-00 — form 
x0 x^ sin^ x 0 


Applying L' Hospital's rule 


: | 2sinxcosx-2x | 
= lim 


x20 | 2x. sin? x x? (2 sin x cos х) 
. sin2x-2x 0 
= lim ЖЕ 3 — form 
x0 2х. sine x 4 x^ sin2x 0 


: 2cos2x-2 
= lim —5 | : 2 
x20 12 яп” x+4xsin x cos x+2xsin2x+x* 2 сов 2х 


: 2 соз2х-2 0 
= lim — 5 - 5 — form 
x20 2sinf x - 4xsin2x * Ax^ cos2x 0 


Applying L' Hospital's rule 
—4sin2x 


= lim - - FAx cos 2x 42x? (-2 sin 2x) 
x30 45іп х cos x - 4sin2x + 8x cos 2x 
—4sin2 
= lim В -Ахсов2х-4х? sin2x 
x30 2sin2x+4sin2x+8xcos2x 
. —4sin2x 0 
= lim j — form 
x20 2sin2x--4sin2x- 12x cos2x - Ax^ sin2x 0 
= lim 222 8хзїп2х—8х° cos2x 


х-0 4cos2x+8cos2x+12 cos2x -24xsin2x 


Е 528 А В.С.А Mathematics-I (Unified) 


8 2 
24 3 
E : 1 2 
(8) 1ш —-cot x | (ео – о) form] 
х x 
? 1 cos? х . sin? x - x? cos? x 
- lim Ua 7 9 = lim oe л 
x30 |x sin” x x0 x^ sin^ x 
= lim sin? х—х^ cos? x x 
x0 xt ‘sin? x 
- lim sin? x - x? cos? x 
x0 " 
2x* 
2 ЖОО x* [1 - x24......] 
= lim 9)! 
х->0 x 
4 
x 
xc scs m 
= lim 3 4 
x20 X 
2 
E тн 2 
= lim 3 = 
х->0 x 3 


Example 16: (i) lim, E T log (1+ 2 
х> 


X ox 


т | 1 са 
х( 2 


li 
x0 l4 x) X 


[B.C.A. (Kanpur) 2004, 2007] 


(ii) 
[B.C.A. (Agra) 2003] 


(їй) lim Р -cot 3 


x30 үх [В.С.А. (Garhwal) 2010] 
(iv) lim | - а 

х-11х7-1 x-l [B.C.A. (Bundelkhand) 2000] 

: ЭРЭ 1-1 : x - log (1+ x) (5 | 
Solution: 1 —--5 log (l+ х) |= 1 20 

olution: (i) Jim Ё 2 og ( ] tim | E, 0 orm 
Applying L' Hospital's rule 
lon 
zd 1+ | 1+х-1 1 11 


х-э0 | 2x x20 2x(I-x) x20 2(1+х) 2’ 


(1) We have lim 


х-0 


| 1 log + 2 


x(1+ x) x? 


= lim Е — (1+ x) log(l+ х) | (5 form) 


x? (1+ x) 


ш Indeterminate Forms sui fiz ZC 52) шшщщ 


1-1-:4):-1---10:4-4) 


= lim (l+ x) j 
x20 2х-3х 

= lim 208168 (5 form) 
x20 2х-3х 0 


Applying L' Hospital's rule 
ol 
1+х 1 


= lim = 
x30 2-6х 2 


: 1 А 1 cosx : sinx—xcos x) [0 
(ii) lim cot x |= lim Е = lim А form 
x20 х x30 ix sinx x30 xsin x 0 
Applying L' Hospital's rule 
(= X— COS x+ xsin 3 


= lim 
x20 


: xsin x 0 
= lim |- : — form 
х-0 \sinx+xcos x 0 


Applying L' Hospital's rule 


: X cos x - sin x 
= lim 


sinx+xcos x 


х->0 \ cos x + cos x  xsin x 
: X cos x+sin x 0 
= lim ( - )- =0 
x30\2 cos x- xsin x 2 
2 1 
i lim | а (co — оо form) 
(iv) хә] x? 21 Х-1 


. 2—(х +1) : 1-х : -1 1 
= lim = lim = lim 5 Ў 
xl yal rol |z? -1 х-1 (2х 2 


9.1.6 When the forms 0° ,1° , 0° 
Suppose lim Lf (x) Jo take any one of these forms 
Xu 
Then let y= lim [f(x]? 
Xu 


Taking logrithim of both sides, we get 
log y= lim $(x).log f(x) 
х->а 


Now іп any of the above form log y takes the form 0 x ee which is changed to form (5) ог 


(3) Then applying L' Hospital's rule. 
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ас Examples 


Example 17: Evaluate 


x 
( lim (+) 
X— со X 


[B.C.A. (Garhwal) 2009] 


Gi) lim +x} 
х>0 [В.С.А. (Meerut) 2005] 


2. 
(iii) lim (cos ху * 
х>0 [В.С.А. (Rohilkhand) 2007; (Delhi) 2011] 

(iv) lim (cos x)!/* 
х>0 [B.C.A. (Meerut) 2001, 2002, 2006] 


x 
Solution: (i) Let y= lim (+ = [form 171 
х 


х> оо 


log y= lim b (1+ 3 10 x co form] 
Х- оо x 


log ( + 2) 0 
= lim x (5 form) 


Applying L' Hospital's rule 


= 
| 
“ol a 


| 


eo 
— 
+ 

ыа 

й 


= lim = lim =a >y=e" 
X со СЕ x29 ||“ 
x? x 
(i) We have lim (1+ x) /* 
x20 
Let у= lim (Lex) * П? form] 
x20 
. log(1- x) 
1 Si — 
- ope dim [8€ 
= lim l = Tim | l ім 
xo0 |1+х х-0(1-х 
1 
= у=е =e 


or lim (1+ x)!" =e 
x0 


2 Indeterminate Forms 


cot? x 


iii We have = lim (cos x 
J 
x0 


log y lim cot? x. log(cos x) 
x0 


_ lim j = 4 


x0 | tan” x 


Applying L' Hospital's rule 


х-віпх 
= lim 40057 -- 


x20 |2 tan x.sec? x 


| -tany _ 
= lim | 
x20 ine tan x.sec? x 


= lim = 32 
x30 [2sec? x 


551 


[1° form | 


(0 X co form) 


Е form] 
(0) 


yar” 
2 E 
Or lim (cos x)?* * = 2! 
х-0 2 
(іу) Wehave у= lim (cos х)\/* [I^ form] 
х>0 
log y= lim B log cos x [о х0 form] 
x20 Vx 
= lim E [ оту 
x70 x 0 
(—sin x) 
Applying L. Hospital's rule = lim £25 =0 
x30 1 
J == е == 1 


Example 18: Evaluate 


G) lim > 
х-0 Xx 

2 

Gi) lim (S 
x x 


[B.C.A. (Rohtak) 2009] 


[B.C.A. (Rohilkhand ) 2005] 


[B.C.A. (Rohilkhand ) 2000, 2003] 


[B.C.A. (Meerut ) 2003] 


[B.C.A. (Meerut ) 2005, 2008] 
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3 
бага (= “| 
x0 


59 


[B.C.A. (Meerut) 2006] 


x0 


1/х 
Solution: (i) We һауе y= lim (= =) [1° from] 


1 

= lim —lo 

x20 X 5 Х 

2 

= lim bus а. 

х-0 x 3. 15 

2 

= lim das (1+2) where z =% + 24+... 

x>0 x 3 15 


. 1 | 2° | 
= lim —+42—-——+..... 
x30 x 2 
2 
2 2 
ШТ. Ce 7 — Et ae qs TA 
x20 x43 15 213 15 


2 „2 
= lim 4 x (2 5} е = lim 4 = | 287 мэс 
x20x|3 15 18 x20x |3 90 


3 90 
J = 0 -1 
1/х2 
(ii) Wehave y= lim (=) [1° form] 
x>0 X. 
tan x 
1 -1 | 
og у= tim, tog (=) 
2) 25 
Жо... 
—2 3 I5 
хәб 2 5 x 


__ d l 2 4 
= 1 — 1 +++... 
1111 2 "| 3 15” | 


x30 х 


= lim iG (1+ 2), where ea? 42 y + 
x20 x? Б i eo УС 


ш Indeterminate Forms sess 555 22 


= lim 
х-0 х 


2 2 2 
EB 2 4 1 Ё 3 ы | | 
= lim 7 + х... +—х*+....| +.... 


x20 х 3 15 213 15 
2 
= lim : ЖЕ : x4... 
x20 x 3 90 
= lim ее sedia ім 
х-э0 (3 90 
ТЕГІ 
1/х 
(iii) Similar to (ii) lim (= = оо, 
х- 0 X 
А sin хү? 
(iv) We have y= lim ( | [1° form] 
x20 x 
log у= lim : СЕ 3! 
x20 x X 
Do 
-B O — 
= lim —log (3) 
x20 x X 
2 4 
= lim Lig ilz инч 
x20 х 6 120 
1 2 xt 
= lim —1 1- = 
oo f 6 а 


2 
wo ll 2 xf 1( х 
= lim +| -| —-——]-—] — -—__| ....... 
х>0х 6 120] 216 120 
21 x? xt x 
= lim i End 
x>0 x 6 120 72 
: 1 х2 ñ 
= lim шэн 
x30 X 6 180 


: 3 
= fim. eee =0 
x30] 6 180 


: 1/х 
or lim (=) =] 
х- 0 Х 
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1 1/x? 
(v) We have y= lim (= 3 


x0 x 


хз ү? 


1 "9 5)! 
log у = lim — log (3! (5)! 


x20 x x 


NI 


tf x2 x 
= lim ere 
x20 х 6 180 


| 1 x 1 
= lim Б...... ‚== 
x30 6 180 6 


> у= e 1/6 
А 1/х 
(vi We have y= lim (=) 
x0 x 
sin x 
og у um Ес og( = ) 
EN 
! | 
log уз lim log 3 (5) 
x20 х x 


% 1 E E 
= lim —4——-——-.ee. шо-оо 
хэ0 ¢ | 6 180 


sinh хү? 
Example 19: ши ES 


с 1/х 
Solution: Let y= lim Е 
x0 X 
log y= lim — log Е =) 

х-0 

x) > 
ары реа сарын 

G (5)! 


x0 х x 


ш Indeterminate Forms 


: 1 хх 
= Ша — 10041---4---“..... 
x30 x2 6 120 


555 жш 


= lim ES {log(1+ 2) where z В 
ат i ~6 120 
. 1 2 . 1 [2 xt 
= lim — 4z-—-4....... = lim i 
130 x2 2 x30 12 |6 180 
jad” 


х->а а 


tan (2) 
Example 20: Evaluate, lim Ё -*) 2a 


Solution: We have 


y= lim (2 - y 


xoa a 
log y= lim (2) ГЕ -*) 
xa 2a а 


Applying L. Hospital's rule = lim 
ppiying р u Pu ccm (=) 3 
a 


l 2a 1 229 (=) 2 
= lim sin = 
хәа а Т (2 z) 2a T 
a 
у=!" 


Example 21: Evaluate lim x* 
x20 


Solution: Let у= lim x* 
x0 


log у= іт xlogx 
x0 


| co xO form] 


E от) 
0 


(0 x ee form] 


E form] 
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Example 22: Evaluate lim (sin жүп х 


x0 


Solution: We have y= lim (sin y) x 
x20 


log y = lim tan xlog (sin x) (0 x ee form] 
~ х-0 


= lim log (sin x) lo ют 


x0 cot x 


—— X COS X " 
Applying L. Hospital's гше = lim 15015 5 (= form) 
x20 | -со8ёс x оо 


; sin? x 
= lim 4- 
x30 tan х 


-— Р sin x cos 3 -0 


х-0 sec? X 


у=‹9=1 


Example 23: Evaluate lim (ta х|!/* 


X— оо 


1/х 
Solution: Let = lim ( ап” D 


X— оо 


2 
2 


log y = lim | log (5 tan гіз) 


X9 X 
T -1 
Ї —-t 
og E an s) 


= lim 
X— со Х 
1 b 1 
= lim n/2-tan x 1+2 
X— со 1 
B 1 
= lim 1+ х^ 


ш Indeterminate Forms 


у= =1 
Example 24: Evaluate lim (sec cote 
х-т/2 
Solution: Let y= lim (вес хо 
х-т/2 


log y= lim cotx log (sec x), 
x3 1/2 


= ia ies 


xmn/2 tan x 
Applying L. Hospital's rule 


xsec x tan x 
log y= lim 15659 — — 
ai--mi2 sec x 


: tan х 
lim m 
xm/2 (ес x 


= lim 1віпхсовх)-0 
xmn/2 


е 


= : Comprehensive Exercise 9.2 


Evaluate 
1. lim (sec x — tan x) 2.  lim(cosecx- cot x) 
E 1 x0 3 1 
22 li Е 
3. lim — 4. $24 | z= log x 
х- 0 x 
5. lim (sinx)""* 6. іт (1+х72)* 
xm/2 Х- со 
2 : 1/х 
li М/х . sinh x 
x0 X 
1/2 yy lle 
9: dim 2(cosh x-1) 10. lim |4 +Ь 
x30 х2 x30 2 
5 atan2x * _ 
a uw 12. iim 21 
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13. lim QU С a е pe ` 
х оо \Х 
15. lim (соёх)"* 16. lim (a*+ x)!" 
x0 x0 
17. lim (se х- т | 18. jim (cose х- E 
хәт/2 l-sin x x0 x) 
19. lim 1 1 20. іш «эн 2 asi 
"^ x20|e*-l х doses a 
21. tim 2*sin( 4) 22. lim x" (log x)" 
X— оо х х->0 
: /х А 
эь un 24. lim fetan (3 
X— оо х 
29, 
25. lim log(tan E 
x20 ]log(tan^ x) 
Answers 
1. 0 2. NU 3 =. 4 E 3, 1 6. |1 
: : қ 3 -12 
1 
7. ^ | 8. 1 9. |012) | 10, | yab 11 s 12, m 
1 
13. 1 14. z По. 1 16. | ас I7. <= 18. | e 
1 
|^ [ ^. > 21. |a 2210 23. | loga | 24. | 1 
25» 1 
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Maxima and Minima 


10.1 Maximum and Minimum Values of a Function 


10.1.1 Maximum Value 

A function f(x) is said to attain the maximum value in an interval J at a point а є J, if 
/(а) 2 f(x) Vx eI 

ie., f(a) is called the maximum value or greatest value or absolute maximum value of 


f(x) in I, and a is called the point of maximum of f(x) in I. 


10.1.2 Minimum Value 


A function is said to attain a minimum value in an interval J at a point a eT 
if Ка < f(x) хє 


ie., f(a) is called the minimum value or least value or absolute minimum value. 


10.2 Local Maxima and Local Minima 


In domain of a function, there may be points where the function does not attain the 
maximum or minimum value but the values at these points are greater or less than the 
values of the function in the small neighbourhood of the points. Such points are known as 
the points of local maximum or local minimum. 
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10.5 Extreme Values 


The points at which a function f(x) has either local maximum values or local minimum 
values are called the extreme points or turning points and both the local maximum and 


local minimum values are called extreme values. 


It is obvious that a function f(x) has an extreme value at x =a if f(x) is either a local 
maximum or a local minimum value. Therefore, f(x) — f(a) has the same sign at x =a for 


all values of x in a deleted neighbourhood of the point x = a. 


All extreme values of f(x) are also critical values for f(x). In other words, any non-critical 


value for f(x) cannot be an extremum for f(x). 


10.4 Tests for Finding Maxima or Minima 


I. First Derivative Test: In order to find the extremum values of a given function y = f(x) 


by using the first derivative test, we proceed according to the following steps. 


4 
(i) Find m and equate it to zero. 


(ii) Solve this equation for real values of x, let these values be a, b, c, .... 


" d 
(iii) Consider the value x =a, study the sign of m for values of x slightly less than and 
dx 


slightly greater than a. 


: d 
(iv) If 7 changes sign from positive to negative, then f(x) has maximum at x =a. 
» 
d 
(v) If 7 changes sign from negative to positive, then f(x) is minimum at x =a. 
x 
: а 
(vi) If 7 does not change sign, then x =a is a point neither of maximum nor of 
Ё 


minimum. 

II. Higher Order Derivative Test: 

(i) Find f'(x) by differentiating the given function f(x) with respect to x. 

(ii) Solve the equation f'' (x) -0 for real values of x. Let these values be q , a, 43,..... 

(іі) Find f''(x) and substitute in it by turns д, a, 45, ..... 

(iv) If f''(q)is negative, we have a maximum at x = д. 

(v) If f''(q)is positive, we have minimum at x = q. 

(vi) Iff” (a) =0,find f’’’ (x) and substitute in it a. If f’’’ (а) #0, there is neither a 
maximum nor a minimum at x = д. 

(vii) If f” (aq) = 0 find f 0% (x) and substitute in it a,. lf f ia) is negative, we have a 


maximum at x = aj, and if f (v) is positive, a minimum. If it is zero, find f 9) and зо оп. 
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Їл: Examples 


(Maximum and Minimum) 


Example 1: Find the points of local maxima or local minima of the function, 

f(x) =x? 6x? +9х +15 
using the first derivative test. Also find the local maximum or local minimum values, as the 
case may be. [B.C.A (Allahabad) 2009] 
Solution: We have, 

F(x) =x? – 622 +9x415 


=> РО) 23x? -12x +9 

For local maximum or local minimum, we have 
Sf’ (x) =0 

> 3x7 -12х+9=0 

> х2 -4x 2320 

= (x -1) (x -3) 0 

— жэ 


Now, to test the local maximum or local minimum or neither of them at x =l and x =3. 


When x =1,in this case, if x is slightly less that I, it is clear that (x — 1) is negative and (x – 3) 


is also negative and hence, 
Р(х) =3 (x - 1) (x 23) is positive. 


When х is slightly greater than 1, (x — 1) is positive and (x – 3) is negative. Therefore, f’ (x) 
is negative. 


Thus, f'(x) changes sign from positive to negative, as x increase through x =1. Therefore, 
x zl isa point of local maximum. 
The local maximum value = f(1) 
-Г-6-Ё-9-1-15-19. 


When х =3, in this case, if x is slightly less than 3, then (x – 1) is positive and (x —3) is 
negative. 
f'(x) =3 (x - I) (x -3) is negative. 


Again, when х is slightly greater than 3, then (x — 1) as well as (x —3) are positive. 


Thus, f'(x) changes sign from negative to positive as x increases through x =3. Therefore, 


x =3 is a point of local minimum. 


. The local minimum value = f(3) 215. 


Hence, the local maximum value is 19 at x = Land the local minimum value is 15 at x = 3. 
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Example 2: Find the local maxima or local minima, if any of 


(i) f(x) = 


1 
42 


(й) f(x)- x? -3x 


In each case, find the local maximum or the local minimum values, as the case may be. 


Solution: (i) We have, f(x) = 


(ii) 


1 КУ AX 
зан (х2 +2) 


"m 


For a local maxima ог minima, we have f' (x) 20 


-2x 
(х) 202 =0 5х =0 
е) (2 +2)? 
Now, when х is slightly less than О i.e., when х is negative, then f’ (x) = 2 2 
(x^ + 2) 
is positive. When х is slightly greater than 0 then f’ (x) = Gu «0. 
хо. 


Thus, f’ (x) change sign from positive to negative. So, х =0 is a point of local 


maximum. 

And, local maximum value is f(0) = — 1 Е А 
(05-2) 2 

Үүе һахе, Ро) = х? -3х = р(х) =3х° -3 


Now, for a maximum or minimum, we have 

f'(020 = 322 -3=0 
> же] 
Thus, x =land x = - 1 are the conditions for local maxima or local minima. 
When x =1, we know that f’ (x) =3 (х2 = 1). 
When x is slightly less than 1 then x? is slightly less than 1 and therefore, 
3 (e —1 is negative. Again, when x is slightly more than 1 then x? is slightly 
more than 1 and therefore, 3 (х2 = 1) is positive. 
Thus, f’ (x) changes values from negative to positive ав х increases through 1. 
So, x «lis a point of local minimum. 


Local minimum value = f(l) = (8 -3 х] =-2 


When x = – 1, when x is slightly less than –1 then x? is slightly more than 1. So, 
3 (х2 — 1) is positive. Again, when х is slightly more than -l Һал x? is slightly less 
than 1, so, 3 (e -1) is negative. Thus, f'(x) changes sign from positive to 
negative as x increase through -1. So, x = -lis a point of local maximum. 


Local maximum value = f(-1) =( ЇР 3х(-1-2. 
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Example 3: Find the local maxima or local minima of the function 
T 


| T 
x) =sin2x-x,-—<x<— 
fla) =sin 2x x - T cx <3 


using the first derivative test. 
Solution: We have, 

f(x) =sin 2x - x 
> f'(x) =2 соз2х-1 


For local maximum or local minimum, we have 
Р(х) =0 = 2с082х-1-0 


when x = – e .In this case, if x is slightly less than — - „Јес us take for simplicity, x = — 2 


Then, PC) cos (22) -1=2 cos (2) -1-0 -1=-1 


and if x is slightly greater than = let x =0. Then, 
f/(0)22cos0 - 1-21 
Thus, f'(x) changes sign from negative to positive as x increases through х= "e 


Therefore, x is a point of local minimum. 


ЭР T . (-2т -T -43 m 
local minimum value = f 6 =sin 6 : = 9 4 6 


when x = e in this case, when x is slightly less than 5 let us consider x 20. Then, 


f/(0)22cos0 -1=1 


and when х is slightly greater than x = T ,let us take x = 2 Then, 


T 2n 
f =2 cos 1--1 
/ (7) 4 
Thus, f’ (x) changes sign from positive to negative as х increases through x = с. Therefore, 


п. : : 
хэ 6 is a point of local maximum. 


local maximum value = f (=) =sin | 6 


Example 4: Show that (e -5x4 aae 1) has a local maximum when x =1, a local 


minimum when x =3 and neither when x = 0. 


Solution: We have, 
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fi) =? 253*4 53 21 
E f'()-25x* - 208 +1522 25x? (x -3) (x -1) 


For а local maxima or minima, we have /' (x) 20 
1522 (x -3) (x -)20 => x20 огх-3 огх-1 


when x =], in this case, when х is slightly less than 1 then, f'(x) -5х2 (x -3) (x -I) is 


positive and when х is slightly more than | then f’ (x) is negative. Thus, / (x) change sign 


from positive to negative. So, x = 115 a point of local maximum. 


When x =3, in that case, when х is slightly less than 3 then, f'(x) = 5x? (x -3) (x - I) is 


negative and when x is slightly greater that З then f’ (x) is positive. So, x =3 is a point of 
local minimum. 


When x =0, in that case, when x is slightly less than О then f’ (x) =5x° (x — 3) (x - l) is 


positive and also when х is slightly more than О then f’ (x) is positive. Thus f’ (x) changes 
sign from negative to positive. 


Thus, f’ (x) does not change sign as it passes through 0. 


So, it is neither a point of local maximum nor a point of local minimum i.e.,x = 0 is a point 
of in flexion. 


Example 5: Find the maximum and minimum values of the function. 


-2x? +х+ б. 


Solution: We have, 
Ро) = -2x +х+6 
> f'(x)=3x7 -4x41 
= f''()-6x-4 
For maximum or minimum value of f(x), we have 
f'()20 = 3x -4x «120 


= (х-1(3х-1- 
1 
= Хо 
3 
At =], f ”’ (x) =6х1-4 =2 which is positive. 


f(x) is minimum at х =1. 
The minimum value of f(x) = 33-922 +х+6 
Ду=@? -207 +1+6=6 
when x 21/3 then, f ’’ (1/3) 2 -2 which is negative 
f(x) is maximum at x = 1/3 


The maximum value of f(x) = -2x4x-6 atxz1/3 
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3 2 
21 ә“ "e 
3 3 3 27 


: 2,4 1 M : 
Hence, maximum value is 6 27 а = 3 and minimum value is баїх=1. 


Example 6: Find the values of x for which the function 
fa) = —5х% 453° -1 


is maximum or minimum. Show that х =0, the function is neither maximum nor 
minimum. [B.C.A. (Meerut) 2007] 


Solution: We have, Р(х) =x -5x4 +543 —1 
/ '(х)=5х% - 208 +1522 
f” (x) =20x° – 6022 + 30x 210x 2x? — 6x +3) 


For maximum or minimum value of f(x), we have 


Р) =0 522 (x? -4x 43) -0 


= 5x? (x -1) (x -3) 20 
=> x20,L3 
At x=], f’’ (1) = -10, which is negative 


2. f(x) is maximum at x — 1. 
At x =3, f” (0) 25 x 3)? (13? -4 x3 + 3) 290, which is positive. 
f(x) is minimum at x 23 
Hence, for x =1, f(x) is maximum and for x 23, f(x) is minimum. 
At x 20,we have 
f” (x) 2203 – 6022 +30х 
> Р (0) =0 
Тһеп, f" (x) = 60x" -120x + 30 
At x =0, we have f” (0) =30 #0 


Hence, the given function has neither maximum nor minimum at x =0. 


Example 7: Find the maximum value of the function ху? if, x + уа. 


Solution: Let u- xy? 
— u-(a- y) у” [^x * ула) 
> и= ay? = y 


=> Баранд 
4у 
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2 
=> ih -24-6у 
4у 
For maximum ог minimum value of х, we have 
du 2 
---0 >2ay-3 у =0 
2 >2ay -3 y 
= у(2а-Зу)=0 
2а 
> =0,— 
цана, 


2 
Since, the value of y cannot be zero, therefore у = B 


2 
. The value of им [= =2а-бу 


47 


-2а-6х m --2a,which is negative. 


. А 2а 
uis maximum when у= = 
Then maximum и-(а- y) ж 
5 2a\(2a 2 _ 443 
3 3 27 
. . log x 
Example 8: Find the maximum value of , when 0 < х «оо, 
X 
Solution: Let y — log x 
! log x)-1 
йу x: = (log x): 1—log x 
4 — — 
dx E x? 


For the maximum or minimum value of y, we have 
Yop ag = 


dx Х 
> log x=1 or log x= log e 
> x =e 
2 (о -i x? - (17 log x) 2x 
Now Ey - Е 
dx? E 
Е 2 log x -3 
Р: 
42 y 2loge-3 2-3 -1 
At хэс, - - - which is negative. 
dx? e e e 5 


. At x =e, the function is maximum. 


1 
The maximum value of the function = pad LL i шегі, 
е 
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Example 9: Prove that sin" Ө cos? 0 is maximum when 


@=tan! E 
q [B.C.A. (Meerut) 2006; B.C.A. (Rohilkhand) 2003, 2006] 


Solution: Let y -sin" Ө cos? Ө 
dy р-1 4-1 
> acd $110 cos Ө cos? Ө + sin" Ө 4 со50  (—sin Ө) 
9 р-1 4-1 ры 4-1 
=psin@ со80 -4sinO со80 
= іп? 71 8 cost ^! 9 [p cos? 0 — q sin? Ө] 


For maximum or minimum value of y 


d 
By 20 
40 
> sin" 710 cos 710 (p cos? Ө - q sin? 0)20 
= р cos? 9 - q sin? 8 =0 
> tan? 0 = Р 
q 
> {ап 0 =+ Р 
q 
d p-l 4-1 
Now, a =sin@ cos0 (р-4 tan? 0) 
= іп? Ө cos! 0 | p = = 4 tan? Ө s Ч 
ѕіп Ө sin Ө 


= 5іп? 0 cos! 0 (p cot Ө – q tan 0) 


= y (p cot0 – д tan Ө) 


2 
--у(р совес 0 + 4 sec’) |- 4 -0| 


--у(р%4%рсо20 + q tan’ Ө) 
2 
The value of Ey at B=! ҮР operi 
40 4 р 4 


Which is negative. 


* yis maximum when Ө = tan! E 
q 


Example 10: Find the maximum and minimum values of the function x + sin 2x if 
0«х«2т. 


Solution: Let y=x+sin2x 


> ЖТ 
dx 
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d 
For maximum or minimum of y put = =0 
1+2 со82х-0 
- 2n 
— cos 2x = — = cos — 
3 
— 2х=2пт + — 
— х=пт + л 
3 
But 0 « x «2m, therefore, 
pak 2л 4m 5n 
74727373 
42 
Now, 2 =—4sin2x 
dx 
2 == 
2 At x= T we have d J = –4 біп 2л _ АЗ hich is negative 
3 d? 3 2 


| . T | | 
y is maximum at x = 3 and the maximum value is 


T. 1 лол 43 
=—+sin2-—=— + — 
3 Jeu 2 
42 
At таа 2 = їй = 4 v3 
3 dx 3 2 


Which is positive. 


T 2n 22 А 
уі minimum at x = ES and the minimum value is 


2n . 4n 2m 43 
= + sin = 
3 3 3 2 
2 
At x= 4л ; 4 2 = —4 біп LE 4 v3 which is negative 
3 dx 3 2 


j Р 4n : 
^ yis maximum at x = = and maximum value 


4n . ёл 4n 43 
- t sin Е 


+ 
З З 2 


Again at x = эх 


Z= asn Ee аяа 6-2 
3 3 


=4 sin T , which is positive. 


MA 5л x 5n | 
yis minimum at x = ES and the minimum value = 3 + sin 
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Example 11: Find the maximum and minimum values of the function 
40 
3x7 + 8х9 - 18x? 4 60 
40 
Solution: Let = 
d 3x* + 82 — 8:2 +60 
and и-3х4 + 8 -18x? + 60 
Then, y is maximum or minimum accordingly as u is minimum or maximum. 
Now, & (251242 363 
dx 
2 
- и 362 + 48x -36 
For maximum or minimum value of и, we have, 
duo 
dx 
=> 1232 «24x? -36x 20 
=> 12x (x? + 2x -3) 20 
> x (х-1 (x +3) =0 
> x=0,1,-3 
ди "n : 
At x =0, P -36х0-48х0-36--36 which is negative 
dx 
. uis maximum atx=0 ie., yis minimum at x =0 
. The minimum value of y is at x =0 and is 
_ 40 _40 2 
“3х0-8х0-18х0-60 60 3 
au 9 "m ЭР 
At х =], -5 =36 х1 + 48 x 1-36 =48, which is positive. 
dx 
. uis minimum at x =lie., yis maximum at x = 1 
. The maximum value of y is at x =1 
_ 40 _ 40 _40 
3x() +8х (1)3 —18х (1) +60 3+8-18+60 53 
42 
АС x--3,73 =36 x(3) + 48 (-3) -36 =144, 


which is positive. 
. uis minimum and so y is maximum at x =-3 
. The maximum value of y is 
_ 40 
3 x(-3)! + 8x (-3)? -18х(-3) + 60 
40 40 8 
~ 243 -216-162+60 75 15 
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Example 12: Prove that the maximum value of sin x + cos x is 42. 


Solution: Let y=sin x + cos x 
d 
— S, cogn 
dx 
42 
= “a =~ sin r= cos x 
For maximum or minimum value of y, we have, 
d 
9-0 — cos х-зш х=0 
л 5л a 
tanx=lorx=—,— if O<x<2n 
4 4 
T d y т т 
At x =—, the value of = - cos sin 
4 dx? 4 
1 1 2 
= = which is negative. 
48.42. 4B 8 


. Я T 
/. 715 maximum at x = a 


T T 1 1 2 
The maximum value = sin — + cos — = + = = /2 
4 4 42 42 42 


At х -TE we have, 


42 y 57 mr n "E 
--- cos sin = COS + sin 
Ф? 4 4 ? 4 
= шала с аон роке 
44 wo 2 и | 
эт 


- yis minimum at x = Эр 


Hence, the maximum value of y is 42. 


Example 13: Find the points of local maxima or local minima of the function 
Р(х) = (sin? х cos? x) шО «x 45 


Solution: Р(х) = sin? x + cos? x 


> Р(х) =4 sin? x cos x + 4 cos? x (-sin х) 
--4 sin x cos x (cos? x —sin? х) 
--2 sin 2x cos 2x = -sin 4х 
Апа, f” (x) 2-4 cos 4x 


Now, f'()20 —-sin4rc0 dro nora c] 


цар : : m 
x= 4 is a point of local maximum ог local minimum 


Now, Бэ cost =4>0 
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п. . НЬ 
хэ 4 is a point of local minimum 


Local minimum value = f (7) =— 


X 
Example 14: Prove that the maximum value of Ө 186172, 
х 


[В.С.А. (Rohilkhand) 2005, 2008] 


Ж 
Solution: Let y= (5 =х* 
х 


Then, log y=- х log x 

1s. gx! log x =- (1+ log x) 

y dx X 
Or e (1+ log x) 

d J 5 

42 у 1 dy 1 х-1 ду 
Апа, —-2-y.—-(-4l a Б — (1+1 =e 

dx? x M 954) 2; (Х цас ах 
Now, Vo =1+ log x =0 

dx 
> log x 2-1 
— log x = -loge 
— log x log 1) 

е 
1 
=> Х-- 
е 
2 1+1 
Also, zy Дан 18 | | <0 EI 
dx е dx 


1. : | 
So, х=- is a point of local maximum. 
е 


Local maximum value = value of y when x = d = dt 
e 


Example 15: Show that sin x (1 + cos x), x Е [0, л] is maximum at x = (п). 


Solution: Let f(x) =sin x (1+ cos x) 
> f! (x) =-sin? x + cos x (1+ cos x) 
=2 cos? x + cos x - 


= (2 cos x - l) (cos x + I) 


And, f '' (x) = (-4 cos x sin x -sin x) = —sin x (1+ 4 cos x) 
Now, f'(x) 40 2(2cos x - I) (cos x + 1) 20 

1 x 
> cos x => or cos x=-l>x=—orxv=n 

2 3 
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But, ШЕР sin (F)(1 + 4 cos к so 
п). | : 
хэ (5) is a point of local maximum 


E 
4 


Now, f(0) 20, f(x) 20 and f 5 


Example 16: Investigate for maximum and minimum values, the function 


(sin + cos2x) [B.C.A. (Meerut) 2005, 2008; B.C.A. (Delhi) 2007] 
Solution: Let f(x) =sin x+cos2x мй. (1) 


Differentiating w.r.t. x, we get 

f '(x) = cos x-2sin2x 
and f (x) =-sin x-4 cos2x 
For maximum or minimum put f '(x) 20, we get 


cos x -2sin2x =0 


Or cos x —4sin x cos x 20 

Or cos x(1-4sin x) = 0 

— cos x =O or 1-4sinx = 0 
T ‚ “(3) 

> х=— orx=sin 
2 4 

When os then f "(F)=-sin 3-4 cos x 
2 2 2 


=-1+4 =3 = positive 
2. f(x) is minimum when x = 2 and minimum value of f(x) at x — 2 і5 


5) =зїй + созт =1-1=0 
2 2 


When х- = 6 then f" (s) Е : “ ! g (5) 


There is maximum at х =sin7! (2) Е 42 (negative) and maximum value of 


1 1 9 
г) =sin x + (1-2 sin? x) = 1-2 = 
f(x) =sin x +( біп“ х) 21 “| 8 


Example 17: Show that /(ху- х" is minimum at x = l 


e [B.C.A. (Meerut) 2001] 
Solution: Let у= f(x) =x* 
Taking log on both sides, we get 
log y = log х" 
or log y 2 xlogx sl) 


Differentiate w.r.t. (x), we get 
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Lg =x.—+logx 
y dx 
> E Lar belong) 
dx 
Again differentiate w.r.t (x), we get 
2 
E = £ (x*). (1+ log x)+ x* Ts log x) 


= x* (1+ log х) (1+ log x) + “|| 
х 


у Y 2 1 
5 = x” (l+ log x)^ +x” 
2 (1+ log x) 


d 
For maximum or minimum put ар =0, we get 
x" (1+ log x) 20 but x* #0 then 
l+logx=0 or logx 2-lorx =g he 


: 


555 аа 


[from 2] 


Bii cM ] b Se ge т [5 "E 


| с. 1 
Hence, the function f(x) = x* is minimum at x =- 
е 


Example 18: Investigate the maxima and minima of 


f(x) 22:8 -21? -36х-20 


Solution: Let f(x) =2x° 21x? -36х-20 


Differentiate w.r.t. x we get 
f '(х) 26x? -42x +36 
and f ''(х)=12х-42 
For maximum and minimum put f'(x) = 0, we get 
6x? -42x +36 20 


Or x?-7x4620 
Or (x-6)(x-1) 20 
Or х-1Хх-6 


when x=], then  /"()-12-42--30-0 

i.e., negative , then f(x) is maximum at x =1 

The maximum value = f(l) =2 х1? -21xP +36 х1—20 =-3 
When x = 6, then f ''(6) 212x6—-42 272-42 23050 


іе, positive, then f(x) is minimum at x =6 


) = positive 


[B.C.A (Lucknow) 2010; 
B.C.A. (Meerut) 2003] 


(1) 


...(2) 


The minimum value = f(6) 22 x(6)? -21х(6У + 36(6)-20 --128 
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Example 19: Prove that f(x) = x log G) is maximum when х = ES : 
х 


Y 


[B.C.A. (Meerut) 2002, 2004] 


Solution: Wehave f(x) = х? 2| | 


1 
х 
Differentiating w.r.t. х, we get 


дааа?! E E 


f'(s)=x12log{ ҢЫ 


1 
х 
Again Differentiating w.r.t.x, we get 


f'"(s)=2 log ~) 1+2х | 


> s'o =2}og{ *)} 2-1 


1 
=9 log —=3 
быз 


For maximum or minimum put f '(x) =0, we get 


„ыру 


[2 log BE = 0 ог2 log В -1 
X x 


- 


= either 4or (2) = ort =e 
X 2 X 
Or кс 
Ме 
or x20 
When gl then f" | -210 1 3 
Je Je В 
Ме 
=21ор(е)!/° 3=2x>loge 3=1х1-3 =-2 <0 
> f(x) is maximum azad 
Ме 


(1) 
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- Comprehensive Exercise10.1 


"AT | 


11. 


12. 


Prove that the following functions do not have maxima or minima. 
(i) e* (ii) x? -6x + 24x +4 (iii) log x 
[Hint: Р (x) 20] 


Find the points of local maxima or local minima, if any, of the following 
functions, using the first derivative test. Also, find the local maximum or local 
minimum value, as the case may be. 


(1) x) -3x (ii) sin x – cos x, 0 <x «2n (iii) (x — 1) (x +2)° 
Find the maximum value of the function (x - 1) (x - 2) (x - 3). 
[B.C.A. (Rohilkhand) 2005] 


Find the maximum or minimum values of the following functions: 


(1) х3 -2x7 «x46 — (ii)avt E (iii) 3x4 -10x + 6x7 +5 
X 


Show that the function x? – 322 + Зх + 7 has neither maximum nor minimum at 
x-l 

Show that the function х? —5x* + 53? – 10 is neither maximum nor minimum 
at x 20. 

Find the maximum and minimum values of asin? Ө + b cos? 0 when a >b and 
O0 «0 «2m. 


2 
X^ +х+1 . . 1 : 37 
Show that —————— has 3 for its maximum value and 3 for its minimum value. 


x“ —х+1 


: КЕР 1 
Show that the value of х" is minimum when x = =. 
г 


ЭЭР : T 
Show that the function sin x (1+ cos х) has maximum at x = 3° 


х : : 
Prove that —————— is maximum when x = cos х. 
+x tan x 


Р : E : sin x 
Find the maximum and minimum values of the function ———— when0 < x «2m. 
+ sin x 
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Answers 


2. (i) х=—1,рой\‹ of local тах. local max. value is 2 


x =], point of local min.; local min. value is —2 


(15 х is the point of local max; and the value is үй 


= a is the point of local min; and the value is — 48 


(iii) x =0, point of local minimum; local minimum value is —4. 
x = —2, point of local max; local max value is 0. 


з P 
И 3.5 


4. | (i) Max. value б at x=; Min. value 6 at x =1 


(ii) Max. value "i at x= b and Min. value = 2а |“ ara! 


(iii) Max. value 5 c atx E Min. value are 5 at x 20, and -3at x = 2 


7. | Maximum value is a and Minimum value is р. 


1 T 
ШОШ Maximum value =—— at x =— 
242 4 
Е І эл 
and Minimum value = - —— at x = 
242 4 


10.5 Application of Maxima and Minima to Practical Problems 


Example 20: Amongst all pairs of positive numbers with product 256, find those whose 


sum is the least. 


Solution: Let the required numbers be x and 298 
Х 
Let, S= Ё + зе 
x 
2 
Then, 45 _ | 256 жа” S 512 
dx x? dx? Ó 


: Қаз 4. 
For a maxima ог minima, we have T =0 
z 


Now, s -o-[ 2 оз? =25богх=16 


Х 
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2 
Also, ES = 222 al. 
dr. | мк 16х16х16) 8 


So, x =16 is a point of minimum. 


Hence, the required numbers are 16 and 16. 


Example 21: Find two positive numbers x and y such that (x + y) = 60 and ху? 18 


maximum. 
Solution: Let (x + у) = 60 and let P = ху? 
Тһеп, Р=(60- y) у? [x = (60 — y)] 


$73 (60 - y) + y3 (-0 2080? 453) -4y? 45 - y) 


and ФР _ 360 -12 y?) 212 y (30 - y) 
, ар 7—12) J J 
dP 
Now, 50 = 4y!(45- y) 09 y 20 or y=45 
ly 
Neglecting y =0, we are left with y = 45 
ар 
Now, = = (12 x45) (30 -45)=-8100 <0 
dy у=45 


So, у 2 45 is a point of maximum. 


Hence, the numbers are 45 and 15. 


Example 22: Find two numbers whose sum is 16 and the sum of whose cubes is 


minimum. 


Solution: Let the numbers be x and (16 — x) 


Let Say + (16 — х)? 
2 
Тһеп, 45-52 3 (16-х)? and 45.6, +6 (16-1) =96 
dx dx 
Now, 5 20-312 3 (16-х)? =0 әх =8 
AX 
2 
And, ЕЗ -96 >0 
dx х=8 


n x =8is a point of minimum. 


Hence, the required numbers are 8 and 8. 
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Example 23: Show that maximum rectangle that can be inscribed іп а circle is a square. 
[B.C.A (Meerut) 2005] 


Solution: Let PQRS be the rectangle inscribed in the circle with centre О and radius a. Let 
РО=2%; 


From О draw OL perpendicular to PQ, then 
OL = J( – x’) 
QR =2./(а^ – x?) 


If A be the area of the rectangle, then 


А=РОхОВ =2х.24(а2 – х2) 
а [02 —2) Fig. 10.1 


O E = 5 (2—2) _4(а45-2х”) 
dx l(a - x2) (2 - x) 


PA 4d — 2 (4x) - (à -22)0/3) (2 - 2) (C23) 
dx (a — х2) 
4 Ах(а? -х2)-ха? -2x?) 
(2 - 2 


Equating 4А / dx to zero, we get 
d -2x2 =0 or х-а//2. 


| -16(a A2) t -(а? /2)} 
“а”. =(¢ 72) 


Ais max when x =a/V2 = РО-2х-42а and QR = 42a 


> PQ=QR when х-а/42 = Maximum rectangle is a square. 


2 
At x 2a/42, P 


— negative 


Hence the max rectangle inscribed in a circle is a square. 


Example 24: Show that the height of the closed cylinder of given volume and least 
surface is equal to it diameter. [B.C.A. (Meerut) 2005] 


Solution: Let h be the height and r the radius of the base of the cylinder. 


V = nr? h, where V is given 2.4) 
апа S -2n rh 2n? 29) 
From (1), we get h = V/nr? ...(3) 


Substituting this value of /; in (2), we get 
5 -2m(V / x1?) + 2n? =(2V /r)+ 2nr? 
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2, 
m E and i = dn 
22-72 E P 
Equating 45 / dr to zero, we get 
22 =4тг or V = 2л 


r 
Using this value of V in dS / dr? , we get 
2 
=> =8n+4n =12n = positive. 
5 
Hence, S is least Юг V =2 луз. For least S, from (3), we get 


V 2 nr? 


h- 3 3 


=2r = diameter of the base of the cylinder. 


Example 25: Prove that a conical tent of a given capacity will require the least amount of 


canvas when the height is 42. times the radius of the base. [B.C.A. (Meerut) 2006] 


Solution: Let h be the height, г the radius of the base and / the slant height of the conical 
tent. Let V be the given capacity (volume) and S the area of the curved surface of the 


conical tent. then we have 


year = 441) 
3 пг 
апа S=nlr=n 402 +т?).г 
ог Sarr Ua +2) = u(say) ЖО) 


Substituting the value of h in (2), we get 


и= mn +T 
nyt г? 
2 2 
ЕА «An? r? and = +1222 
dr r dr 7 


Equating du / dr to zero, we get 


18V? -4л2 or У = 2 n? 


342 


And for this value of V we find that d2u / dr? is positive, i.e., u [or 821 


nr? 


2 
from (2) is least. Hence S is least when V = 
(2) ЗЛ 
1 2-4 1-9 . 
ie, when a /42 = 2% Л, Using (1) 


Le, when h=rv2 
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Example 26: Show that the radius of the right circular cylinder of greatest curved surface 


which can be inscribed in a given cone is half that of the cone. 
[B.C.A. (Meerut) 2008, 2001] 


Solution: Suppose г is the radius and Л is the height of the given cone. 
=> OB =r, OA = h where О is the centre of the base circle. 
Suppose x is the radius and H is the height of the cylinder inscribed in the given cone. 


Now triangles AOB and ADE are similar, therefore 


AD DE " h-H x 
AO OB h y 
m 1 "ыыы 5 
Л r Л т 
> н-ң) 
2 


Now the curved surface of the cylinder 


-8-2ко.Н-2кхА1-5| E 
r r 


> 28 ШЕ Sohne =0,we get r-2x =0 orx-r/2 
dx 4 dx 
2 
Also Бос eG 
dx r 


= S is greatest when x = г /2, i.e., when radius of the cylinder is half of that of cone. 


Example 27: Show that the volume of the greatest cylinder, which can be inscribed in a 
cone of height Л and semivertical angle о, is (4/27) nh? tan? о. [B.C.A. (Meerut) 2001] 


Solution: Let r be the radius of the given cone whose height is Л and semi vertical angle is 
о (both given). Then OB =r 2 By triangle AOB, we get tana =r/h > г = (апо. 


Suppose x is the radius and H is the height of the inscribed cylinder. Then by triangle AMN. 


х X 
tana = > h-H= =xcota => H=h-xcota 
h-H tan о 


Now volume of the cylinder = V = mH 


3 


= V = пх? (h-x cota) = п (hx? —Х? cota) 


We are to maximize this V as a function of x. For, differentiating 
it w.r.t. x, we get 


x = n(h2x -3x? coto) = лх (2/1 - 3x cota) 


Solving dV /dx = 0, we get x =0,2h tana /3 


ФУ 
Now g" (2h-6x cota) = 27 (h-3x cota) 


Fig. 10.3 
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2 
Putting x =0, we get ЕЙ -2лЛ>0-> x = 0 is point of minima. 


2htana dV 3 
хоо ‚ме get —; -2л|Л 
3 dx tana 


= V is maximum when x =2/ (апо /3 (point of maxima) 


2h 


Putting 3 tan a) <0 


=» maximum volume = V = x (h- x cota). x? 


1 | (% ала) _ Th Al? tan? ас 


2 
=> Vmax © | л = бало. : 
шин [ З ana 3 379 


= Max volume = > л? tan? a 


Example 28: Show that the volume of the largest cone that can be inscribed in a sphere 
of radius ' d, is (8/27) of the volume of the sphere. 


Solution: Suppose r is the radius of the cone and OM = x. Then 
"ЭРЭР? NU : 


= height of the cone = HC = x +a 


Now volume of the cone = V = 5 nr? (х +a) 


A B 
(1) = Vane - x^ )(x * a) .4(2) “м7 
ig. 10.4 
We аге to maximise this У. Diff. it w.r.t. x., Pe 10 
AV P pasti dr а уде те Oar | 
dx 3 3 
...(3) 
Now solving dV / dx =0, we get а” —2ах-3х° =0 
or (а? х?) 2ах-2х2-0 or (a+ x)(a— x) -2x(a x) 20 
> (х-а)(а-х-2х)-0-> x= -a or а/3. 


But x can not be -a (negative). Therefore only x =a/3. 
Now differentiating (3) again w.r.t. x, we get 
2 
IE =" (24-6) <0, when х 2-3 
ах 3 3 
| | | n a \(a 
= V is maximum when x 24/3. Then maxi valume (V) = = (4 - | (5 + 4) 


Ол 8a 4a З2ла? 


3-3 8! 
Also valume of the sphere V -$ a (5) 
V 8 Ve 8 и 


Vie 27 27 
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Example 29: Assuming the petrol burnt (per hour) in driving a motor boat varies as the 
cube of its velocity, show that most economical speed when going aginst a current of c kms 
per hur is (3 /2) c kms per hour. [B.C.A. (Rohilkhand) 2000; B.C.A. (Meerut) 2004] 


Solution: Let the velocity of the motor boat be v km/ hour. Then velocity of the boat 


relative to the current (v – с) km per hour. Let the total distance to be covered be а km. 
Then time taken = a / (v – c) hours 


Also we are given that the petrol burnt in one hour =kv? where k is constant of 
proportionality. 
2. If P be the total amount of petrol burnt in covering a kms, then 


zt 
P = u --(1) 


ар |0037 =? |. ак(2›3 -3o?) 


dv (0-0)? (0-0)? 
2 
Апа 5. [(v—c)? (6? -6vo) – (203 -3o2 y2(v - c)] 


- a (би cy 2/7 (2v 3c)] 


(v -c) 


Equating 4Р / dv to zero, we get 


253 Зор? = 0, which gives either v 20 or 36 


If v =0,P =0,i.e., no petrol is burnt. 
If у= Зс /2, ар / dv? = Positive, i.e., P is minimum, 


2. Petrol burnt is minimum when v = Зе /2,i.e., the most economical speed is (3c /2) km per 
hour. 


Example 30: The fuel charges for running a train are proportional to the square of the 
speed generated in kilometres/hour and costs X. 48 per hour at 16 km per hour. What is 


the most economic speed if the fixed charges, i.e., salaries etc., amount to €. 300 per hour? 
[B.C.A. (Meerut) 2006] 


Solution: Let the speed be v km per hour and the cost of fuel per hour in rupees = y? 


where k is constant. 


Therefore, 48 = (І 6)? (ас 16 km per hour speed, charges are €. 48) ork 23/106. 


Again the time in covering the distance of 80 km- 80 /v hrs. 


Therefore, the fuel charges for this time = kv? eS x(80)v 215v 
and the fixe charges 2300 x 90 Les 
y y 


Let z denote the total charges; then z= 15v + Spon 
y 
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m =15— ан -0 for maxima or minima of z 
dv y? 
ie., 1512 = 24000 or я = 1600 огр = 40 km per hour 
42: 48000 


Again 


[vies , which is a positive quantity at v = 40 
y y 


-. z is minimum when v = 40, i.e., the most economical speed is 40 km per hour. 


Example 31: Prove that the area of a right-angled triangle of a given hypotenuse is 


maximum when the triangle is isosceles. 


Solution: Let h be the hypotenuse of the triangle and x be its altitude. 
Then, the base of the triangle = Ur -x 


l 2 
Now, A=> xl - 
OW. 2% X 


2 
сусу? ry 19 2х) + Ir 2E 


479 "Us 


РА Wit -x°)(-4x) – (0 245.2 0 x) 1? (2x) 


and, 
dx? 2 (i? - x7) 
Е 2x -3xh) 
202 - х2)? 
4А ‹ 2 Л 
Now, at dE 9p sg. 
ow d ( ХЭ) х Л 
2 
ЕН --2<0 
de^ | _ h 
у? 
Л 
Thus, A is тахїтитаїх=|—= 
2) 


2 
base = Үн -x = G - d = T = altitude. 


Hence, the triangle is isosceles. 


Example 32: If the sum of the lengths of the hypotenuse and a side of a right-angled 
triangle is given, show that the area of the triangle is maximum when the angle between 
them is (x /3). 


Solution: Let us consider a right-angled triangle with base = x and A 
hypotenuse = y. Let x + y =k, where k is a constant. Let 0 be the 
angle between the base and the hypotenuse. Let A be the area of the J 
triangle. Then, 
_1 1 2 2 
шағы асы y =x Ё = С 


Fig. 10.5 
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get (9 -x) x arr] 


- иу=(К-. 
1 i нэг) 
2-9" 11:3 
or А2 .Kx ~ 2k" el 
4 
ыру? 
On differentiating (1), we get 2A A 220 6н 2562) 
dA Ёх-зы? 
Or = 
dx 4A 
dA 2 2 k | 
Now, P —(k^x-3kx*^)20 x [neglecting x = 0] 
Now, differentiating (2), we get 
2 2 5 _ 
22 424A. A _2k 12kx 443) 
dx? 4 
Do. x 
рар 26 ад д іп (3), we аын а 
dx 3 d? 4A 
Thus, A is maximum when x = (k/3). 
Now, ei 
9 9 3 
Х =cos @ > cos 6 = INO d ъе= 
(20/3) 2 3 


Example 33: Show that the triangle of maximum area that can be inscribed in a given 
circle is an equilateral triangle. 

Solution: Let ABC be a triangle inscribed in a given circle with centre О and radius ғ. For 
maximum area, the vertex A should be at a maximum distance from the base BC. 
Therefore, A must lie on the diameter, perpendicular to BC. Thus, AD L BC. 


So, triangle ABC must be isosceles. 


Let “САР =6, 
Now, BC =2 CD =2 OC sin 20 =2 sin 20 
and, AD = (ОА + OD) = (т + r cos 20) 


Let A be the area of the triangle. 


Then, A- р BC x AD =r” sin 20 (1 + cos 20) 
ЙА. oui А 
ES = r^ [sin 20 (-2sin 20) + (1+ cos 20) -2 cos 20] 


=r? [2 (cos? 20 – sin? 20) + 2 cos 20] 
-2/2 [cos 40 + cos 20] 


2 
And, = -2/2 [-4 sin 40 – 2 sin 20] = —4r? (2 sin 40 + sin 20) Fig. 10.6 
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Now,  =0 => cos 40 + cos 20 =0 
= cos 40 = – cos 20 = cos (л – 20) 
> 40-л-20-»0-17 
6 

2 
And, E --4у? (2 dn cada 3] =-67 8 <0 

40 3 3 

Ө = (1/6) 


ЦЭР й . 
Ө = 6 15а point of maximum. 


So, іп this case, each angle of the triangle is (л/3) 


Hence, ABC is an equilateral triangle. 


Example 34: Prove that the least perimeter of an isoscele triangle in which 
radius ғ can be inscribed, is 6r43. 


Solution: Let ABC be an isosceles triangle circumscribing 
the circle of radius г (centre at О). Suppose ZMAC -9. Then 
in the triangle ONA, we have 


AN =cot@ and ОА = созес Ө 
7 r 


> AN -rcot0 and ОА =r созес@ 
> AM =r+rcosec@ =r(1+cosec Ө) 


Further in the triangle AMC, ME = tan 
MA 


> MC =r(1+ созес 0) їапӨ. Also CN = MC 

Now perimeter of the ДАВС = P =2 [MC + CN + NA] 

> P =2 [2 МС + NA] =2 [2r(1+ совесеб) tan0 +r cot] 

> Р =2r[2(1+ cosec0) tan 0  cot0] 22r[2 tan 0 + 2 5ес0 + cot 0] 
> T -2r|2 sec? 0 + 2 ѕесӨ tan 0 — соѕес20] 


Solving dP / 40 = 0, we get 2 sec? 0 + 2 sec0 tan 0 — cosec? 0-0 
2 2sinO 1 


or 7 7 7 -0 or 2sin? 0+3 sin? Ө cos? 0-0 
с08-0  cos^0 ѕіп Ө 

Or 2 sin? Ө+2 sin? 0 - (1-sin? 0) =0 or 2sin? 0+3 зщ? 6-120 

Or 2 sin? 04 2sin? 04 sin? 9-120 


or 2 sin? Ө (sin 0 + 1) + (sin0 +1) (sin0-1) 20 
or (sin + I)(2 sin? 0-sin0-1) 20 


Or (sin Ө + I)(sin 0 + 1 (2 sin0 - 1) 20 


565 аа 


a circle of 


(1) 
...(2) 
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= sin =-1 or 5т0 =1/2 ->Ө--л/2 or л/6 


But 0 is an acute angle, so it can not be =r / 2 


=> only 0-7/6 
42Р i 2 2 3 2 
Further de =2r'[22 вес” 0 tan 0 + 2(sec^ Ө tan 0 + sec" 0) +2 соѕес 0 cot0] 
2 
> ІЗ 244 sec? 7 тап 7 | ег : tan Е + sec? 3 
46” )ө-т/6) 
+2 совес? Č cot. >0 
6 6 


= Р will be least when Ө =r / 6. Then 


T T T p] 22 
Mi I fP-2r|2t -2 + cot — [= 27 |2. + + 43 
in value о 7 | anc dus со Я | A8 МІ | 
9 2:943 29,3 
ey. - = “043 г Р а. 
! 43 4343 3 : | цах 


Example 35: Show that of all the rectangles with a given perimeter, the square has the 


largest area. 
Solution: Let abe the fixed perimeter. 


Consider a rectangle with sides x and y and perimeter a. 


Let А be the area of the rectangle 


Then, 2х+2у=а ...(Т) 
1—2 
And, Аю [< 5 j [using (1)] 
2 
dA m 2x zi 4x) and “А 2d 
dx \2 2 
Now, А 20-92 (a 4x) -0 177 
2 
Also, 4 --2<0 
ах 
x = (а /4) 


. x =(a/4) is a point of maximum. 


Dole 


Also, from (i), we have y= : (а-2х)- (4 
Thus, х= у [each = (а /4)] 
Hence, the rectangle is a square. 


Example 36: Show that of all the rectangles of a given area, the square has the smallest 
perimeter. [B.C.A. (Meerut) 2003] 


Solution: Let A be the fixed area. 
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Consider a rectangle with sides x and y and area A. 


Let P be the perimeter of this rectangle. 


Then, deg .44(1) 
х 
2А : 
Апа, Р=2х+2у=2х+— [using (1)] 
х 
2 
Моуу, Р=[2х+?А Би 2А пиа 
4 р 2 I 
Now, ЧР 02 2 ад 
ах 2 
Фр 4A _ 4 
And, = = >0 
га ух А” 4A 


So, x =VA is a point of minimum. 


Moreover, В А = ЈА = х 
х VA 


So, when the perimeter is smallest, the rectangle is a square. 


Example 37: Тһе combined resistance R of two resistors Кү and Ry where Кү, Ry >0 is 


iven b B ak + 2 
сарны гэм КУ 
If R; + Ry = C (constant), show that the maximum resistance К is obtained by choosing 
Кү = К). B.C.A. (Delhi) 2011 
К» 
Solution: We have R = ———=— and Кү + R = С 
(Ri + Ry) 
Е (С-В) 
В [> В =(С-К)] 
= 2 
So, СИЕ Са att 
dR, C dR? С 
: - dR 
For a maxima or minima, we have —— =0 
Now, ZR =0 > ке 0 or R == 
2 - 
And, | 5 | = = <0 
акц Ry =(C/2) 


Thus, Кү = 5 is a point of maximum. 


When, Ку = © ме have Ry = (с - 2) = с, Hence, Ку = Кә 
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Example 38: А beam of length / is supported at one end. If W is the uniform load per 


unit length, the bending moment M at a distance x from the end is given by 


2 
Mz Б - ын | Find the point on the beam at which the bending moment has the 


maximum value. 


2 
Solution: M = к We > aM ul Wx | and aM =-W 
2 2 dx 2 4) 


: нэ ам 
For a maxima ог minima, we have ue =0 


Now, aM (5 тээг 
dx 2 2W 
2 
Also, --ҮҮ <0 for all values of x 
dx 
Хов == is a point of maxima. 


2W 


So, the required point is at a distance of (/2W) from the supporting end. 


Example 39: An open box is to be made out of a piece of cardboard measuring 
(24 cm x 24 cm) by cutting off equal squares from the corners and turning up the sides. 


Find the height of the box when it has maximum volume. 


Solution: Let the length of the side of each square cut off from the corners be x cm. 


Then, height of the box = x cm 
. У = (24 - 2x. x x 24? – 962? + 576х 


> Y 9 (2 162448) 
dx 
dV 
and, cu ce Pe 
Now, PV pl! ба еее е0. 0 I 
dx d ЭХ 
= raa [=x #12] Fig. 10.8 
dV | | 
-7 --96<0. . V is maximum at x 2 4 
dx -— 


Hence, the volume of the box is maximum when its height is 4 cm. 


Example 40: Show that the height of a cylinder which is open at the top, having a given 
surface and the greatest volume, is equal to the radius of its base. 


Solution: Letr be the radius, / the height and S is given surface area of an open cylinder. 
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NHIEU 
Then, Ss (лу? + 2л) or h = Ё ш | ssl) 
2nr 
Let V be the volume of the cylinder 
2 3 
217 S-mq 
Then, V мин : E | 4 x | [using (1)] 
га 2 2 
dV |S-3m apt us 
dr 2 dr? 
Now, o -5-3л/? =0 > nr? + 2nrh-3rr? =0 > h=r 
m 
У | 
And, 22 --ЭлЛ<0.Тһив,г-Лівароілі of maximum. 
d r=h 


So, V is maximum when r = /i 
Example 41: Two sides of a triangle are given. Find the angle between them such that 
the area is maximum. 


Solution: Let a and b be the lengths of the given sides and let 0 be the angle between 
them. Let A be the area of the triangle. 


b 
B а С 
Еїр. 10.9 
Then, A=} эпе 
2 
ЙА уа Пе ана 
dð 2 4022 
Now, dA % «| dans BU esce sU os" 
40 2 2 
2 
And, E =-} absin л =-} ab <0 
40 Ө-(л/2) 


T. : А 
ө = 2 is a point of maximum. 
Hence, the area of the triangle is maximum when the angle between the given sides is (1/2). 


Example 42: Show that of all the rectangles inscribed in a given fixed circle, the square 
has the maximum area. [B.C.A. (Meerut) 2005] 


Solution: Let ABCD be a rectangle inscribed in a given circle with centre О and radius г. 
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Let “САВ -0 
Then, AC =2r, AB =2r cos Ө and BC =2r sin Ө 
Let A be the area of rectangle ABCD 4 
2r sind 
Then, А = AB x BC = 4i? sin Ө cos 0 = 2r? sin 20 B 
Thus, A 22r? sin 20, where r is constant. 
2 қ 
ДА = 4r? cos 20 and EA - = -8r? sin 20 up 
40 40 
dA 2 п. Л 
Now, ---0 ә 4г< cos 20 =0 > cos 20 =0 =20 =—,1.с.,0 = 
40 2 4 
2 
And, E = 82 sin = 8/2 <0 
407 jo (тд) 


0 = (л/) is a point of maximum. 


Thus, area is maximum when Ө = (7A) 


In this case, AB =2r cos А 042 
апа, ВС =2r sin - = 402, 
Thus, AB = BC and therefore, ABCD is a square. 


Example 43: Show that the semi-vertical angle of a right circular cone of given surface 


area and maximum volume is зїп | (1/3). [B.C.A. (Meerut) 2002, 2003] 
[B.C.A. (Rohilkhand) 2000, 2007] 
Solution: Let r be the radius, / the slant height and h the 9 
height of the cone. 4 
Let S denote the surface and V the volume of the cone. 1 
Then, S= (nr? + m1) = constant. 
5 
1-1---1 (1) А Е Бекес 271% В 
nr 
Now, УЕ АЕ Ê -r° Pig 1901 
1 1 s ү 
y? = 5 nr? (Ё -,2)- 5 i^n. (= = 3 -7 [using (1)] 
alg (Sr? —2nr*) 
9 
Thus, У? = (5 52,2- en s^) 
9 9 
2у = [3 52, ги 209 Shae) ...(2) 
dr 9 9 
dV 


—— 20 =r = 0 01(5 -4л/?) =0 әр? -- (neglecting r = 0) 
n 
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2 2 
dd ЖИ 2 


On differentiating (2), we get 2 | 9 5(25 24т/2) 


" dr? 
Putting M =0 and 7? = 2. ‚ we get 
r T 
2 
зү 2 же 65) = 4 02-20 
d^ 9 9 


. When the volume is maximum, we have 
„2 қ 
us S (m tm) s 
47 47 


Now, і œ is the semi-vertical angle of the cone then 


7 А r : : 1 . -1(1 
=sina > = ма О >sin Q = >Q = 510 
1 3r 3 3 


Hence, the semivertical angle of a right cone of a given surface and maximum volume is 


sin! (1/3). 


Example 44: Show that the height of the cylinder of maximum volume that сап be 


inscribed in a sphere of radius R is 2R . Find the volume of the largest cylinder inscribed in 


43 


a sphere of radius R. 


Solution: Тест be the radius and Л the height of the inscribed cylinder ABCD. Let V be its 


volume. 


Then, У-лу2) ы СІЗ 
Сісагіу, AC =2R 

Also, АС? = АВ? + ВС? 

> QRY = Qry + 12 

= p = FAR? -2) a) 


Using (2) in (1), we get 
2 
yam (4R2 Куз е nR? ET adi e 2а 
4 dh 4 


Now, Z” -0-—mnR? =i? -02h- 


Ё: 


dir los 


So, V is maximum when Л = RUE 


48 


Hence, the height of the cylinder of maximum volume is zm 


43 
4R? | ,2R алд? 


. 1 2 
Largest volume of the cylinder = x x —| 4R 
5 й 4 | 3 | зв 


72 В.С.А Mathematics-I (Unified) 


Example 45: Show that the cone of greatest volume which can be inscribed in a given 
sphere is such that three times its altitude is twice the diameter of the sphere. Find the 
volume of the largest cone inscribed in a sphere of radius R. 

Solution: Let R be the radius of the given sphere with centre O, and let V be the volume 
of the inscribed cone, л be its height and г be the radius of the base. 

In the given 2. уус һауе dn ш Ж AO = (л- К) 


-(h-RY +r? or r° =h(2R -h 441) 
Now, У = аи? = тлі? (2R —h) [using (1)] 
2 
a € (4R ab and T. -(5 mR -27h 
аһ 3 dÊ \3 


y 22% dV 
For a maxima or minima, we have di =0 
h 


Now, 8V esL asian «98 20 
dh 3 
4 
> һ-0ог(48-31)-0-Л--Ю — [rhs0] Fig. 10.13 
2 
And, | 3 ВВ. 
dh = (4 /3)R 


So, V is maximum when Л = SR, ie., when 3h 22 (2R) 
і. е.,З times the height 22 times the diameter 

2 3 
168 " (2r 23 Е = 


Volume of the largest cone = 3 пх 


Example 46: А wire of length 25 m is to be cut into two pieces. One of the wires is to be 
made into a square and the other into a circle. What should be the length of the two pieces 
so that the combined area of the square and the circle is minimum ? 

Solution: Let x metres and (25 - x) metres be the required lengths. 

Let a be the side of the square formed and r be the radius of the circle formed. Then, 


4a = x and2nr =25 - xora- Х andr = ш, 
2л 
. Area of the square = (5) sq. metres. 
гүү - үр 
Area of the circle = л Е = Үзэн 
2n 4n 
2 _ 2 
Now, the combined area A = ES (29 0”, 
16 4т 
dA x (25-х) (т+4)х-100 4 АЗА (т-4) 
= = ‚ап fe 
dx 8 Qn 8т dx? 8л 
For a maxima ог minima, we have a -0 
Now, ба +4) х-100 =05х= 109 
dx (т +4) 


ФА_(п+4) 
d) 9 


> 0 for all values of x 
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,. 100 
^— (n4) 


is a point of minimum 


. Length of the pieces are 109 metres and a metres. 
т 4 т+4 


Example 47: Show that a cylinder of a given volume which is open at the top has 
minimum total surface area, provided its height is equal to the radius of its base. 


[B.C.A. (Meerut) 2005] 


Solution: Let г be the radius and л the height of the cylinder of given volume V. 


Then, Pause ...(Т) 
пг? 

Let the total surface area Бе 5. Then, 

S=nr* +2т = (x? +217 az) [using (1)] 

nr 
5- (x? + зу) 
r 
2 

So, 2 -(2= A) and 4 2 = (2s + 5] 

r r dr r 


For a maxima or minima, we have л -0 
» 
Now, 22 -О-э2лғ 
ағ г 


2 
4 x = (2s t s) 20 
dr УС Л 


Thus, r = Л is a point of minimum. 


7 =0 2n) =2V -2m?h—r-h 


This shows that the total surface area of the cylinder is minimum when Л = r, i.e., when the 


height of the cylinder is equal to the radius of the base. 


Example 48: Prove that the perimeter of a right-angled triangle of given hypotenuse is 


maximum when the triangle is isosceles. 
Solution: Lethbe the hypotenuse and@ be the angle between the hypotenuse and the base. 
Then, base = h cos Ө and altitude = Л sin Ө 


Let P be the perimeter. 
Then, P=h+hcos0+hsin® 


T = -hsin +h cos Ө = (cos Ө — sin Ө) 


р . 

Апа, — =й (—sin 0 – cos 0) =—/ (sin 0 + cos 0) 
10 

Now, 15 =0 ә (cos 0 sin 8) =0 


= cos Ө =sin 9, ie., tan 0 =1 0 = (л/4) 
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2 
Also, ГА --h [sin + cos d 2-2 <0 A 
407 |, -(л/4) 
22-Р is maximum when Ө = (1/4) h 


In this case, base = Л cos es Ed and altitude = Л sin 2 e e 
42 4 42 
BL С 
г. base = altitude, and hence the triangle is isosceles. 
Fig. 10.14 
Example 49: Show that the semi-vertical angle of a cone of maximum volume and of 


given slant height is tan! 42, 


Solution: Leto be the semi-vertical angle of a cone of given slant height /. Then, height of 
the cone = / cos a, radius of the base = Í sin о. 


Let V be the volume of the cone. Then, 


V= з wh = ; л (Ё sin? о) (I cos а) 


Or V= ; nf? sin? a cos a 
B ul п ( sin? æ + 2 sin а cos? 0) = 1 пі sina (2 cos? a — sin? о) 
da 3 3 
2 
And, er = 1 пі cosa (2 cos? a — sin? о) 
da^ 3 
+ s n? sina (-4 sin a cos 0-2 sin & cos a) 
- 5 ni? cos? а (2-7 tan? о) 
| M dV 
Now, for a maxima or minima, we have E =0 
о 
Fig. 10.15 
Now, a =0> 1 пі sina (2 cos? a — sin? a) =0 ” ? 
da 3 
= sin а =0 or 2 cos? a — sin? а =0 
= a =0 ora = tan! 42 


Neglecting о = 0, we have a = tan! 2.ie,tana 242 


20 23 = cos a = 


43 


Now, tana = 42 = sec 


2 3 З 
Дае Gee 
da? |, эл 3 343 


Thus, V is maximum when «a = tan! 2, ie., when the semi-vertical angle of the cone is tan! 42, 


Example 50: Show that the surface area of a closed cuboid with square base and given 
volume is minimum when it is a cube. 

Solution: LetV be the fixed volume of a closed cuboid with length a, breadth a and height h. 
Let S be its surface area. 


Then, V =(axaxi)orh=—y ... (1) 
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Now, 5-2 (0 + ah + ай) 22 (а? + 2a) =2 [ +) [using (1)] 
a 
Le., 5-2( jt) 
а 
45 2V 455 8V 
—22|2a-—-| and —~=|4+ > 
da | 4 "x J 
Now, O шбәу=ї =ахахћ= haa 
а 


Now, when Л = а, we have У = а? 


425 8а? 
— -|4-4---|-12>0 
Е № | a 


So, S is minimum when length = a, breadth = а and height = a, i. e., when it is a cube. 
Example 51: Show that the height of a closed cylinder of given surface and maximum 
volume is equal to the diameter of its base. (В.С.А. (Meerut) 2004; (Rohilkhand) 2008] 


Solution: Let S be the fixed surface aea of a closed cylinder of radius г and height 4. Let V 
be its volume. 


_ „2 
Then, S= nr? -2md)h- Ем 8841) 
2тг 
= v „с _ З 
Апа, V = mr = пг? E 5 | = Ё 8 | [using (1)] 
2nr 2 
2 2 2 
dV |S-6m and 2 СИ ТА 
йг 2 dr? 
Now, ЧҮ 20 (S- 6m) =0 >S - 6n? 
2 
= nr? + 2nrh) = бл/2 >h =2ү, ie, r= Zh 
2 
And, шаа --бл о, 
йг 2 
г =(h/2) 


So, V is maximum when л = 2r 


Example 52: A closed right circular cylinder has a volume of 2156 cubic units. What 
should be the radius of its base so that its total surface area may be maximum ? 
Solution: Letr be the radius and л the height of the cylinder. 


Then, u?h-21562nh- Ё = Let 5 be its total surface area. 
Tr 
Ше, S = Qu + 2л) = (=> + 2nr x m = (27 А xd 
nr r 
dS 4312 425 8624 
P - (w E Jana 12 - (= + 3 | 


7? 


Now, 0 (inr SE =0 
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1/3 1/3 
A? =4312 >r (2. (S -7 


T 4x22 


2 
And E > - нэ us o 
dr бан 343 
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10. 


11. 


12. 


S is maximum when r 27 


. Comprehensive Exercise10.2 


Find two numbers whose sum is 6 and the sum of whose cubes is minimum. 


Prove that a conical tent of given capacity will require the minimum canvas 
when the ratio between the height of the cone and radius of base is V2 :1. 
Inside а cone of height Л and semi-vertical angle a, a cylinder is inscribed. Show 


: : . 4 
that its maximum volume is 27 л? tan? о. 


[B.C. A. (Meerut) 2001] 


If the sum of the lengths of the hypotenuse and a side of a right-angle triangle is 
given, prove that the area of the triangle is maximum when the angle between 


the given side and the hypotenuse is | 


The three sides of a trapezium are equal. If each of them is 6 cm long, find the 
area of the trapezium, when it is maximum. 


The sum of two numbers is constant. Prove that their product is maximum, if 
each number is half of their sum. 


Divide 15 into two parts such that the product of the square of one part and the 
cube of the other is maximum. 


Prove that the semi-vertical angle of a cube of given slant height and maximum 
volume is tan 1,2). 


Show that the semi-vertical angle of а right cone of given total surface and 


: ПРЭ 0! 
maximum volume is sin (s : 


Show that the height of the cylinder of maximum volume that can be made 


M : . 2a . : . 
inside a given sphere is ——., where a is radius of cylinder 


43 
The velocity of waves of wavelength x on deep water is proportional to 2 + 2: 
x 


Find the value of x for which the velocity is minimum. 


Show that the surface area of a closed cuboid with square base and given volume 
is minimum, if it is a cube. 


=: Answers 
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Curve Tracing 


111 Tracing of Curves 


In this chapter we shall deal with the tracing of Cartesian curves only whose equations are 


given in the forms 


і.е. x? +y sq. x? =4ay, xt + уй -4 y 


11.1.1 Procedure for Tracing Curves given in Cartesian form 


The following points should be remembered for the tracing of Cartesian curves. 
1. Symmetry 


(i) Ifall powers of y in the given equation of curve is even, then there is symmetry 
about x-axis ie., the shape of the curve above and below the axis of x is 
symmetrical. 


For example: The parabola y" = 4ax 


y-axis 


x-axis 


Fig. 11.1 


(1) 


(iii) 


(iv) 
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If all powers of x in the given equation of curve is even, then there is symmetry 
about y-axis i.e., the shape of the curve in left and right of y-axis is same or 
symmetrical. 


For example: The parabola x? =4ay. 


y-axis 


X-axis 


Fig. 11.2 


If all powers of x and y in given equation of curve is even, then there is 
symmetric about both axes i.e., the shape of curve above and below to x and y 
axis is same or symmetrical. 


For example: The circle + y =a 


Put х= y and у= x in given equation of curve and equation of curve remain 
unchanged, then there is symmetry about the line y 2x i.e., the line which 
passed through origin and make an angle 45? with the positive direction of 
X-axis. 


For example: The rectangular hyperbola xy = ce 


wee Curve Tracing 


(v) 
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If we put x 2 —x and у--уіп given equation of curve and equation of curve 
remain unchanged then there is symmetry in the opposite quadrants. 


For example: The Folium of descartes e+ y =Заху 


_p-axis 


X-axis 


Fig. 11.5 


Curve passed through origin or not 


If there is separate constant term in the given equation of curve then curve does 


not passed through origin i.e., х2 + a = 2 does not passed through origin. 


If there are no separate constant term in the given equation of curve then curve 
passed through origin i.e., у= хэ passed through origin. 


Tangent at origin: The tangent at origin is obtain by equating to zero the 
lowest degree term in the given equation of curve. 


For example: The curve r+ y = Заху passes through origin. The lowest degree 
term in this equation is 3ax. Equating this term to zero we get the equation of 
the tangent at origin as xy 20 or x =O and y «0. 

Points of intersection with axes 


Find the points where the curve intersects the co-ordinate axes, putting y = О т 
the given equation of curve we find x. Again put x =0 in the given equation of 
curve we find y. 


For Example: r (a+ х) = 22 (3a — x) 

Putting y 20 we get x? (3a—x) 20 or x 20 and x = За. That is (0,0) and (34,0) are 
points of intersection similarly put x 20 in given equation of curve, we get 
y=0 Žie., (0,0) is point of intersection. 

Tangent at any point (h, k) 


To find tangents at any point (л, k), shift the origin to (h,k) . To doit, putr=x+h 
and y = у + kin given equation of curve. Then the tangents at this new origin are 
obtained by equating to zero the lowest degree terms. 


For example: In the curve дау” =x (х-Зар we find putting у=0 that the 


curve crosses x-axis at (0,0) and (За, 0). For shifting the origin to (34,0), we 
should put x = x - 3aand у= y +0 іп given equation of curve to obtain the new 
equation of the curve referred to (34,0) as the new origin. 


— 580 


(ii) 
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Thus, the new equation of the curve becomes 


9a(y +0) =(x + 3a) (x4-3a—-3ay Or 9ay? =(x+3a) x? 


Equating the lowest degree term to zero the tangent at the new origin is 
9ay? -Зах? =0 


i.e., зу -x =0 or y - ze or y= x =+ (tan 30?) х. 


1 
+ — 
43 


i.e., tangents at (За,0) are inclined to x-axis at +30°. 


Asymptotes 


The asymptote parallel to x-axis is obtain by equating to zero the coefficient of 
the highest degree term of x provided it is not constant if it is constant then no 
asymptote parallel to x-axis. 


The asymptote parallel (о y-axis is obtain by equating to zero the coefficient of 
the highest degree term of y provided it is not constant if it is constant then no 
asymptote parallel to y-axis. 


Regions where the curve does not exist 


Solve for y or x as case may be and find out those values of x lying in the region, 
say values of x between aand b for which y is imaginary, then the curve does not 
exist in the region bounded by lines x =a and x =b. 


For example: In curve ay =x" (x —a) (2a — x) we find that all values of x less 


than a, y is negative i.e., y is imaginary. 


-. The curve does not exist for values of x > a. Similarly for the values of x » 20, 
the curve does not exist. Hence the curve exists for values of x lying between a 
and 2a. 


Observe how y varies as x increase from zero to infinity and as x decrease from 
Zero (О-о. 


Point of inflexion 


The point of inflexion is obtain by equating to zero to Lu тг 


wee Curve Tracing 581 = 
Example 1: Trace the curve у? =x? (i) 
Solution: 

1. Symmetry: Since all power of у is even, then symmetry about y-axis. 


2. Curve passed through origin. 
3. Tangent at origin: The tangent at origin are у? -0 ог у-0 ie., x-axis is 
tangent at the origin. 
4. Points of intersection: Put у = 0 in (i) we get x =0. Again put x =0 in (i) we 
get y = 0. Hence we do not get any new point but the origin. 
5. No asymptotes y 
6. For negative values of x, 3^ is negative i.e., y is 1 
imaginary or the curve does not exist for 
negative value of x. 
о * 
75 As x increase from О to ee, y also increase from О 
ТО оо 
Fig. 11.7 
With above data the shape of the curve is shown 
in Fig. 11.7 
Example 2: Trace the curve y = х (e -] (1) 
Solution: 
1, Symmetry: Symmetry in opposite quadrants. 
2: Curve passed through origin. 
3. Tangent at origin: Equating the lowest degree terms to zero, the equation of 
the tangent at origin is 
х+у=0 or у--х 
i.e., the line which passed through (0,0) and make an angle 135° with positive 
X-axis. 
4. Points of intersection: Put y =0 in (i) we get x = 0, x = €1i.e., (0,0), (C LO), (1,0) 
Again put x =0 in (ii) we get y =O Hence, (1,0), (C 1,0) 
5. (i) Tangent at (1, 0): Put x 2 x «Ll, у= y+0 in (i), we get 


у= G1) (x 1 —1) 
Or y =(х+1) (х2 +2х) 
or yer +312 +2х 


2. The tangent at the new origin is y 22x 


(ii) 
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Tangent at (~ 1,0): Put x2 x -1, у= y+0 
in (i), we get 

у=(х-1) (x -1? -1) 
Or у=(х-1) (х2 -2х) 


уз i -3x +25 


The Tangent at the new origin is 


у=2х 
б. No asymptotes 
7. When x increase from 1 to е then y increase from О to оо. 
With the above data the shape of the curve is shown in figure 11.8. 
Example 3: Trace the curve гу =a (х2 + У) ...(1) 
Solution: 
1. Symmetry: The Symmetry about both axes. 
2. Curve passed through origin. 
3» Tangent at origin: Tangent at origin are х? + у? -0 which gives imaginary 
tangents. So (0,0) is a conjugate point. 
4. Points of intersection: Put x =0 in (i) we get y =0. Азат put y =0 in (i) we get 
x = 0. Hence we do not get any new points but the origin. 
95 Asymptotes: The asymptote parallel to x-axis is 
y -¢ =0 > у=}а 
The asymptote || to y-axis is xi?-4 =0 > x-ta 
6. Region: Solve for y, we get у? = сан 


F 


if x? < d, then у? is negative ог у is imaginary, 
then curve does not exist between the lines 
Х--аапах-а 


Жо, 


Similarly if solve for y, we get x^ = 


if y! « a, then x? is negative or x is imaginary | 


then curve does not exist between the lines 


y--aand y=a 


-. The shape of the curve is shown in the figure 11.9. 
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Example 4: Trace the curve y == | 5413) 
2 — 

Solution: 

1. Symmetry: The symmetry about y-axis. 


Curve does not passed through the origin. 

Points of intersection: Putting x 20, in (i) we find y 2-1 i.e., the curve cuts 
the y-axis at (0, — 1) 

Tangent at (0, - 1): Put x=x+0, y= y-lin (i) 


we get je 
8 J "wm 
Or (у=) (P —1) =х? +1 or y- у-2х° =0 


-. The tangent at the new origin is y =0 i.e., the new x-axis. 


Asymptotes: The given equation of curve can be written as x (у--у-іІ-0 


The asymptote parallel to x-axis is у-1= 0 ог у-1 


The asymptote parallel to y-axis is х2-1-0 огх=+1 


Region: As x increase from 1 to ee, y decrease 


from со to | and as x increase from 0 to 1, y 
decrease from — 1 to —ee. 


For values of x>1, y is positive and for | 
values of x lying between О and 1, y is - 
negative. 


The shape of the curve is as shown in figure 
11.10 J + 
Fig. 11.10 


8. yl 


Example 5: Trace the curve x^ = 


да! 


Solution: We observe from the equation of the given curve that: 


1. 


The equation is of even degree in x, and therefore, the curve is symmetric about 
y-axis. 
The curve does not pass through the origin. 


d 
The curve meets the y-axis at (0,1) and this point m =0, therefore the tangent 
x 


is parallel to x-axis. 

The asymptote parallel to x-axis is y = –1 and asymptotes parallel to y axis is 
x = £l which are obtained respectively by equating to zero the coefficients of 
highest degree in x and y. Also there is no oblique asymptote. 


Example 6: Trace the curve y - 
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When | X | < 1, then у> 1 and when x >T, then 


УЭ +, 
When | х | > 1, then y < -land when x > |! then 7 
yore. 

From the equation of the curve x^ =~—— it is 


clear that when 


—1< y <1, then the value of x? is negative; i.e., xis 
imaginary. 
It follows that there is no branch of the curve in between у--Їал4 у=1. 


Hence, keeping in view the symmetry, of the graph of the curve will be shown in 
the figure 11.11 


(1+ x7) x” 


tax 


Solution: We observe from the equation of the curve that 


1. 


There is no change in the equation of the 
curve by replacing x with —x and у with — y, 
hence the curve is symmetric in opposite 


quadrants. 


The asymptotes parallel to y-axis are x =+1. 


The curve passes through origin. Also the 


equations of tangents at origin to the given 


у" 
curve, Бу equating to zero the lowest degree Fig. 11.12 


terms, are given by 


y —х°=0; ie, y-tx. 


Hence the tangents at the origin are y = хапа y 2- x. 
If 1-32 «0; ie. x Ztl, then y is imaginary, hence there is no branch of the 
curve on the left-side of the line x = - 1 and the right-side of the line x =1. 


Also when x > - 1, then y te and when x > Г, then also y ә + о. 


On the basis of the above facts the graph of the given curve will be as shown in 


the above figure 11.12. 


wee Curve Tracing 
Example 7: Trace the curve x =(у-1) (у-2) (y -3). 


Solution: (1) No symmetry. 
(2) Тһе curve does not through (0, 0) 
(3) When у=0, х 2-6, and when x 20, y 12,3. 


2. The curve cuts the axes at the points (—6,0), (0,1), (0.2), (0,3). 


The given curve is 


x-2y-6y +Пу-6 
4 


х dy 1 
-3у?-12у411-5-- 
dy de iR (372 -12 y«11) 


„ы MS 
dx }_6 0) ll’ (dx (0,1) 2” dx Jo. 9) 2 


1 
(dy/dX)g, 3) 7 7. 
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Hence the tangents at (—6, O), (0, 1), (0, 2) and (0,3) are inclined at angles tan! (1A 1), 


tan! (12), (31 / 4) and tan! (12) with the x-axis. 


(4) Мо asymptote. 
(5) Solving the given equation for x 


xz(y-D(y-2)(y-3) 


(I) When y is positive. (0,3) 


(0)  WhenO« у<Ьх=-уе and x 20at yl. 
(ii) When0< y «2, x 2* vex=Oat y=2. 
(іі) When2 < y«3,x 2- vex 2Oat y=3. 


(76,0) 

(iv) When y »23,x 2 * ve and уә es x > о. 

(П) When y «0, x=- ve and y 2 - ee, then 
ХЭ —оо, 


(6) From the equation (i), we have 


2. 3 
P iy 12; 287 
dy dy 


Clearly d? x/dy =0 апа dx /ау? #0 at (0, 2). Hence there is a point of inflexion 


at (0, 2) only. 


-. The curve is as shown in the figure 11.13. 


Example 8: Trace the curve ж? ^ = (1+ у) (4 egy [B.C. A. (Agra) 2004] 


Solution: (1) The curve is symmetrical about x-axis. 
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(2) The curve does not pass through (0, 0). 
(3) When у-0, we do not get any value of x. 
When x =0, у--1,2,-2. Thus the curve cuts the y-axis at (0, 2), (0, — 1) and (0, —2). 
To find tangent at (0, 2). Shifting the origin to (0, 2), we get 
х (y+2)* ={1+ (2+ у} 4-Q уу) 
or х (y*2Y =(3+ У)? (-4у- y^). 
The tangent at new origin is y =0, ie.,the tangent at (0, 2) is parallel to original 
x-axis. To find tangent at (0, - 1). Shifting the origin to (0, – I), we get 
22 (y-Y ={1+(y-D¥ 4-(Gy-Y») 
Or x? (у=? 2(8 4 2y- y?). 
The tangent at new origin are x? =3y’,ie., pet (1/43) x. Thus (0,-1) is node 
and the tangents at this point the inclined at angles + 30° with the x-axis. 
Similarly the tangents at (0, —2) is parallel to x-axis. 
(4) Asymptote: The equation of the curve may be written as 
y! (2 + y*)+2y -3y? -8y-4-0. 
The linear factors in the highest power terms are y, which is constant then no 
asymptote parallel to y axis. Hence the asymptote may be only parallel to 
x-axis. Equating to zero the coefficient of highest power of x (i.e., of х2), the 
required asymptote is y =0, i.e., y = 0 (x-axis). 
(5) Solving the given equation for x, we get 
x = (1+ yha-yyy. 
(I) When y is positive. 
(1) When 0 < y «2, x? = + уе > yis real. 
(ii) When y>2, x? = үе хі їтарїпагу. 
Hence when у>0, then the curve exists іп the region О< у<2. Again when 
у 0, x? — ©. 
(II) When y is negative. 
(i) When lege r = + ve x і real. 
(ii) When -2 «y «-Lx? =+ ve > xis х” 
real. 
(іі) When у<-2, х2 = уе ris 


imaginary. 


Fig. 11.14 
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Hence when y «0, then the curve does not exist in the region y » - 2. 


. The curve is as shown in the figure 11.14. 


Example 9: Trace the curve хэ у=х+1. 


Solution: (1) No symmetry. 
(2) The curve does not pass through (0, 0). 


(3) The curve cuts the axes at (-1,0). 
To find tangent at (— 1, 0). The equation of the curve may be written as 
у= x? + x? 
dy/dx = -2x 3 -3х 4, (dy/dx) at (-1,0) =-1. 
-. The tangent at (-1, 0) is inclined at an angle (31/4) with the axis of x. 
Also d? y / d? =-6х 4 512,79 z0at (-1,0). 


Then (—1,0) is not a point of inflexion. 


(4) Asymptote: Clearly the asymptotes are x =0, у=0, i.e., both axes are the 
asymptotes. 

(5) Solving the given equation for y, we get 

yo (xt 1)/x?. 

(I)  Ifxis positive, then у= + ve. 
The curve exists in the first quadrant. When 
Х- өө, у ә ә and when х->0 (from the 
right) then y > =. 

(П) Ifx is negative. 


(i) | When -I«x «0, у= – ve. 


-. the curve exists in the third quadrant and y’ 
when x > 0 (from the left) then y > —®. 


(1) What x<-l, у= + ve. 
2. The curve exists in the second quadrant. 


2. The curves is as shown in the figure 11.15. 


Example 10: Trace the curve yx B a(x -а) 2-6) 
Solution: 
1. Symmetry: The symmetry about x-axis. 


2: Curve does not pass through the origin. 
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3. Points of intersection: Putting y =0 in (i) we get x 2a i.e. curve crosses x-axis 
at (a,0). 


4. Tangent at (a, 0): Shift the origin to (a, 0), the equation of the curve becomes 
у? (х+а) = ax 
Then tangent at new origin is x=0 i.e. new y-axis i.e., a line through (а, 0) 
parallel to old. y-axis. 
5. Asymptotes 
(i) The asymptote parallel to x-axis is y! -q? 20 or y-ta 
(ii) The asymptote parallel to y-axis is x = 0 


а? (x-a 

6. Region: Solve for y? - тей) 
X 

When x lying between 0 and a, ба 

is negative і.е., y is imaginary i.e., 

the curve does not exist between 

the lines x =0 and x =a 


The shape of the curve is shown in 
figure 11.16. 


Fig. 11.16 


Example 11: Trace the curve y (2a-x)= x [B.C. A. (Agra) 2005, 2007] 


Solution: 
Symmetry: The symmetry about x-axis. 
Curve passed through origin. 
3. Tangent at origin: The tangent at origin are J =Oor y=0i.e., there is cusp at 
origin. 
Points of intersection: The curve crosses the axes only at the origin. 
5. Asymptotes: 
(i) No asymptote parallel to x-axis. 
(ii) Asymptote parallel (о y-axis is x -2a 20 or x 22a 


Р: 


(2а-х) 


6. Region: Solve for у? = 


When х> 2а then y is negative or y is 


imaginary then curve does not lies in that region. x’ 
When x «0 then y is negative or y is imaginary 
then curve does not lies in that region. 


The shape of curve is shown in figure 11.17. Fig. 11.17 
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Example 12: Trace the curve y (e -l=x 


Solution: 
1 Symmetry: The symmetry about x-axis. 
2 Curve passes through origin. 
З. Tangent at origin: The tangent at origin is x =O i.e., y-axis. 
4 Points of intersection: The points of intersection is only at (0,0). 
J Asymptotes: 
(i) The asymptote parallel to x-axis 18 у-0. 
(ii) The asymptote parallel to y-axis is х^-1=0огх=+1 
6. Region: Solve for у? = x(x -1) 


When x <-1 then у? is negative i.c, у is 
imaginary. 
The curve does not exist for x <—l. 


Similarly for values of x lying between 0 


and 1, Га is negative i.e., curve does not 


exist. 


The shape of the curve shown in figure 
11.18. 


Example 13: Trace the curve х? (х2 du) - y^ (e egy. 


Solution: (1) Symmetry about both the axes. 


(2) 


(3) 


(4) 


The curve passes through the origin and the tangents at (0, 0) are дад? = e y, 
i.e., y =+ 2x and so (0,0) is a node. 
The curve crosses the axis of x at (0,0), (24, 0) and (-2а,0). 
Shifting the origin to (2a, 0), the new equation of the curve is 
(x + 2a)? (х2 + 4ax) = Y? (22 + 4ax +30). 

The tangent at new origin is 16ба3х =0 i.e., x =O and so the tangent at (24,0) is 
parallel to the original y-axis. 
Asymptotes: The equation of the curve may be written as 

х? (у-х)(у+х)-а^ у” + Ad? x? =0. 2-06) 
Equating to zero the coefficient of у? (i.e., highest power of y) the asymptotes 
parallel to y-axis are given by 


х2-4 =0 ог х=+а. 
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Now let у-х =k, be the asymptote corresponding to the factor y — x. 
Putting y =x + А in (1), we get 
Jc. iU „.У=Х 


Fig. 11.19 


xk (ke +h) -@ (x +h)? Ad x? =0 
Equating to zero the coefficient of 2, we get 1-0 
х у-х = 0 is an asymptote. 
Similarly y + x =0 is also asymptote. 


(5) Solve for y, 
= (x -Ag)/(à? -а7). И) 


If x is positive: 
(i) When0O<x<a, y =+ уе > yis real and so the curve exists in this region. 
(ii)  Whena«x «2a, y is imaginary and so the curve does not exist in this region. 
(iii) When x >2a, y? = + ve = у is real and so the curve exists in this region. Also 
when x > ee, y 2 оо, 
We need not consider the negative value of x as the curve is symmetrical about 
y-axis. 
(6) In the positive quadrant, we have from (ii), 
Se 1-22 / (4)? 
1-32/2)72 


“When 0 «х <a, y » 2x. So the curve touches the line y 22x above it at the 
origin. 


-. The shape of the curve is as shown in the figure 11.19. 


Example 14: Trace the curve x (x -2a) y? =a (х-а)(х-3а). 


Solution: (1) Symmetry about x-axis. 


(2) The curve does not pass through the origin. 
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(3) Тһе curve crosses the x-axis at (а, 0), (34,0). 
The tangents are parallel to_y-axis at these points. 
(4) Asymptote: Equating to zero the coefficient of highest power of x, the 
asymptotes parallel to x-axis are x 20, x 22a. Similarly asymptotes parallel to 
y-axis are у= t a. 
(5) Solving for y, we have 
20 a (х-а)(х-3а) 
J х(х-2а) 
(I)  Ifxis positive, 
(i)  whenO0 «x «a, у = уе yis 
imaginary, 
(ii) when a « x «2a, y? 24 ve 2 yis 3 
real. Fig. 11.20 
(iii) when 2a « x «3a, y. =- уе > yis imaginary, 
(iv) when x »3a, y! = + ve = is real. 
(П) Ifx is negative, у? = + ve > pis real. 
From above discussion the curve exists in the regions given Бу 
а<х<2а,х » 3aand x «0. Combining above facts, the shape of the curve is as 
shown in the figure 11.20. 
Example 15: Trace the curve 4ау? -х(х =2а)? (i) 
Solution: 
l. Symmetry: The symmetry about x-axis. 
2: Curve passes through origin. 
3. Tangent at origin: The tangent at origin is x =O i.c, y-axis. 
4. Points of intersection: Put у=0 in (i), we get x =0 and x 22a i.e., the curve 
crosses the x-axis at (0,0), (24,0). 
5. Tangent at (2a, 0): Shift the origin to (24,0) i.e., put x=x+2a, y= y+0 in (i) 


we get 4ау? = (х+2а) (х-2а-2ау 
or 4ау? = x7 (x 42a) 
or Aay? =x? 2a 


The tangent at new origin are given by 
4ау? -2ax? =0 
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or 2y% -x2 =0 or pote 
№ J=- 


-—— | 21(. үс 
whose inclinations to the x-axis are + tan (5 Le., t 


>| а 


6. Asymptote: No asymptotes parallel 
to x and y axis. 


x (x -2a 
4a 


When x <a then y is negative or yis 


7. | Region: Solve for у? = 


imaginary. Hence curve does not lies 
in that region. 


The shape of the curve is shown in 
figure 11.21. 


Example 16: Trace the curve у? (а+ х) = x? (а-х),а>0 ...(1) 
[В.С.А. (Арга) 2004] 
Solution: 
Symmetry: The symmetry about x-axis. 
2. Curve passed through origin. 
3. Tangent at origin: Tangent at origin is 
ау? — ax? -0 or y? =x" or y«tx 
4. Points of intersection: Put y =O in (i) we get x -0 and xy =a i.e, the curve 
crosses x-axis at (0,0) (a, 0). 


5. Tangent at (a, 0): Put x = x caand у= у+0 in (i), we get 


Ға (а+х+а) = (хч а)? (а-х-а) or у? (2a x) 2 х (х+ a 
Hence, the tangent at new origin is x 20 i.e., new y-axis i.e., a straight line 
through (a, 0) parallel to y-axis. 


6. Asymptotes: 


(1) Asymptote parallel to y-axis is 
ажх-0 ог x--a 
(ii) No asymptote parallel to x-axis. 


x? (a — x) 


7. | Region: Solve for y? EEUU 


When х>а then Ға is negative or y is 


imaginary then curve does not lies in that 
region. Similarly when х<-а, the curve 
does not exist. 


The shape of curve as shown in figure 11.22. 
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Example 17: Trace the curve х. y =Заху sel) 
Solution: 

1. Symmetry: Put x = y and у= x in (i) the equation of curve remain unchanged 


then symmetry about the line y = x. 
Curve passed through origin. 


Tangent at origin: The tangent at origin are 


ху=0 > x=0 or y-ÜO ie, y and x-axis are tangent. 
Points of intersection: Put y = хіп (i), we find 


2,3 23a? or х? (2x -3a) 20 


= х=0 огх = 
2 
i.e., (0,0), (%, ša), are the points of intersection. 
Tangent at (%, 38) Differentiations (i) y узэх 


С +) 


W.r.t.(x) we find 


ope T 


. The slope of the tangent of the 

curve at (34 3%) is -1 

i.c, it inclined to x-axis at an angle 135° 
Asymptotes: No asymptotes parallel to x апа y-axis. 


The shape of the curve is shown in Figure 11.23. 


Example 18: Trace the curve ay -(х -а)% (x-D),a»b. 


Solution: 

(1) Symmetry about x-axis. 

(2) The curve does not pass through the origin. 
(3) The curve cuts the axes at (b,0) and (а,0). 


To find tangent at (b, 0). Shifting the origin to (}, 0), the new equation of the 


curve is 


ay =(x+b—a)*x. 


(4) 
(5) 


(I) 


(i) 


(ii) 


(iii) 


(1) 
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2. The tangent at new origin is x = 0, i.e., the tangent at (р, 0) is parallel to original 
y-axis. 
To find tangent at (a, 0). Shifting the origin to (a, 0), the equation of the curve 
becomes 

ay =x! (х--а-В). 
The tangent at new origin is y. =Oor y 20, i.e., the tangent at (a, 0) is parallel to 
original x-axis. 
No asymptotes. 
Solving for y, = (х -а)% (х - by 
If x is positive. 


When0O «х <b, yis imaginary and so the 
curve does not exist in the region. 


When b<x<a,y is real and у-0 at 
x = a, b. The curve exists in this region. 


When х >а, y is real, the curve lies in 
this region. Also y* — cas X — со, Fig. 11.24 


If x «0, y is imaginary. 50 the curve does not exist in this region. 


Hence the shape of the curve is as shown by the figure 11.24. 


Example 19: Trace the curve ra -(x-a)(x-D)(x-c)a»b»c. 


Solution: (1) Symmetry about x-axis. 


(2) 
(3) 


(4) 
(5) 


(I) 
(i) 
(ii) 
(iii) 


Does not pass through (0, 0). 


The curve crosses the axes at (c,0),(b,0) and (а,0) and the tangents at these 
points are parallel to y-axis. 


No asymptotes. 

From the curve y? = (x—a) (x - b) (x -c). 

If x is positive. 

When 0 <x <c, y^ =-уе > yis imaginary, so the curve does not exists in this 
region. 

Whenc<x<hb, y = + ve 2 yis real and so the curve exists in this region. 


Whenb «х «a, у? --уе-э yis imaginary and so the curve does not exist in 


this region. 
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(iv) When x >a, у? =+ ve > yis real and 


(1) 


(6) 
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so the curve exists in this region. Also 
у? — оо as X — оо. 


When x «0, yis imaginary and so the 
curve does not exists in this region. 


Clearly dy/dx — өө as x — œ% i.e., the j Fig. 11.25 
curve becomes parallel to y-axis as 
X — o. 


-. The shape of the curve is as shown in the figure. 


Example 20: Trace the curve у? (х-а) = х? (х+а). 


Solution: (1) Symmetry about x-axis. 


(2) 


(3) 


(4) 


(0, 0) satisfies the equation of the curve. The tangents at (0, 0) are given by 
3 эж, ig, y=+ix which are imaginary. Hence (0, 0) is a conjugate point 
and so the curve will not pass through the origin. 

The curve crosses the axes at (—a,0). Shifting the origin to (- 4,0), the equation 
becomes 


ae (x -2a) -(x-ayx : 


The tangent at new origin is x 20, i.e., ` 
the tangent at (—a,0) is parallel to the 
y-axis. 


Asymptotes: The equation of the 
curve may be written as 


x(y -x)(y x) -ay? -ax =0 ssl) Ё 


The asymptote parallel to y-axis is 
х-а-0. Now let у-х= or y2x«k ВА 
Бе the asymptote corresponding to Fig. 11.26 
the linear factor y- x. Putting 
y=k, +x in (1), we get 

xk (№ + 2x) - a (k t xy. -ax =0. 
Equating to zero the coefficient of 22, we get 

2h -2а=0 ork =a. 

. y-x =ais an asymptote. 
Again let у+х= А, ~. putting y =k, -x in (i), we get 


x (ky -2x) ky —a (ko ху ах^=0 


(5) 


(I) 
(i) 
(ii) 


(1) 
0) 
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Equating to zero the coefficient of x, we get ky --а. 


y*x--aisthe asymptote corresponding to y+ x. 
So the all asymptotes of the curve are 


х=а, уз-хжа,уз-Х-а. 

Solving for y 

y! -х (хжа)/(х-а). 2.61) 
If x is “хе. 
When 0 «х <a, y =-ve > yis imaginary. 
When x » a, y? =+ve > yis real. Also y? — оо 45 X — о, 
. The curve exists in the region x >а. 
If x is negative. 
When -a,x «0, yis imaginary and (ii) when x < —a, yis real. So the curve lies in 


the region x <-а. Also y — œas X — – оо, 


The shape of the curve is as shown in the figure 11.26. 


Example 21: Trace the curve y (а? + х?) = х. 


Solution: (1) Symmetry in opposite quadrants since the equation remains unchanged Бу 


substituting — x for x and — y for y. 


(2) 
(3) 
(4) 
(5) 


(6) 


The curve passes through the origin and the tangent at this point is y — x. 
The curve cuts the axes at (0, 0) only. 

The only asymptote is y =0, i.e., x-axis. 

Solving for y, we have у= а х l(a + x), 

If x is positive, y is positive and when x is negative, у is negative and so the curve 


exists in the first and third quadrants. Also y ә 0 as х > and it shows that the 
x-axis is the asymptote in this region. 


Differentiating the given equation of the J yox 


curve, we get 


dy аа х?) Фу 2а (За a Rl pe 


d (dex y ade (Оу 


42 
Now, (а^ + ху Ры --64 x20 x). 
MC again w.r.t. x, we get Fig. 11.27 
d? 
(42 + х? pra 2 бл? +22 y por —6а% + 6d? x). 2-4) 


Putting дунд =0, we get x 20, + a43 ала а y [d 20 at 
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(7) 
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these points. Hence there are points of inflexion at x =0, + a3. 


dy/x =0 = x = + а and so the tangent is parallel to x-axis at x = + a. Combining 
the above facts the curve is as shown in the figure 11.27. 


Example 22: Trace the curve y (e -]zx. 


Solution: (1) Symmetry about x-axis. 


(2) 
(3) 
(4) 
(5) 


(I) 


(i) 


(ii) 


(1) 
0) 


(ii) 


Passes through the origin and the tangent at origin is x =0,i.e., y-axis. 
The curve cuts the axes at (0, 0) only. 
Asymptotes: The asymptotes are y = 0, х= 1. 


Solving for 
ж = х/(х^ -1) 
If x is positive. 


When 0 «х <1, y is imaginary and 
so the curve does not exists in this 
region. 


Ж 
When x >I, y is real. Also ж ->0 


as x — œ and it shows that у=015 
the asymptote of the curve in this 
region. Also га — œas x — l (from 


the right). 


If x is negative. 


When -1< x «O0, y is real, and J — œas x ә —1 (from the right). So the curve 


exists in this region and x =-115 the asymptote. 
When x < –1, y is imaginary and so the curve does not exist in this region. 


The shape of the curve is as shown in the figure. 


Example 23: Trace the curve х? (х2 + y = (х2 - y) 


Or y (а? + х?) =x (а? -х2) 2-6) 
[B.C.A. (Agra) 2000, 2001] 
Solution: 
1. Symmetry: The symmetry about both axis. 
Curve passed through origin. 
Tangent at origin: The tangent at origin are y =x or у= + х. These tangents 
being real and distinct, node is expected at the origin. 
4. Points of intersection: Putting y=0 in (i) we get х-0, £a i.e., the curve 


crosses x-axis at (0,0), (a,0) and (-а,0). 


5. 
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Tangent at (a, 0): Shift the origin to (a, 0) put x = x - aand y = у+01п (i), we find 
у” G2 (x ap) = (x а)” (ай - (x ap) 
Or y {x? +2ах+2а“} = (x +a}? (7x? -2ax) 


Equating the lowest degree term to 
zero, we get the equation of the 
tangent at the new origin as x =O i.e., 
new y-axis similarly tangent at (74,0) үг 


is y-axis. 
6. Asymptotes: No asymptotes 
parallel to x and y axis. | 
7. Region: Solve for y ie, Fig, A 
y = х2 (ад -x fe +22) when 
х2 >а? then у? is negative ог у is imaginary then curve does not lies in that 
region. 
-. The shape of the curve is shown in figure. 
Example 24: Trace the curve xy? + (х+ а)? (х+2а) 20 ...(1) 
[В.С.А. (Арга) 2008] 
Solution: 
1. Symmetry: The symmetry about x-axis. 
2. Curve does not passed through origin. 
3. Points of intersection: Put x =O in (i) we get y =- =. Again put y =0 in (i), we 
getx--a,x--2a 
Hence (-а,0),(-2а,0) is the points of intersection. 
4. Tangent at (-а, 0): Put x 2 x-a, у= y =0 in (i), we get 


(х-а) y? t (x -a- af (х-а-2а)-0 


ог (x-a) y? 4 x (x +a) =0 

Equate to zero the lowest degree term i.e., 
-ay? tax? 20 

Or у? =x 

or Ух 


Now to find tangent at (-2a, 0): Put x 2 x -2a, y= у+0 in (i), we get 
(x -2a) y? +(х-2а+ а)? (х-2а-2а)-0 
ог (х-2а) y? Ф(х-арх-0 


Equate to zero the lowest degree term i.e., ax=Oorx=0 


i.e., y-axis is tangent at (-2a,0). 
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5. Asymptote: The asymptote 


parallel to y-axis is x =0 and по 
asymptote parallel to x-axis. 


Region: Solve for 


6. 2 
(+ а) (х-2а) 
№ - 
when x < а then у? is positive ог у у’ 


is real then curve lies in that Fig, 11.30 
region, when x > 2athen Pa is negative or yis imaginary then curve does not lies 
in that region. 
The shape of the curve is shown in figurel 1.30. 
Example 25: Trace the curve y (e + y?) Le (х2 =?) =0 
ог у? (а^ +22) = 2 ( – х2) ЕТІС 
ІВ.С.А. (Арга) 2000, 20011 
Solution: 
1 Symmetry: The symmetry about both axes. 
2 Curve passed through origin. 
52 Tangent at origin: The tangent at origin аге y =x or y-tx 
4 Points of intersection: Put y 20 in (i), we get 


02x? (а -x) or х=0, x=+a 


i.e., (0,0), (а,0), (-а,0) are the points of intersection. 
5. Tangent at (a, 0): Put x 2 x * a, y= y *O in (i), we get 
у (а^ +(а+ xy?) =(х+ а)” (a -(x+a)}?) 
or y (х2 хаа + 2ах) - (x ay, (=x -2ах) 


Equate to zero the lowest degree we get the tangent at new origin i.e., х=0 
or y-axis is tangent. Similarly tangent at (—a,0) is y-axis. 


6. Asymptotes: No asymptote 
parallel to x and. y-axis. 


75 Region: Solve for у, we get x’ 


Es (а? -x2) 


(24,0) (а,0) ы 
а (42 + х2) 4 


When x > athen y? is negative or y y' 


is negative then curve does not lies Fig. 11.31 
in that region. 
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When x «-athen у? is negative ог уіѕ imaginary then the curve does not lies in 
that region. 


Hence, the shape of the curve is shown in figure 11.31. 


Example 26: Trace the curve у? (х2 + у2) на? (х2 =) =0 401) 
[B.C.A. (Agra) 2000, 2002] 

Solution: 

1. Symmetry: Symmetry about both axis. 

2. The curve passed through origin. 


3. Tangent at origin: The tangent at origin are 22 =” =O огу=+х 


These two tangents being real and distinct, hence node is at origin. 


4. Point of intersection: Put x =0 in (i), we get 
ў E 2 2 =0 or y^ (y? -а2)-0 
or у=0, y=ta 


The curve crosses the y-axis at (0,0), (0, a) and (0, — a) 
5. Tangent at (0, a): Shifting the origin to (0, a) by 


putting x =x+0, у= y+a in (i), we get 


(y* af (x? + (у+а)?) +æ (х2 -(у+ а?) =0 
The tangent at new origin is y =O i.e., x-axis 
similarly tangent at (0, — 4) is also x-axis. 


6. Asymptotes: No asymptotes parallel to x and 


y-axis. 


2 = 
7. Region: Solve for x i.e., 22 е0 
(а? + у) 


when у > а then x? 


is negative or x is imaginary 
then curve does not lies in that region. 


The shape of the curve is shown in figure 11.32. 


Example 27: Trace the curve y =а?х-х? 2-04) 
[B.C.A. (Agra) 20031 

Solution: 

1. Symmetry: Put x = — x and y=- у in given equation of the curve and equation 


of curve remains unchanged, so there is symmetry in opposite quadrants. 


25 Curve passed through origin. 
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401 = 


3. Tangent at origin: The tangent at origin is х=0 ie., y-axis. 
4. Points of intersection: Putting y =0 in (i) we, get 
X (а? эж) -0 ie,x=0, х=+а 
so curve crosses x-axis, at (0,0), (а,0) апа(-а,0). 
5. Tangent at (а,0): Shifting the 
origin to (а,0), the equation of the 
curve becomes 
ҰЗ 
y =a (xa) ~(x+a)? 
or y? --х3-З3х2а-2а?х 
Equate to zero the lowest degree 
term i.e., x = 0 or y-axis is tangent Fig. 11.33 
at (a,0) 
6. Asymptotes: x + у =0 is an asymptote to the curve. 
7. As x> оо, y ә -eeand as хә – ә, yoo 
-. The shape of the curve is shown in the figure 11.33. 
Example 28: Trace the curve х +)? =5 x y 2-4) 
ІВ.С.А. (Lucknow) 2008] 
Solution: 
1. Symmetry: Symmetry in opposite quadrants. 
2: Curve passed through origin. 
3. Tangent at origin: The tangent at origin is х? у =0 огх=0 апа у=0 
i.e., y-axis апа х-ахіѕ 15 tangent. 
4. Points of intersection: Put y =0 in (i), we get x =0 
Again put x =0 in (i) we get у=0. 
Hence there is no point of intersection except (0, 0). 
Dis Asymptote: No asymptote parallel to x and y-axis but x+ у=0 is oblique 
asymptote. 
6. Region: In order to discuss the form of the curve near the origin neglect x? and 


consider y -54 xy Or y! -5а х? 
. х=0 is a tangent to this branch at origin. 
This branch may be written as у? = У5ах 


Again neglect y the equation of the curve becomes 
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p -5q x y=0 or x° -5d y 
хэ 

7. у = 0 1$ а tangent to this branch. Also for this branch i.e., y = 22 we find that 

42 

“у =0 gives x 20 i.e., (0, 0) is point of inflexion of this branch. 

di 

€ X 
Fig. 11.34 
2 2 2 
Example 29: Trace the curve yA + y - 4% 2.0) 
Solution: 
2 үз y 16 

1. Symmetry: We can write (i) ав 2 + z =] 


This show that symmetry about both axis. 

2. Curve does not pass through origin. 

3. Points of intersection. Put y =0 in (i), we get Q5 =: P 
>r = 0 or x-ta 


i.e., the curve crosses the x-axis at (a, 0) and (—a, 0) similarly the curve crosses the 
y-axis at (0, а) and (0,— a). 


20 


4. Tangent at (a, 0): Differentiating (i) w.r.t. (x), we get 2 
Then |= =0 ie, tangent at (4.0) is parallel to x-axis. 
(a,0) 


d 
Again (2) = – о 1.6., tangent at (0, a) is parallel to y-axis. 
dx До, a) 


5. Asymptotes: No asymptote parallel to x апа y-axis. 


БЭ: 
6. Region: Solve for x and y i.e., 2 -%) 
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Example 30: Trace the curve х? y* =a ( y* -=x 


405 жш 


2 
When (4 >lorx>athen ж <0 ог у? «0 ог у is imaginary then curve does 
a 


not lie in the region y >a. Due to symmetry the curve does not exist for x < -a 


and for y < -a. 


The shape of the curve with the help of above data is 


2 


Solution: 

l. Symmetry: The symmetry about both axes. 

2. The curve passes through the origin. 

3. Tangent at origin: The tangent at origin are у? -x° =0 or y2tx. 

4. Points of intersection: There is no point of intersection except origin. 

3: Asymptote: Asymptote parallel to y-axis is x? 24d orx = + aand no asymptote 
parallel to x-axis. 

6. Region: Solve for у, we get 


J =? ПЄм 273 
ог paar /(42-х2) 


x 
When x? > @ then y? is negative or y is 
imaginary then curve does not exist in 
that region. 


The shape of the curve is shown in figure 
11.36 
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= -Comprehensive Exercise 


1. af =x 2. y(x* +4a*) =80° 
3. дау? -х(х-3а)7 4. ху? -4q? (2a — x) 
5. ey =х? (2a - x) 6. Pyar =e 
24 (yy 
7; Ө Y (4 =1 8. 26 + уб = 23? у? 
Ө; а у? = Фай — 6 10. y! (a-x) = х? (а+ х) 


[B.C.A. (Kanpur) 2001, 2006] 


11. x? = у> (x а)? 


=: Answers 
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2. 


, 


J 
Fig. 11.41 


= 406 И саас 


5. y 


= Curve Tracing 407 шшш 
8. 
ү--х J J-—X 
„шр, а//2) 
x х 
Р 
Fig. 11.44 

9. 


10. 
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11. 


%%% 


ыар 


1 2 Successive Differentiation 
and Leibnitz Theorem 


121 Successive Differentiation 


d 
If y be any function of x then its derivative m will be a function of x whose differentiation 


d d 
can be done. Hence we can find again differential coefficient of = The derivative of - 


а 
ie., £ (2) is called second derivative of y. Similarly derivative of second derivative is 
called third derivative. Similarly, fourth, fifth etc. The successive derivatives of y with 
respect to x are denoted by 
dy Фу dy 
d ДО” ag e 
n 


d'y 


The и derivative or differential coefficient of yw.r.t. to x is denoted Бу dor 


If у= f(x) then the successive differential coefficients are also denoted by the following 
notations: 


Л» 29» Jas өө Jn 

у, у”, y e "m y, 
ҒӘК PO. Ре. ox f(x), 
Dy, D? y, D? y, m D" y, 


Df) D* f(x), О? Қ»), .. D" f(x), 
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Note: The value of differential coefficient at x = a is usually denoted by (у) фа OF (na . 
If y = f(x) then it is denoted by fa. 
Example 1: If y= Asin mx + B cos mx, then prove that 

2 


d 
+ ту-0 ог уу + n? y -0. 
dx [B.C. A. (Agra) 2000, B.C.A. (Kanpur) 2005] 


Solution: We have 


у= Asin mx + B cos тх (1) 
Differentiating both side of (1) with respect to х, we find 

d 

7 = Am cos mx — Bm sin mx (2) 

1х 


Differentiating (2) with respect to х, уус find 


42 
p -- Ат? sin mx – Вт? cos mx =- n? (A sin mx + B cos mx) 
x 
42 
ог a -- n? y [From (1)] 
2 
Or 47 кт у=0. 
x 


Example 2: If y = e^ sin bx, then prove that yo – 24у + ( +07) у=0. 
[В.С.А. (Rohilkhand) 2006, 2008] 


Solution: We have y = е“ sin bx 441) 
Differentiating both sides of (1) with respect to х, уус find 

J =ae™ sin bx + be™ cos bx = ay + be^ cos рх [From (1)] 
or Jı = ay = be^ cos br ...(2) 


Differentiating both sides of (2) w.r. to x, we find 

Ja = ayı = аре“ cos bx — 12е“ sin bx 
Or Jı -ал =а(у = ay) -by [From (1) and (2)] 
or 29 —2ау + (а? +b?) у=0. 


Example 3: If y = ѕіп (m їп! x), then prove that 


2 
(1 à» tJ uva? уг, 
dx dx [B.C.A. (Delhi) 2004, 2008, 2011] 


Solution: We have y = ѕіп (m sin”! x) T) 
Differentiating both sides of (1) w.r. to x, we get 


22 = соз (msin™! x). 
dx 1-2 


т 


s Successive Differentiation and Leibnitz Theorem titties Д]] 2. 


2 4у 


> 1-х — = т cos (m sin! 
dx 


x) 
Squaring both sides, we get 


2 
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(1- x^) de =m cos^ (msin х) 


2 

> (1- x2) (2) =m П- sin? (m sin! x)] 
2 

> (1-22 (2) =n (=i) 


Again, differentiating w.r. to x, we get 


Dividing by 2 D we find 
dx 
d dy d 
(1 2) х= n? y or (1 di xZ en! y-0 


— kt 


Example 4: If y= Ae “ cos (pt + c), then prove that 


d d Р 
2 + 2k m +i y-0, where п? -р +k. 
dt : [В.С.А. (Rohtak) 2007, 20111 
Solution: We have у= Ает cos (pt * c) .44(1) 
Differentiating (1) w.r. to t, we get 


4 _ 


di —kAe^ cos (pt + c) - pAe- M sin (pt + c) 


--Ю-рАс" sin (pt + с) ...(2) 


Again, differentiating w.r. to t, we get 


2) pnb AS деи sin (pt + c) – p Ac cot (pt + с) 
e 


i (2 22 py [From (2)] 
Фу dy 
or —t2k-o-4 T 0 
23 di K +p) y= 
d'y 224 " 2 
ог P 2k + у=0 ГЕ т = р +k] 
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Example 5: If x= f(t), y = g (t), then prove that 
d? y Т x’ y” =- ух" 


here x’ = y" =——~ etc. 
2 73 pM jJ 2 
dx x dt [B.C.A. (Agra) 2004] 
d 
Solution: Here h = х and - = y',so 
dy _dyldt y © 
dx а/а х dd 
2 " d F 
Hence Ey ac uu = 
d? а(х а(х”) dx 
7 x’ y” -y x" 1 E x’ y” -y x” 
x? ` x’ x? й 


3@y [ dy T 
aru] 
[B.C. A. (Agra) 2002] 


Example 6: If у = х log [x / (a + х) |, then prove that x 


Solution: We have, Za log x – log (a + bx) ax) 
х 
Differentiating (1) w.r. to x, we get 
X dy — J 
dx 1 b dy ax 
2 = Хх---у- ...(2) 
х x a+bx dx a+ bx 


Differentiating (2) w.r. to x, we get 
d? y dy dy a(a+bx)-ax.b 
х | = 
d? dx dx (a + bx) 


dy а^ 4 а | 
үр 


ог x 
dx (a+ bx a+ bx 
2 
42 m 
бї x) pi - : =] [On multiplying by х? | 
Э 2 
ог х3 “2 = Ї 2 - | [From (2)] 


dy qe 
d p [B.C.A. (Agra) 2002, B.C.A. (Awadh) 2008 
B.C.A. (Meerut) 2011] 
Solution: We have 
р =? cos? Ө + b° sin? Ө saat 1) 


Differentiating (1) уул, to Ө, we get 


d 
12-ны (-2 cos Ө sin Ө) + b? (2 sin 0 cos 0) 
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2p P=? —@) sin 20. 2202) 


Again, differentiating (2) уул, to 0, we get 


2 
ja Ёо ӨР os 2) аков 


de? ^ de 40 
2 2 
Thus 22064 = (I? — 4?) cos 20 
40 40 


Adding p on both sides, we get 


a. ap 4, 979 {ү 
p +p P + p (р -@)cos20- p (2) 


-р Гр? + (P =") cos 20] 21 
= p (ад cos? Ө + 12 sin? Ө + a? - a) (cos? Ө – sin? Ө)] 
– (1? aay sin? 0 cos? 0 
[From equations (1) and (2)] 
= p (22 cos? Ө + @ sin? 0| - (№2 -u y sin? 0 cos? 0 
= (а? cos? 0 + I? sin? Ө) (1? cos? 0 + а^ sin? 0) 
- (2 ыг) sin? 0 cos? Ө 
= 2) (cos* Ө + sin? 0 +2 sin? Ө cos? 0) 
= 210 (cos? Ө + sin? ө)? та. 
Dividing both sides by p, we get 
£p dp 
g^ 


de? 


122 N*^ Derivative of Some Standard Functions 


(D If yet? then JI = де +2, 29 = деб +0 ete. 
In general — y, = а" +? 
р" (е +2) = qno +В 


Particular Case 1: If a 21, b =0 then Р”е* = e* 
Particular Case 2: If y 2a* =e" log а then Yn = (log a)" e” log a = (log a)" а“. 


D"a* = (log a)" a* 
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(П) y=(av +b)”, then 


т-1 4 


Ji =m (ax + b) 


J =m (m 1) (ax + D)" -2 e 


уз =т(т-1 (m — 2) (ax + D” @ etc. 


т=п n 
a 


Jy = m (m —1) (m -2)...(m—n- 1 (ax + b) 
D” (ах+ b)" = m(m-1)(m-2)...(m- n-1) a" (ax b)" " ifn«m 


Particular Cases 1: If m is a positive integer, then 


|m(m 1) (m-2)...(m-n*Yl) (m—n)...2.1 п 


D" b m | b т=п 
шаг (m —n)...2.1 шаах: 


т! 


7 (т-п)! 


а! (ах + р)" =n 


If m<n,then 0” (ax + b" =0 


2. If mis a positive integer and m = л, then 
! 


п! 
D" (ax +В)" = m а" (ax +b)? 2nla" 


Ifa=1, b=0, then D”x” =n! 


ЫГ If mis a negative integer then let m = — p where pis a+ ve integer, then 


D'(ax-Db) " (-p(-p-D..(-p-(n-Dra" (ax + b) РС" 


= (– 1)" р(р+ 1)... (р+л-1) a” (ax + D) "^" 


(Cl (p n-D! 
(p=)! 
4. Ifm=-lie., p=lthen 
D" (ах + b) | = (-1" nla" (ax + by"! 


га" (ax + b) ? ^" 


(ІП) If y= log (ax + D), then [B.C. A. (Agra) 2003] 


i =a (ах + by! 


Aa dd 


ж» 2C) а (ax by? 
уз =(-1 (-2) а (ax 4 b)? etc. 
Jn 2 (71) (-2) (-3)... (7 (n- D) a" (ax + b)" 


= ( 17! (n—1) 1а" (ax + by” 


(-1)" 1-1)! a" 


< D'I +b)= 
Ree) (ax + by" 


wee Successive Differentiation and Leibnitz Theorem 


(IV) If y =sin (ax + D), then 


(V) 


Example 8: Find the n 
(log (ax + b) / (ex + d)} 


(a) 
(b) 


J| =4 соз (ax + b) = asin (ar + b+ 7 m) 


82 =a cos (ar + b+ п) 0 sin (ar + b+ 5.2m) 


Ун =a" sin (ax + b + 5 пт) 


D" sin (ax + b) = а" sin (av + b + 3 nn) 


Similarly, D" cos (ax + b) = a” cos (ax + b + ; пт) 


ЇГ y=e™ cos (bx +c), then 


Let 
Thus 


Similarly, 


In general 


д =e" .a cos (bx + c) – e^ .b sin (bx + с) 
=e™ [a cos (bx + c) — b sin (bx + с)] 


а-г cos ф, b =r sin ф 
r? шар +b, o=tan! (b/a) 


Jı =е“* [r cos ф cos (bx + с) -r sin ф sin (bx + c)] 


=r.e cos (by +c + 9) 


ах 


29 = 2 e™ cos (bx + c + 20), etc. 


Jy =r” е cos (bx + c + nọ) 


D" (e^ cos (bx + c)) = г" е“ cos (рх--с-- пф) 


where 


= +7, o=tan! (b/a) 


Similarly, proceeding as above, we have 


D" е“ sin (bx + c)) =r" е sin (bx+c +nọ) 


where r2 =a + 12, ф = ќапт! (р/а) 


sin ax sin bx 


cos? x 


cos x cos 2х cos Эх 


cos? x sin? x 
е cos? x sin x 
e“ sin bx cos cx 


sin Эх cos x. 


th differential coefficients of: 
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[В.С.А. (Арга) 2009] 


...(1) 


[В.С. A. (Bundelkhand) 2008] 


[В.С.А. (Avadh) 2003] 


[В.С.А. (Agra) 2006] 


[В.С.А. (Арга) 2001] 


[В.С.А. (Alighar) 2011] 


[В.С.А. (Rohtak) 2008] 


[B.C. A. (Kurukshetra) 2011] 
[B.C. A. (Agra) 2002] 
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Solution: (а) y = 100 ((ax + р) / (cx + d)} = log (ах + р) – log (cx + d) 
Differentiating л times on both sides, we find 


Gil’ - НЫ” GY Ge 
(ax + р)" (cx + d)" 


Sn = 


a [^ 


Wo c ТТ 


-(- [5 


(b) у=ѕіп ax cos bx = 5 [2 sin ax cos bx] 


= > [sin (a+ D) x + sin (a — b) x] 
Differentiating и times on both sides, we find 


Jn = E [(a + D)" sin {(a + b) x + : лл + (a — b)" sin ((a — b) x + : nn]. 


(с) у= cos? x = (соѕ2 ху = 5 (1+ cos 2х) = i (1+ 2 cos 2x + cos? 2x) 


-үйн2 cos 2% + cos 4х)] = (3 /8) + (1/2) cos 2x + (1/8) cos 4x 
Differentiating л times on both sides, we find 


Vy =O + ; .2" cos (2x + 5 пт) + (1/8) 47 соз (4х + > пт) 


=2"-1 cos (2х + : пт) 2?" cos (4х + : nn). 


(d) у=соѕ x cos 2x cos 3x = 5 (2 cos x cos 2x) cos Зх = ; (cos 3x + cos x) cos 3x 


- : [2 cos? 3x +2 cos Зх cos х] = : [1+ cos 6x + cos 4x + cos 2х] 
Differentiating л times on both sides, we find 


I= ; [(6" cos (6x + 5 пт) +4" cos (Ax + 7 п) + 2" cos (2x + 5 ит) |. 


(е) у= cos? x sin? x = (1+ cos 2x). 2 (3 sin x -sin Зх) 


Nile 


(З sin x -sin 3x + 3 cos 2x sin x – sin 3x cos 2x) 


з sin x -sin 3x ; (sin 3x — sin x) : (sin 5x + sin 2 


эг [2 sin x + sin 3x – sin 5x] 
16 


Differentiating и times on both sides, we find 


Жат ШИ sin E + ум) + 3" sin Е + yn) 5" sin & + ЗЭ 
16l 2 2 27%) 
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1 


(f у-е“ соз? xsinx=e™. 7 (1+ cos 2х) sin х 


= е sinx t+ : (2 cos 2x sin x) e^ 


ax 


2 
la sin 3x] 
2 


: 1.24 Е 2-1 мы 
e sin x + — (sin 3x —sin x) e^ =—[e™ sin x +e 
4 4 
Differentiating л times on both sides, we find 


y, = ; іг! е“ sin (x + no) + R” e™ sin (3x + 10)] 


where РЕ +1, R= Ja +9 
$-tan^! (1/а),0 = tan^! (3/4). 


(g) y=e™ sin bx cos ec z e" . E (sin bx cos cx) 
e [sin (b + c) x + sin (b — c) x] 


ГЕН sin (b + c) x + е sin (b — c) x] 
Differentiating n times on both sides, we find 
Jn -2 [r" е“ sin ((b + с) x + no} +R” е sin ((b — c) x + 0j] 
where r={a + (be c y 2, В = (e + d nin 
ф= бап”! (р--с)/а), Ө = бап”! {(b — с) / a). 


(h) yp =sin3x cos x= : (2 sin 3x cos x) = : [sin 4x + sin 2x] 


Ju - [4" sin (4x + ; пп) + 2" sin (2x + 5 ит) |. 


th 


Example 9: Find the л differential coefficients of: 


@) ЗО EUH 0) = Бб 

9 yaa Дэ 

© = 0) эрс 

Solution: (a) Let ysr TYPES I ae 
Now A= lim (x-a). * 


xoa (x — a)(x — b)(x — c) 


: а 
= lim 


X 
хәа (x-b)(x-c) (4-8(8-0) 
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Similarly, B= : „Сое Е 
(b — a) (b — c) (c — a) (c — b) 
_ а(х-а | b(x-b)! с(х-су7 
Ре ПЕ ЕВ 


Differentiating и times on both sides, we find 


7 a (Da... b (- 1)" n! 
Ун (a-b) (ас) (x-ay'*! : (b-a) (0-с) (х-Ь)"*! 
с (-1)" n! 
| (c-a)(c- b) (x о)" 
= D a! а b 
цайг [= (а-с) (xay. (ba) (b — c) (x - py 
x C 
(с-а) (c =b) (х-с/ 
6) Let C--—-—— 
" 6у^—5х+1 (2х—1)(3х—1) 


2 3 


ш Л 21 В 


(Resolving into partial fractions) 


=2 (2x -1! -3 (3x -)7} 
Differentiating n time on both sides and used, we get 
D" (ax + b) = (- D" nla" (ax + b) "1 
Ya =2 (-1)" n!2” (2x 1*3 3^ C n! (3x -1)7"! 
=i ale (2x -7*7 -3"" За), 


X X 1 1 


(с) 772 +Зх+у Qx«D(r4D x41 2х+1 


у=(х+)7®—-(2х +1)! 
Differentiating л times on both sides, we find 
In 2C" nt I! -(-0" n12^ Qx yt! 
= (I wife + 27771 -2^ @х 17771]. 


A Жа 
(4) — — +3х+7 bros 
"o (x-D(x-2) (x -1) (x -2) 

16 1 
x-2 х-1 


=x? +3х+7 


Differentiating и times on both sides, we find 
In =O +040416 (-1)" n!(x -2) 1 - (-1)" их)" 
=(-1” и! 16 (x -2) "7! - (x 27"! | where и>3. 
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(е) а 1 E 1 
7 35322 (-6(:60) 
EE! 1 1 | I -1 -1 
ан J =т= | 24 € 9 era) 


Differentiating л times on both sides, we find 


Jn = = Gl n!{(x- a)" — (x + а) t 


А АЛЕ а 
^ (х-1Ў(х-2) 


To resolve into partial fractions, let x -l=t, 
1 1 1 
Then we get у= =>. 
шаг (-1 В (-1+9 

= Е t NC NS : m : 
=з са| 8 Р t t-l 

l l l 1 

| (А) 

(х-Ц% (x-1? (х-) x-2 


Now, we know 
р" (ах + py" А (— 1)” (p ви 1) La 
(p —1)!(ах + рур +" 


Hence differentiating (1) n times, we get 
(1 (3-н-11 (CD'Q«n-D! (CD'n!, (-D'n! 
(3 -1) Наз (2 -1) te" Gut! : (х -2)"*! 


п 


= (n+2)!  (и+1! п! пі | 

үн p (х- p (x - iy at | 
65 nl " 1 1 | 
| Rear? (eae? Gal (х-2у | 


th for x 20 is 


Example 10: Prove that the value of the n differential coefficient of 5 


zero if n is even and is = л! if n is odd. 


Solution: y- x =х+ 2 р" 1 " -1 
ТЛ DED DG- CINE) 
moy mes p^ zie- oen] 
-Mual 1 1 
1 
Ул 9 m NET + cm p" >) 
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Putting x =0, we have 
Cab a 1 | cy 1 
9 EVE T "ГІЗ 2 | _цүл+1 = 
Шы! QJ [CD | 


(Yno = 


Case I: If nis even then (и + 1) is odd 


(- үүрэн = 1 
From (1) (уо = 0 
Case П: If nis odd, then (и + I) is even 
(- 1)” +1 = 1 
2. From (1) (Yao = 5 CD’ (n) [1 1] 2 — (и)! 


Example 11: Find the n th differential coefficient of the following: 


(а) tan ^! (x /a) (5) tan x [В.С.А. (Арга) 2006] 
1 |1+х -1 | 2x | 
(с) (ап ЕҢ (4) tan 1-2 | 
2 
(е) tan^! шин A 5 2 zi 
X X xb 


Solution: (a) we have y = бап”! (x /а), then 


Differentiating w.r.t. x on both sides, we get 
_ 1 1 á a 
A 1-(х2/а2) а e+e 
T а z a 4 а 
(х-ай(х-ай (-ш-м(х+м (ait ai) (x — ai) 


A 


if 4 11 


- _ АЕ КИЕ 
21| G-a) +a, 2; A ГЕ 


Now differentiating both sides (n — 1) times, we have 


рр] 21)! 
=. ) n M ss aij" — (x + ай" (1) 


Put x=rcos and a =r sin ф 
(x -ai) " 2r "(cos ф—151п ф) " 2r " (cos nọ + isin nọ) 
Similarly, (x + ai) " =r" (cos nó — isin пф) 
(x - ai) " - (x + ai) " =r" (2isin иф) 
Substituting values in equation (1), we get 
Y = (C71 (1-1) 187" sin nọ 
= ( 17! (n — ]) !(a/sin $)^" sin nọ [-. r=a/sin ф] 


= (-1) (n-1)1a7" sin" фвіп лф, where ф = tan^! (a/x). 


wee Successive Differentiation and Leibnitz Theorem =н. 


(b) 


(c) 


(d) 


(e) 


у= tan! x 


Proceeding as (a) above or put a =l in above result, we have 
ул = (7171 (n = 1) !sin" à sin nd 
where ọ= tan"! (1/x). 


1 1 
y-tan! fe DR f T l-an l+ tan! x 
: -1.х 


—X 


Differentiating w.r.t. x on both sides, we get 
1 


lax 


Л 9 


Now proceeding as (a) above when a =1, we get 
Dn =(- 17711 sin” фвіп nd, where =tan7! (1/x). 


2x 


y = tan”! 1 (52 бап”! x, therefore from (а) 
| = | 
Differentiating n times on both sides, we find 

Dn = 2 (= 1) 7! (и – 1) !sin” ф sin иф, where ф = tan! (1/ х). 


iex -1 


Let x-tan0, then l+ x? =1+ tan? Ө =ѕес2 Ө 
2р |8ёс0-1 21 |l- cos Ө 
y-tan = tan - 
tan Ө sin 0 
[ ] 


2 sin? L Ө 1 1 1 
= (ап! 2 = (апт! (в - o) --0-- tan! x 
0 2 2 


du pd. 2 
2 


therefore from (a) when a =1, we have 
y- : (717! (n — 1) !sin” ọsin no, where ф= tan! (1/1). 

"T ИР x 241 4. 2.1 

J e+e (узай(х-а) 2 | ҮҮ?) | а-а!) 


Differentiating n times w.r.t. х, we get 


PE з СИН" (x ag] 


421 


Put x=r cos ф, а= г ѕіп ф 
Уһ = 5 (= 1)" n1r7"-1 [(cos ф + isin ф) 771 + (cos ф – isin 0)7771| 
= > (—1)°л!г7”7! [cos (n+ 1) 6 — isin (n+ I) ф+ cos (n+ 1) ф + isin (n+ 1) $] 


-26 1)” n1r7"-! [2 cos (n+ 1) 0] 
=(— 


1)" n!(a/sin 0)7771 cos (n+ 1) ф |, r=a/sin ф] 


— 422 
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= (- 1)" nla" sin"*! $ cos (n+ 1) ф, where à =tan7! (а/х). 
Example 12: If u = sin их + cos nx, then prove that 
u, =n" {1+ (-1) sin 2n, 
where и, is the r differential coefficient of u w.r.t. x. 
[B.C. A. (Bhopal) 2004, 2006, 2009, 2010] 


Solution: We have и, = ѕіп их + cos nx differentiating n times on both sides, we find 


"| (82) 
xd E + COS | nx + — 
ДЕ 2] 
1/2 
2 гп : тт гп 
КЕ их g ): COS С + =) +2 sin c T =) cos c + тү 


[Squaring and then taking square root] 
=n’ [1+ sin (2лх + п) 
Now if r is even then sin (2лх + гл) = 5іп 2лх and ifr is odd thensin (2их + rm) = — sin 2их. 
Therefore for all values (even or odd) of r, we get 
sin (2их + rx) -(-1) sin 2лх 


Hence u, =n" {1+ (-1)” sin 2л}. 


=: Comprehensive Exercise 12.1 
(On Successive Differentiation) 
42 
1. Ifx=a(t-sin t), у=а(1+ cos t) prove that к = -- cosec? (2/2). 
[B.C.A. (Kanpur) 2003, 2005] 
7 ny qn-l 
2. If y= шаг ‚ then show that y, = ши. = 20, 
с + dx (с + dx)"* 
[B.C. A (Lucknow) 2008] 
Find y, for the following: 
1 x 
3. If y= (=) then prove that y, (1) =0 
x [B.C.A. (Agra) 2005] 
4. If y -3a + хз =0, then prove that 
E 20 x? -0 
д? 25 [В.С.А. (Арга) 2008] 
5 ѕіп2 х 
6 sin? x 


[B.C.A. (Kurukshetra) 2010] 
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Find у, for the following: 


NM DORT _ „ах 3 

7: уз" sin x. 8. у = е cos” bx. [В.С.А. (Авга) 2006] 
9. у-е” sin x cos х 10. Ээ” sin? by. 
11. y=e* sin? x sin 2x. 12. y = ѕіп x sin 2x cos Зх. 
13. уши). 
14. (а) y = іп! 23 (b y= cos! 22 

1+х 1+ х [В.С.А. (Арга) 2000] 

БІТЕДІ 
(c) y=tan 
х 
[В.С.А. (Арга) 2001] 
=: Answers 
5. | -2л-! cos (2x + ил/2) 


6. lig sin (x + пт /2) – 3" cos (3x + nn /2)] 


7 | [I —5"-! cos (2x +ntam ! 2] 


№ 


8. 26 +912 у? e cos Ы + tan`! (=) i 3 (a? + 5? y"? & cos u +ntan7! (3H 
а а 


9. | [(@©+4)"?]е® sin 2x - ntan ! 2 /a) 


о; (3 /4) (a + 12"? e™ sin (bx + n tan! (b/a) — i (42 + 999 y'? e™ sin 


[Зх +n tan! (3b / a)] 
11. | (e* /4) [2.5"2 sin 2x + n tan™! 2) - (17)? sin (Ax + n tan™! 4)] 


12. i ГА" cos (4x + пл /2) — 6" cos (бх + пт /2) + 2" cos (2x + nt /2)] 


13. (-1)” п!{ Ge Ju as -(x ea 


l 
2a 


14. | (a) йш? (1) -! Isin” Өсіп 10, where Ө = cot! x 


(b) Jn 22 (-1" (n—- 1)! біп" sin 10, where0 = cot! x 
1 1 


(с) dmm (-1)" 7! Isin” 0 sin 10, where 0 = сос! х 
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12.5 Leibnitzs Theorem 


The n^ differential coefficient of the product of two functions is conveniently evaluated 


by the use of this theorem. 


Theorem 1: If u and v are two functions of x, then 
[B.C.A. (Agra) 2003, 2006, 2007, 2008, 2009] 
D" (uv) = D"u . v + "C, D”! „Юу + "C, Do ues C D 'ubyse scu. 


Proof: We shall prove this theorem by mathematical induction. By actual differentiation, 


we have 
D (uv) = Du.v + u.Dv 
р? (uv) 2 D?u.v + 2Du.Dv + u.D?v 
Or р? (uv) = (D? v) v + °C Du.Dv + *Cyu.D?v 


Thus the statement is true огл = 1, 2. 
Now let the theorem be true for some particular value m of n ie., 
D" (uy) = D"'u.v + mC, Же Das "С.р" CD eeu 
+™C,.D"~"u.D'v e... u.D"y is true. 
Now differentiating w.r.t. x again, we have 
D? *! (uy) = QD" * u.v + "и. Dy) + "С (D"'u. Dy + р"! .uD?y) +... 
-7С, (Dy ру D'-' ry аж... 
+{Du.D™v + uy, D" ly 
Rearranging the terms as follows: 
D" (yy) = D" ly y (0--7С,) D™u.Dv +... 


+ ("C, + "C, п) D"7Ty. DU y e eu D" y 


But EC C m mE d [From Algebra] 
Hence D”*lu.v =D” u.v + mnm D"' y. Dy ... 
лыс, "и. DI қыран, (1) 


The result (1) shows that the theorem is true for л 2 m + lif it is true for n = m. We have 
already proved that the theorem is true for л = 1, 2. Hence by mathematical induction it 


follows that the theorem is true for all positive integral values of n. 


Note 1: While applying Leibnitz's theorem if one of the two functions is such that its 
higher differential coefficients become zero then this function should be taken as v and the 


remaining function и. 


Note 2: The formula of Leibnitz's theorem can be rewritten in the following form, [by 


taking successive integration of D" (и) and successive differentiation of v] 


D" (u.v) = D"u.v + "C, {f (Di) dx} Dr + "С, [| f (D"u) dx) dx] О?у +... + u. ру, 
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Example 13: If y= x?e* then prove that 


2 
Jn =; n(n—1) n и(п-2) э + : (n — 1) (n 2) y. 
Solution: y- хе ...(Т) 
0 2а +2хе* = у+ 22е" 342) 
X 
2 
47-042 [хех + e*] -%, (2-» +2е* [From (1)] 
-22 y+2e ...(3) 


Differentiating n times on both sides, we find 
Now D" (5265) = y, = D'(e*) .x? + "C, 0") (e) .2x + "CD"? (e*) .2 


=e" ax? +2пхе* + n(n-lje 


2 
rey) eno 53 [1 J 22 
х 


[From (1), (2) and (3)] 


x 


2 
=> и(п-1) at и(п-2) Pa : (n —1) (n — 2) y. 


Example 14: Find the p? 


(а) х3 соѕ х [B.C.A. (Авха) 2001] (5) x tan! x 


differential coefficients of the following: 


(c) е" logx (4) х log х. 


Solution: (a) Clearly the fourth and higher differential coefficients of x? are all zero, 
therefore, for the sake of convenience we shall take x? as v and cos x as u. Applying 
Leibnitz's theorem, we get, 
D” [(cos х).х7 ] = D" (cos x). + "С, 0"! (cos x) D(x3) + "C, D"? (cos x) D? (х?) 
+ "C4D"^ (cos x) D? (x°) 


1-1 саана : (1-2) )|3.2.х 


- x? cos (x + 5 пп) + п | 08 {x + 5 (1-1) nj] 3:247 12 


п(п—1) (1—2) 


1 
123 [cos {x +5 (п-3)л1.3.2.Ц 


= x? cos (x + 5 пт) + 3nx sin (x + 5 nt) – Зп (п – 1) x cos (x + 7 пп) 


—п(п—1) (1—2) sin (x + 5 пп) 


= 2 —3п(и—1)} cos (x + 7 пп) +n {3х2 — (п – 1) (n—2)} sin (х + : пп). 
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(b) Taking u= tan! x, v2 x? 


D" кап"! x) x ] =D" (tan! x).x? + "С, Р"! (tan! x) 
D(x?) + "CD"? (tan! х) Р(х?) [e D? (x) =O е] 
but — D" (апт x) = (- 17! (n — 1) !sin" à sin nọ where ф = tan! (1/x). 
D" [(tan7! x) x2 ] 2 (71)! (n — 1) яа" 6 sin n) .x? 
(n. (71? (n -2)! sin”! 6 sin (n-1) 0) 2x 


-1 
2 n(n — 1) 


E (-1)”-3 (n – 3) lsin"? 6 sin (n-2) 6 |.2 


-(-1771(и-3)ї (и-1)/(п-2) x? sin" ф sin nó 
—2nx (n —2) sin"! 6 sin (n — 1) ф+ п(п-1) sin"? ф sin (и-2) 6]. 
(c) D" (e* log x) = D" (e^) . log x+ "С 0"! (e*).D (log x) 
+ "C, D"? (е). D? (log x) + ...+ e” D" (log x) 
e (С (0-098 


X n 


=e" log x+ "Сре" ET "Cy et ( т| ... + 
x X 
=e" [log x + "C, гам "Cy зо Е" а= ер 
(d) р" [log x.x ]= D" (log х). х? + "CD"! (log x) DG?) "CD"? (log х) D? (x7) 
+ "CD" (log x) D? (x?) 


CY Gals, 22221777 


х" үл 
п(и-1) (-1”-3 (n-3)! п(п-1 (и-2) (-1І-% (n—4)! 
H : ‚бх + . .6 
1.2 y"? 1.2.3 y 


n-l 
2 0-721 Cn 1 (n—-2) (n -3) -3n(n-2) (n-3) 
x 


+ 3n(n-1)(n—-3) - n(n—1) (n—2)] 
= (- 97! (4-4)! 37? [(и-1 (n-2) (n-3 — p) 


+ 3n(n-3)(n-1-n-4 2)] 
= (- 19! (n-4) 37? (302 -3н-2)-302-3)| 
- 6 (- 1)" (n—4) L3 7", 


Example 15: Prove that 


d" (logx| (-1/ л! 1-1 1 
= log x-1 „з= |; 
Jy” x yt 2 3 n 


Solution: y -log x. ЖЭ: 
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Differentiating n times by Leibnitz’s theorem taking log x at first function и and — as v, we 


х 
get 
(И (1-11:1-(-177 2 (и-2)1(1 үү n=) (D (4-3)! (-1)(-2) 
n үл шоо " E E ! 1247-2 ` хэ 
n(n—1)(n-2) [p (n-4) (-1 (-2) (-3) NECS 
195 : a : E цам сэг а 
—])y! и! 
(ий I 1 1 1 БЕЯ 
yt n n-l n-2 n-3 
(-1)"n! 1 I 1 
= d log x - I УЗ | 
(1-1)! 


Example 16: If y =x"! log x, then prove that y, = 
х 


Solution: let y= yr log x 
Differentiating n times on both sides we find 


Jy =D" (х77! log х)=Ю (ej (үлі log x)} 


2 
=D n D орх "C, (н-11.2.1 "С, (л »(5 ЭШ 


=D {(п – 1) log x + terms not containing x} 
1 (n —1)! 


=(и—1)!.—+0= 
х х 


п 


Example 17: If J, = L (x" log x), prove that I, =nI,,_, + (n-1)! 
Hence show that I, =n! (log x +1+ ; + 2 +...+1/n). 


Solution: I, = D" (x" log x) -p'-[p(x" log x)] 
2D'- x 0/x) n" log x] 
=n, D”! (47-1 log x) + р"! (х"-1) = nl, | +(п1—1)! (1) 


Now replacing л Бу n – l in the above relation (1), we have 
I -1 =(1—1)1„_› *(n-2)! 
I =п[(и- 1) 1,9 + (n-2)!] - (n-1)! 
= п(п– 1) I,- *n(n-2)!- (n-1)! 
п! п! п! 
Thus applying the reduction formula (1) (л — 2) times again, we get 
п! n! n! nl. n! n! 


Т = + + + +... + | 
"UOI IH 31 3 п-1 n 
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=niflogx +14 ++ c {1 /(я—1)} + (1/л)] 
EXE = ро (х0 log x) = Іор х] 
Example 18: If у = ѕіп (т sin"! x), then show that 


2 2 
(1-27) yy - y лт y=0 [B.C.A. (Bilaspur) 2007] 
and deduce from it that 


(1-32) y,45 – (2и +1) хрр -OÊ - n?) y, =0. 


Solution: We have y = ѕіп (m sin”! x) 4.21) 


Differentiating (1) w.r. to x, we get 


Jı = cos (т біп” x). ш 
lax 
Ч n (l= £j = т? (1 sin? (m sin-! x) 
о (1-57) x? =m? 0-3) ..(2) 


Again, differentiating w.r. to х, we get 
(1-37) 2 yy -2хур --2т уу 
Dividing by 2 yj, we get 
=x") J — ху +m y =0 2403) 
Differentiating (3) и times by Leibnitz’s theorem, we get 
ре) yo} + D" 1-хррь D" (т? у} =D"(0) =0 


Now, Бу Leibnitz’s theorem, we get 


D" 1-22) yJ = Унаа 0-7 x) + яу„уу.(—2х) + ——— у„.(—2) 


р" {= ху) = Уны = х) + yy . (- 1) 
р" (т? y) =m у, 
Adding, (1-22) Junaa - (2n I) ху„+1 - (e - п?) Jn =O. 


Example 19: If у-асов (log х) + b sin (log x), then prove that 
x Jo + хх +x =0 


and уе + (2n+ I) хул + +1) y, =0. 


Solution: у = а cos (log x) + b sin (log x) SD 


Differentiating w.r.t. (x) on both sides, we get, 
asin (log x) | b cos (log x) 


x x 
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or Ху, = – asin (log x) + р cos (log x) 
Differentiating again w.r.t. x, 


a cos (log x) bsin (log x) 


W + м = " - 
or x у» + xy, --(а cos (log x) + b sin (log x)]2 — y [use (1)] 
or Ху + хи + у=0 


Now differentiating each term л times Бу Leibnitz’s theorem, we get 
2 
[Jp a2 X^ + "С. ут. 2X + "Oo . y,.2] 4+ [Xy 4x "Ср. р: Ц%у,-0 


Or X $us + nl) хуар + 174 +) у, =0. 


Example 20: If х + у=1, then prove that 


n 1 
ЕЛШІ =( С^ y eor у? x? "nam (-1y х"). 


[B.C.A. (Rohilkhand) 2007] 


Solution: We have x + у=1= у=1-х 


Differentiating w.r.t. (x) 


n 


Буг" (х” y) =D” (x (1 = ху") 


dx" 
= (D"x") 1-ху T "C (pe! x") . D (1- x)" 
765 (D2 x"). D 3). a^ а-я 
! 
=п!(1-х) 4 ^C, 21 х.(-)н(-х/7 
! 

xs Е i (7 n(n-1) 0 2 x)? +..." (ин! 
=n! Ї - x)" -n. "G l- x)" x + и Се си» 
el [ y" 2 Cay ly + Cc y саа ав 1)" х") 

Since ен ке) =лС, etc. 
2! 


Example 21: fy + Ут =2x, then prove that 
(2 =I Jy + (20+) х. р + (2 - т?) Jn 70. 
[B.C.A. (Agra) 2002] 
Solution: yi + у" -2х 
y + 1/(y -2x or (b my “ay 4:1::0 


г. This is a quadratic equation in y " 


2 
yum _2xtyae-4_ 0 [3.3 


2 
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or ya[xt x? -1]" ...(Т) 


Differentiating w.r.t. (х) on both sides, we get, 


2 т-1 x 
= т[х+ 4х -1 1+ 
А =т[х+ үх -1] | 3 i 
xe =] y 2m[xt Jx? -]" =+ my [from (1)] 


Squaring both sides, we have 
д? Gh = у 


Differentiating again, we get, 

Зи (х2 = 1) + ж 2x 22m? BU 
Dividing by 2 yj, we get yo (x? -)-х) - n? y =0 
Differentiating each term л times Бу Leibnitz’s theorem, we get, 

[G^ -D уа + "C Уна Qx) + "Cy In 21+ хуул + "Cy ys Шт y, =0 
or (х2 = 1) уә + Qn 1) хуцал + (02 =m?) y, =0. 
-1(J zi 2 
Example 22: If cos P -log|—| , then prove that x^ yo + ху + iP y =0 
п 

апа xy + (2n+ l) ху + 212 у =0. 

п+2 n+l n [B.C.A. (Agra) 2002, 2004, 2008] 


Solution: We have y =b cos log (x /n)" 


Differentiating w.r.t. (x) times on both sides, we get, b 
Jı = = bsin log (x / n)" n l/n 
x/n 
or xy, = – bnsin log (x / n)". 


Differentiating again, we get 
Xy) +1. y =- bn cos log (x /n)' .n Gal n 
x/n 
or x? yo + ху = — ib cos log (x /n)" =- 1? y 
or х? py tay, ti у-0 


Differentiating each term л times by Leibnitz’s theorem, we get 


2 
In+2 X + "С Улы .2х + "С, Jn 2+ Jnal:X + "С In + т у, =0 


or х? у„уо + @п+1) хул + 20 y, =0. 


51 
Example 23: № y=e'" х, then prove that [B.C.A. (Delhi) 2005, 2009] 
(1+ х?) Jı + (2х-1 у=0 
апі (1+ х2) pogo + [2 (+) x 2I] y, 44 tant) у,-0. 
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tan] x 


Solution: We have y =e 


Differentiating w.r.t. (x) on both sides, we get, 


aig: vl У 
. tan x = 
Jy =e 1222 OF = 


Differentiating again each term w.r.t. x, we get 


(Le 32) yy 23 = Я 


Or (x^) 35 *(2x-1) y =0 


Now differentiating each term л times by Leibnitz's theorem, we have 


Jn42 (1+ х?) id "С Ул .2х+ "С, Ул 2+ Jn4l (2x =1) + "С, Jn 2-0 


ог (aca) es + [2 Q-10x-1] y,44 а n(n*l) y, 20. 


1Г 


- Comprehensive Exercise 12.2 


(On Leibnitz Theorem) 


4g 43 log x, x? sin 3x. 


[B.C. A. (Bundelkhand) 2007] 


]. Find the fourth differential-coefficients of x 


2. Find и differential-coefficient of the following 


(i) x^ [B.C.A. (Bhopal) 2011] 
2 
( 


(1) x^ (ax + b)” 


E 2... 
(iii) x° sin x [B.C.A. (Kanpur) 2005] 


: 2 
(iv) x^ log, x [B.C.A. (Rohtak) 2011] 


(v) x? cos x 
: NM | 
(vi) sinf x sin2x [B.C.A. (Kurukshetra) 2009] 


(vii) sin? x [B.C.A. (Agra) 2006] 


2 
3. Differentiate n times the equation (1 x?) y х У | а? у = 0). 
( x 


[B.C.A. (Avadh) 2004] 


п 
4. fI, 2 {x" log, x}, then prove that [ + L H — H... + log Im !). 


5. ЦПу- sin! x, then prove that (- x?) Jo = ху =0. 


Hence prove that: (1— x2) Paaa - (2n ху, 1- Жу, -0. 


ІВ.С.А. (Agra) 2005] 


7. 


10. 


11. 


12. 


13. 


14. 


15. 
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sin! x 


If y= , then prove that (1 — х?) Әазі- Qn D typ- 07 -0. 


3X4 


If y= (sin! xy, then prove that (1 – х?) Jn«42 - (2n 1) ху, - iP у, = 0. 
[B.C.A. (Agra) 2000] 


[B.C.A. (Delhi) 2009] 


If у= [logtx + V1 x? ys. then prove that (1+ x? Уна + (27+ Хув + iP y, -0. 
[В.С.А. (Rohilkhand) 2003] 


If соз (y /b) -Тод (х / m)", then prove that rds + (20 +1) x, 


+ (ғ. + т?) Jn 70. 
[B.C.A. (Delhi) 2011] 


If y=x (а^ + х° )-!, then prove that 
Уул 7D" на? n=l sin"*! ф cos (141) 0, 
where ф= бап”! (а/х). 
Prove that n™ differential-coefficient of x" (1 — x)" is equal to: 


rox № (n — 1? 2 x" 
. F : Eus 4 . 
12 1 = х 12 Қ 22 (1 2 xy (1 _ x)" 


nl(1— x)? | 


State and prove that Leibnitz’s theorem. 
[B.C.A. (Agra) 2003, 2006, 2007, 2008, 2009] 


ЖЕСІР 
y=e"*" * or y =sin log (у / а), show that 


1 - x°) Ун-2 -(2л- 1) Wn+1 - (x? + а?) Jn -0. [B.C.A. (Agra) 2003] 


y 2 (x 1+ x2)", prove that (1+ 2) уул + (2n € 1) 441 + (2 — n2) y, =0. 


y- (х2 — 1)", prove that (x? -1) Dna +229, 44 7 n1 1) у,-0, hence if 


n 
Р, = EET 2—1)", show that 5. І(1- x2) Din E n(n4 I) P, =0. 
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Answers 


mE Ea (ах +1243 х3 +544222 + 72ах + 18); б/х: 
33 (33? — 4) sin 3x – 63 x cos 3x – 64 е2* sin 2x, 


(а2+ 122 хе“ sin (Бх + 4 сапт! (b/a)) + 4(42+ YP? а“ sin (bx + З tan™! (b/a)} 


ОШ () 22651421 -2иах-и(и-1) 


(1) т(т-1)(т—2)...(т-п+2) à? (ax + БУ" " {(т-п+2).(т-п+1) ах" 


+ 2n(m—n+ 2) а(ах + b) x - n(n—1) (ax + by) 
(iii) x sin [x + ил /2] + 2nx sin [x + (n-1) n /2] + n(n 4 l) sin[x + (n-2) n /2] 
(iv) 2007 Зи” 


(v) x te —3n(n-1) cos (x + nn /2) + n {322 — (1—1) (n - 2)) sin (x + nt /2) 


(vi) 2”7151п (2:+ та). а (=) 


(vii) -27-! cos pe ті, 92n- 9 cos (ж =) 


3, | 1-22), 2 + NEDD yy O - a) y, =0 


124 n* Differential Coefficient for (x = 0) 


This method will be clear from the following examples. 


Example 24: If у = оо (x + (1+ xy, then prove that 
(Yn+2)0 =- т (Ino 


hence find ( y,)g. [В.С. А. (Lucknow) 2003, 2005] 


Solution: y = [log {x + J+ x? Ж. s D) 


=2 log [x + (1+ х2 ! 1 —ÁM 
шан ааг Ат xm ) 
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2 
or J= 2196 = B al (2) 
Squaring both sides, we get, 
or (Lex?) и? =4[logx+(l+2x*)P =4y or (ex) y?-4y 
Differentiating again, we get, 
(1+ x )25 Jo + Ж .2х-4у 

Dividing by 2 yj, we get 

ж (1+ x7) ex =2 (3) 


Differentiating each term л times, we get, 
Іі; әйелде Paal -2x "CO, Тарз "Сү. у.]=0 


Or (1+ Eb dus + (2n +1) ху +1 + (02 =п+ п) y, =0 


or ((+х°) Pass + (2n+1) xy, 4) +Ê y, =0 
Putting х =0, we get 

57753: 9 7? (о ...(4) 
Again when x =0, then from (1), (2) and (3), we have, 


(Yoo =9, -0 
(у)(1%0)%0.0-2 ог (y) -2 

From (4), J3 =-/ ‚л =0 (Taking л = 1) 

25 set . J3 =0, etc. 
When n is odd integer (уу = 0 

Again Jo -2 
уд =- 2? . yy =- 27 2 
a yee (а 48,252 
yg =-6°^ y =-6°.(—4°)(—2°).2 =(—1)9 6 wr 

When п is even integer, then 


беја mY (i^. 0^ M 37,9 


Example 25: If у= (sin W! xy, then prove that 
(14 x2) Уул + (2n D) хрр + № у, =0 


hence find ( y,)g. 


Solution: у= (sinh! xy = [log {x + (1+ хүр 
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Now see Ex. 25. 


Example 26: If y= tan! x, then prove that 


Ша Үз +2 (и + 1) хуар * n(n*l) у,-0 


hence find ( y,)g. [B.C. A. (Kanpur) 2005] 
Solution: уз tan! х ...(Т) 
1 
у = ... 2 
ә 1+ Ó ( ) 
Or (l+ x7) д =l. 


Differentiating again 
(1+ x2) y, + y 2x =0 or уә (1+ 32) + 2xyj =0 409) 
Differentiating each term л times by Leibnitz’s theorem, we get, 


р SO 
ог (1+ x7) уә +2(n+)) арар +л(л+1) y, =0 


Putting x =0, we have 


(һ+2)о == n(n +1) (ун)о --(4) 


But from (1), (2) and (3), we get 
RS 1 
=t 0 -0, mx. EX 0] 
(до = tan 7 (9) 


Putting л = 2, 4, 6,... in equation (4), we get, 


(J4)o = (oo = (Jg)o =...=0 
When nis even (Yao =0 


Again, (y) =1 
From (4), (y3) 2 -1.2(y))o =—1.2.1=(—1).2! 


(ys) 2 -3.4 (y3) =-3.4 (-D2 1= (- 1? 41 
When л is odd, then we have 
(Омо = C 09792 (4-1) 


а cos! 


Example 27: If y ze *, prove that 


(1-22) ууха - Qn D хуул -00 +) y, =0 [B.C. A. (Indore) 2004, 2008] 


e 
Also find the и" differential coefficient of e^ 99 * at x =0. 


EN 
Solution: poo са 44) 


-a а cos™! x 


Ji =F: 


or (1-32) у =-ау (2) 
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(1-22) уд =т у? [Squaring] 
Differentiating again, we have 

(1 —х?)2 ТЛ + ЭДР (-2х) =2 уу, or у» (1- = ху = ay 49) 
Differentiating each term л times, we get, 

Ing 073) + "С. In gy 023) + "Су. y. (72) - Doa x8 "С In We y, 
(1-22) ууха - Qn D ya -OF +) y, =0 
Putting x = 0, we get, 
(Уух) =(P +02) (yy. 44) 
(1), (2), (3), we get, 
(ур) = et O cum, (уун -ай (уур еа? A 

-. From(4) (54% =(@ + 22) (= ( +27) 2 45/2 
Similarly, (ye) =(P 442) (22 +22) a г"? 


. When n is even, then 
(ilo Hl + G29 [4 + (n-4?]...( 4 4) (02 +22) g^ eT? 


Again (лу =- ae"? 


Now from (4) (73)0 = <a +Ê) (и) == (2 + 12) ает? 
Similarly, (35)o =- (42 +32) (2 + P) авд? 


. When n is odd, then 
Ono =- + (n-2Y 1[2 + (n-4Y]...( +32) (2 + P) ae”. 


Example 28: If y-[x (1 x )|", then find (уо: [B.C.A. (Agra) 2004] 


Solution: уў=[х+ й+у" (1) 
yy =т[х+ 44 x?) ym 1+5 zr 
2^ faex 
2 
m[x + (1+ 32)]" - I E 1 


(1+ х) 


(1+ x?) и = ту 225) 


Or (1 x7) y? 2n? у? 


Differentiating again, 
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(1+ r)2y, Jo + HE .2х =2m уу 
ог 1+ x7) y, + Xy -n?y-0 (3) 
Now differentiating л times, we have 
Гро @+х®)+ "CL. узъ 2x € "Со. y, 2] E [Iny x "Сү. Jn -т y, =0 
Or (42^) уо + Qn 1) xy, 4, + OÊ — n2) y, 20 
Putting x = 0, we get 
57753154 G3 =P) (Indo (4) 
Again put x =0 in (1), (2) and (3), we have 
(о =L(71)o = n, 12 m, ( у») =m .1= т? 
From (4), (J4)0 - (n? z 2162107 = (n? -22). un? 
Similarly, (О%)о = (т? - 42) (т? -95) m 
. When n is even, then 
(м = - (1-21 [m - (n - 4] ... (n? - 42) (т? - 22) n? 
Also (yo =m 
Now from (4), (70) = (т? - P3 (no = (п? - ЇР) т 
Similarly, (V5 )o = (m? - 32) (т? - Р) т 
When п is odd, then 
(Yno = [т^ – (n 2201 Іт? —(n -4)?] m (n? -3°) (т? - Ê) m. 


Example 29: If y= sin™! х, then find (ук). 


Solution: y -sin х 2.4) 
1 
у= 7 402) 
(1-х) 
=> (1- x") 3» =1 [Squaring] 


Differentiating again, we have 
(1-27) 2% yy +a? (-2х)=0 ог y» (1-2?) - xy, =0 E 


. Differentiating n times, we get, 
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Jn42 (1- х?) + "C, Jnd (-2x) + "Cy Ул (-2)-1Уяа1 Хан "С, -In .l] =0 


Putting x 20, we have 


-I 
(Jn 270 [e 2+ 1 (no =0 


(Yn+2)0 = т? (no 
Again put x =0 in (1), (2) and (3), we have 
(Yo =0, io =L (2) =0 


(J4)o =9 =(%) =... 


When n is even, then ( y,)y =0 


Again (9j)o =1 
Again (y) =Ê (n) =Ê.1 
Similarly, ()5)0 -32.8.1 


When п is odd, then 
no 7 (n -2Y. (n- 4. ...32 1. 


Example 30: If y = ѕіп (a sin! x), then find (у): 


Solution: Jy =sin (a sin! x). 
Jj = cos (a sin! х) == == 
1-2) 

A0 - x) Е 
ог ———————— -cos(asin x) 
а 
Squaring (1) and (2) and adding, we get 
КЕЛЕ. 
у +02 ог ey +(1-х”) уд =a. 


Differentiating again 
a2 yy + (1- x7) 2 у» + x? (-2x) =0 
or yo (1-32) 2 xy + y =0. 


Now differentiating each term л times, we have 


(4) 


[from (4) | 


[from (4) | 


[В.С.А. (Арга) 20011 


(1) 


Әә (1- x) + "Су Daal (-2х) + "C у, (-2) -iVn X * "CL n 1» d y, -0 


Or (1-29) 35.8 -(2n*l)x. р, - (e – 2) y, =0. 


Putting x = 0, we get 


(Jn42)0 = (2 -а?) (no 5 


Ж Successive Differentiation and Leibnitz Theorem tin 


But from (1) and (3), we have 
(УУдо-а and (y2) =0. 


From (4), (у) 20 = (у) = (06)0 =- 
~ When n is even integer ( y,)y =0. 


Again (X)o =4 
Озо = - a") (ло =(P а) a. 


Similarly (ys) = (32 - 2) (2 - 2) a. 


When n is odd integer 


(wo = [0-27 - Z1[(a-4* -2]...6? - 2) (3? - 2)? 


430 == 


a) a. 
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=: Comprehensive Exercise 12.5 


1, If y= (sin! x), then find (700: 
2: If x = зїп |(1/0) log, y], then prove that 
(1 -х2) Уус - @п+ 1) Xp] 7 (т? тр а?) Jn =9 


and find also the value of ( y,)o. 
or 
If y 2 e^ -1* find y, at x =0. 
3. If y= tan! x, then prove that 
(1+ x?) Jo + 2xy, =0 and find ( y,)o 
4. Show that y = cos (m sin! х) satisfies the following equations: 
аури ауа n? у=0. 
Using Leibnitz’s theorem differentiate this equation л times and find the value of 


(Ino: 
5. If y= (вш! xy then prove that (1 — x^) Jo, = хд =2 and 


[boa у -x(n-l y, -x Jn=0. 


=: Answers 


1. | O when nis even and (и -2y* (п = ...3° 1, when лі odd. 


2 а(а? SP (а? юэ) 525 (аг + (һ-2),мһеп nis odd. 
a (a “1 ыл) о + (п-2)7), when nis еуеп. 


п-1 


0 when nis even and (- 1225 (л — 1) !, when nis odd. 


4. | O when nis odd and - (л 2)° n?) {(n ау. т}... (22 - т?) (n?) , when nis 


even. 


%%% 


15. Indefinite Integral 


14. Definite Integral 


15. Reduction Formulae 


16. Gamma and Beta Functions 


1 2 Indefinite Integral 


151 Integration 


13.1.1 Elementary Integration 
If F(x) and f(x) are two functions such that 


d 
a РӨ) = Тар 
i.e. f(x) is the differential coefficient of F(x) then F(x) is the integral or anti-derivative of 
f(x). We express this symbolically as: 
| f(x) ах = F(x) + с 


For example: 


(i) ae Z2% -| 2хйх =x +c 


(ii) 


e* se ә | ех dx 2e c 


dx 
(iii) £ sin x = cos x= f cos x.de=sinx +e 
d 


(iv) log r=} = [Ld c log ec ог | f(x) а= FG) +e 
dx х х 


Variable of Integration 


Sign of Integration | f 692 Е (х) +e. 


Constant of Integration 
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or | dx — Integral w.r.t. ^x". 

Note: 

l. F(x) * c known as general integral of function f(x). 

2. Generally c is not written with indefinite integrals but its presence is always 


kept in mind. 


13.1.2 The Integral of x” 


n+l 
By differentiation of , we have 
n+ 
+1 
d |x" 21 4 (х"+1) 21 (n4 1) Qr uum 
dx inl nl dx nl 
. By the definition of Integral, we have 
„n+l 
IESU LE + сућегел + – 1 
n+ 
Note: 
1. To find the integral of x", where nis any constant not equal to - l, increase the 


index of x by 1 and divide by the new index. 


0 хо 
д, І«-Пр.ж«- хо. dv = tc 
0-1 
i.e., | ж=х+с 
For example: 
4 +1 
; AE ширэн 7 
(1) | 4 tt 453 айн сл: 


(ii) | ved =] Шин! | = 
2 


+ 
(iii) fe 10845 Jy -| Bak dx (> 4198 ax _ x) 
24 
-[ ^.ах=* тээ" 
2-1 3 


13.1.3 Fundamental Integration Formulae 
d 


Since, d {g(x)} = f(x) e | f». dx = g(x) + с, 


Hence, based upon this definition and various standard differentiation formulae; we 


obtain the following integration formula: 


we Indefinite Integral 


n+l 


n+l 
(i) EAE =л”,п=-1= | x" dy => 
дх|х-1 xc 


(Known as power formula in integration) 


Similarly, 
Derivatives 
" d 1 
(її) 2 (08|х|)- - (ii) 
(Ші) | —(e*)=e* (iii) 
: d| a“ Р | 
(iv) | Ін ‚а>0,а=1 (iv) 
dx (109,4 
d . 
(v) x (- cos x) =sin x (v) 
d. А 
(vi) d (sin x) 2 cos x (vi) 
(vii) 5. (tan x) = sec? x (vii) 
(viii) 4. (-сосх)- cosec? x (viii) 
(ix) 2 (sec x) = sec x . tan x (ix) 
(х) I (— cosec x) = cosec x . cot x (x) 
x 
d : : 
(хї) p" (log | sin x |) = cot x (xi) 
d 
(xii) ж (-106| cos х |) = tan x (xii) 
(xiii) £ (log | sec x + tan x |) = sec x (xiii) 
(xiv) - (log |cosecx- cot |) 2cosec x (xiv) 
(xv) — (sin! х/а)- ! (ху) 
4 -2 
а 1 
км) Сұ сов! (х/а) =- 2-2 (xvi) 
d de 1 
(xvii) dx G tan (x / 2 "жар (хуй) 
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+c, n#-1 
1 


Anti-derivatives 
| 1j -dog| x | c, where x #0 
x 


| e” .dx=e* +c 


| а*.йх= E ig 
log, a 

| sin x dr =- cos x «c 

| cos x.dx =sinx +c 

| se x.dx=tanx+c 

| cose? xdx=-cotx+c 

| secx. tan x dx = sec x + c 

| cosec x. cot x . dx =— cosec x +c 

| cot x. dx =log|sin х| +С 

J tanx. dx=- log | cosx |+с 


| sec x . dx = log | sec x + tan x| +c 


| cosec х.йх = log | cosec x — cot x | + с 


1(х/а)+с 


zu 
[т> 


| ш "m 
а 


dx = соз”! (x/a)* c 
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хуш) d (Ll. 1 =й -l =! cot"! 
Ша ваз guae cer etie 
d с ^ 1 dx E. 
: —|-sec х/а|------- : -———=—==-—5ес (х/а)+с 
(xix) (а xd? а (xix) [ж 2-а а 
"TUNER S І ВЕ. ax 
(xx) 2 cosec х/а) T = (хх) | 212-2 =7 совес (5)- с 
ө 
HW lustrative Examples 
Example 1: Evaluate the following: 
| а x " (1+ х)? 
(i) | 5-1 | dx (ii) | ax [B.C.A. (Kanpur) 2002] 
х а х 
` x 
(iii) | (10 +10* ). dx (iv) | йх [В.С.А. (Meerut) 2006, 2007] 
х2 +1 
Solution: 
(i) Let T= | (Ма/х + Jx/a) dx 


Ja Ух 
| xe 4 
1-44| à de. f х1/2 ах 


"D +1 1 n +1 


bes атар I 


12 
а £5.99 +e 
Va З 


= l4 xy) 143x432 + х3 
(i) Let psp 3 dx = ах 
| SP ap 5 


І-| ЕДІН 2+] 3.4 + | х.йх 


1-| x? +3] 1+3] L.dx | x.dx 


ESI 2 
Ты „З1орх+3З.х+ 2 ЕС 
-1 2 


(iii) Let 1-| (10 + 10*) dx = | 10 dx + | 10* dc =10 | 1.44 | 105 dx 


10* 
log, 10 


І-10х- 


РС 
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(iv) Let I= Т ds] E IIR dE 
x^ +1 x^ +1 
2 2 
I | (х шин Del, 
(x^ +1) 


Xx è 
Е l х+с 


Example 2: Evaluate: 


(i) | tan? х. dx (ii) | (tan x + cot х)? ах 


A 2 
e sin” x—cos^ x . 
(ау | 297—957 56 w | 


sin” x.cos^ x 


Solution: 


(i) Let І-| tan? х.йх=| (se х-1).4-| sec? х.4-| l.dx 


I-tanx-x-c 


=f (tan x + cot xy dx 
( 2 2 


(tan? x4 cot x4 2) dx 


(1+ tan? х) + (1+ cot? х) dx 
sec? хах + cose? х.йх 
-tanx-cotx-cc 


(sin? x — cos? x) 


cos 2x 


sin? x — cos? x 


тап х + со x +2 tan x . cot x) dx 


(ii) Let 1 =f 5 zy dx 
sin” x.cos^ x 
‚ 2 
sin^ x СО$ 
[= - 20 ye | ‚2 2 
sin” x.cos^ x sin^ x .cos 
1 1 
1- g— dx | 5 .dx 
cos” x sin” x 


1= | sec x de — | cose? x. dx 


J=tanx+cotx+c 


2 
cos 2x cos 
. dx = [ 


(iv) Let I= 7 


sin” x —cos^ x sin 


X — cos 
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Example 3: Evaluate these: 


| l+ sin 2x dx (1) | l- cos 2x .4х 
(8) | sin x + cos x (iv) | : : йх 
дїр TR 


: sec x 
м | по cos X (vi) | аг 


2 sec x + tan x 
(vii І Es 


sec x — tan x 


Solution: 


(i) Іш 1= | 1+ sin 2x dx 


-| sin? x + cos? x & 2 sin х. cos x). dr 
=| (sin x + cos х)? 
=| (sin x + cos x) dx 
=f sinx.dr | cos x .dx 
=>  I--cosx-csinx4c 

(ii) Let r=] (= cos 2x) dx 
= | (2зид x dx 
= 2 | sin x . dx 


1-472 (-cos x) +с= - 42 cos x c 


(iii) Let I -| sin x + cos Ж 4 


‚= | sin x + cos x 
Toa si? x + cos? X)-2sin x.cos x 


dx 


I= | sin x + cos x 
[sin x + cos x)? х)? 


Tus І sin x + cos x 


Х 


— dx 
sin x + cos x 


1= | йх=х+с 


: 1-сі 
(iv) Let 1 = | I dx = | 1 х = Y de 
l+ sin x l+sinx l-sinx 


l-sin x 

= 5 dx 
1-віп” x 
l-sin x 

- dx 


we Indefinite Integral 


1 1 sin x 
=| | - . E 
cos” x COS X COS X 


-| (sec? X — sec x . tan x) dx 


= | sec? х.йх-| sec x . tan x . dx 


J = ќап х – ѕесх+ с 


1 1—со$ x 


(v) Let I= dx = | dx 
1+ cos x 1+ со$ x l-cosx 
ПЕ 
E сац ” 
l—cos* x 
-| ata L al EE 
sin^ x sinf x sinx sinx 


=| (cosec? X — cosec x . cot x) dx 


-| cosec? хах-| cosec х. cot x . dx 


I =- cot x + cosec x +c 


wi Lei I -| sec x d -| sec x (sec x — tan x) 
sec x + tan x (sec x + tan x) (sec x — tan x) 


2 
sec x — sec x . tan x 
-| 5 dx = | (se x — sec x . tan x) dx 
sec x —tan? x 


-[ sec? x.d- | sec x. tan x . dx 


J = ќап х – ѕесх+ с 


secx + їап х secx + tan x 
dx = | dx 


ѕес х – tanx ѕеслх + tan x 


t 
(vii) бы 1 = | sec x + tan x 


sec x — tan x 


dx 


-| (sec x + tan xy 


sec? x- tan? x 


-| (sec x + tan x? .dx 

=| (sec? x + tan? x +2 sec x . tan x) dx 

= | (sec” x + (sec х —1) +2 sec x. tan x . dx 
=| (2 se x-142 sec x . tan x) dx 

=2 | sec? x.de«2[ sec x tan x. dx - | dx 


I=2 tanx +2 secx-x+c 
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=: Comprehensive Exercise 15.1 


1. 


Evaluate the following: 


(i) | х8 йх 

1 
Gi) J ae 
(v) [2а*ах 


(уй) | 32 log3 х дү 


a fc piai 
x 


(iii) | (sin x -2 / x + e*) dx 


| ac thet y 


У x 
(v) р 
| 3x7 42x 
ын rer +1 
(i) | (sec? x — cosec? x) dx 
COS X 
d J sin? x 4 
cos 2x 
У ULT J dx 
07 J sin? x. cos? x 
sec Ө 
(vii) .49 
J tan? 0 


(i) | cot? x. dx 


1 
(iii) | sin? x cos? x 
cos 2x + sin? x 
(у) | 2 


COS x 


(i) | sin! (cos x) dx 


XT 
(шу | Эф 


(iv) 


(vi) 


| log, x dx 


1- х2)-12 gy 
| (7х6 —8x° +4) dx 


| (x +1) (x - 2Y . dx 


cos 2x — cos 20 
| м 
cos X — cos Q 
sin x + cosec x 
| х 


tan х 


sin x 
Ге: 
І+ іп x 


ny: x 
] —— 
| sin x 


Ло 


[B.C.A. (Meerut) 2002] 
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% 


D 
= 2 


=: Answers 


451 


+e 
log, a 


— 
бо 


=e 
3 
il 5 1 x Ex di 
p Оса 


-cos x -2 log x +e" +c 
шиг 
2 3? 


log (x3 221 1) 


ам Сов 
— cosec x + c 


сос апе 


- соѕесӨ + c 
—cotx-x+c 
tan x-—cotx+c¢ 


(x + с) 


2 
(n/2)x-——+e 


pere 


“с 
log, b 


(ii) 


(iv) 


(vi) 


(ix) 


соо с 
9 


5 log, х +с 


TEC 


5 
Wage +457 таты 


ў By 
7 


4 tan х—7 ѕесх + с 


(2 /3) cosec x - x + c 


1 
——cotx-cc 
2 


2sinx+2xcosa+c 
sin x — соѕес x + c 


= ее 


(x * c) 


-42 cos (x /2 + л /8) 
+ 42 log tan (x /2 + /8) 


152 Methods of Integration 


(i) Integration by substitution 


(ii) Integration by parts 


13.2.1 Integration by Substitution 


If ф (x) is continuously differentiable function, then to evaluate 


Рф о) Ф (х) dx 
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we substitute ф (х) = t, so that 6’ (х). dx = dt 


These substitutions reduce the above integral to the form | F(t). dt after evaluating this 


integral; we replace the value of t. 
13.2.2 Integral of the form | “(ах + b) dx 
Let I= Í f(ax + b) .dx 


Putting ах +b=t іс, adx=dt = dx = : dt 
a 


1-| ШЕП 1-1| f(t).dt == F(t) +e 


Where 2 Fe) = f(t) 


те ase 
a 


13.2.3 Evaluation of | (ах + b)” dx 


Let 1-| (ax + b)" . dx 
Put ax+b=t > adx =й же 
а 
n+l 
1-1) asi. i dau 
a a n+l 
py 
Then, | Ее V Е 
а n+l 
: 1 
13.2.4 Evaluation of | dx 
ax +b 
Let 1-| ! . dx 
ax + b 


=Í lu where ax + р = t 
t a 


1 1 1 
--| –. 11 =— log t + 
2! t "S i 
Th I= l dis +В 
us, =| “>. og (ax +b) +с 


13.2.5 Evaluation of J sin (ax + b) . dx 
Let 1-| sin (ax + b) . dx 
1= | тэм ЭРЭЛТ ЭР 
а 


-1 | ое icon аа 6814 
а а а 


Thus, fsin (ax + b) dx = E cos (ax + D) +с 
а 
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Note: 
If in any of the standard integration formulae, in place of x we have (ax + b) then the same 
formula is applicable but we must divide it by the derivative of (ax + b) ; i.e. by a 


13.2.6 Evaluation of Few Special Integrals 


: 1 Е 1 522 1 
(1) | Daw dx (ii) | as (iii) | 2207 


Solution: 


1 
1 Let Is dx Put x 2at => dx =a dt 
Ши 22 


a dt 


dx _ _a dt күт 
| zn! їг ээл nets 


i.e. zi 


Ёё 


(1) Let I | шы = | iid e | ДЕ ("х =at = dx = adt) 
2-4 уйё-ё € 1-0 
- | 2 -sin! ¢+c=sin7! (х/а) + c 
Шет 
(iii) Let үр Bu 


mir | «(22-2 


Е dt _1 й 
| tJel -e a tJe -1 


© 
— Examples 


Example 1: Integrate the following: 


(i) | (5x -2y) .dx (ii) | dx 
(a + bx)* 
(ш) | (4-32 .de (м) f ét ae 
Wh. Газға 
Solution: 


(i) Let I - [6x - 2p. dx, Put 5x -2-t = Sdv=dt S deo .dt 


1-| (5g -2y „Че = | е dt 
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4 
-1| Pret аврах Тай + 
5 4 20 
pal Gr- si 
20 
" dx 1-1 
(1) Let I= к=к 
J (a+ bx)? =J за. 
Put a+bx=t — bd = dt => de - di 
-3 
-1| х” Сан” 
р b -3 
1 23 
І----(а- bx)? +c 
3b 
Js= yti 
3b (a + bx) 
өвч 4-3 1/2-1 
Gi) LetI=[ /4-3x.de=/ (4-32)! dea! a | +] + 
= +1 3 
2 
-2 3r Зх)? +с 
3703 
1--2а 3x92 +c 


Example 2: Integrate these: 


(i) | sin (2x + x /2) dx (ii) | se? 5x . dx 
(iii) | i (iv) | (cos? x — sin? х) dx 
Solution: 


(i) Ше: = | sin (2x + 1/2) . dx =— cos (2x +E). а-а cos Базы 
22 2 2 2 


(ii) Пе EI sec? “жо. ез tan5x+c 


iii) Let I= = 
ын | Ew wz] 1+2 cos? E 
=> f sec? x/2 dem (tan 2). 7; Fc = ќап (х /2) + с 
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(iv) Let 1 =| (cos? x —sin? x).dx 
=| (cos? x + sin? х) (соѕ2 x — sin? x) . dx 
=| 1. (cos? x- sin? x) . dx 


=| cos 2x de- (sin 2л). ec 


P= ees 
2 


Example 3: Integrate 


(i) | sin? x. dx (ii) | l-sin x . dx 
Solution: 
(i) Let = | sin? к.ф = | (1- cos 2x) . dx 
-1| à -l[ бей NM Жолы” 
2 2 2 2 2 


ПОЕ ПРЕ АНЕ 
2 4 


(ii) Let 1=| 1 —sin x dx 


1=| cos? (x /2)+ sin? (x /2) -2 sin (x /2).cos (x /2) dx 
=| (cos (x /2) -sin (х/2 . dx 
=| (cos (x /2) — sin (x /2) ах 
=| cos (x /2) . dx - | sin (x /2) . dx 
.Sin(x/2) | cos (x /2) | 
1/2 1/2 
I =2 (sin (x /2) + cos (х/2) +с 


Example 4: Integrate these 


(i) | sin 4x . cos 6x . dx (ii) | cos x.cos 2x . cos 3x . dx 


Solution: 


(1) LetI = | sin 4x . cos 6x . dx 


-1| 2 cos 6x .sin 4x . dx 
2 
1 | : 
el [sin 10x -sin 2x] . dx 
all sin 10x . dx - | sin 2x . dx] 


E 


AT cos (10x) | ES 
2 10 2 


me 456 
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те! aioe l БІТ 
2 |2 10 | 
1 1 
=> I =—.cos 2x -—cosl0x+c 
4 20 


(ii) Let I = | cos x.cos 2x . cos 3x. dx 


=> f (2 cos 3x . cos x) cos 2x . dx 


->f (cos 4х + cos 2х). cos 2x . dx 


-1 | (cos 4x . cos 2x + cos? 2х). dx 


2 

-3 [2 cos 4x . cos 2x +2 cos? .2x] . dx 
Lfsin6x  sin2x sin 4x ] 

= + куя 
4| 6 2 4 


po load шийд lnd штэ” 
41772 4 6 | 


Example 5: Integrate these 


a J азё a | ё iij z 
V +ах JA (32-202 (x-2) fx? -4x 4 3) 
Solution: 
dx dx 
i Let 1- E 
% ют». | эту. 
1 1 dt 
= 277 ` ax =t > dx = Č 
| күр a = Al 
1 1 
= >. at 
J 2 +12 
E 1-1 
=—.—.tan >+E 
a b 
I 231 ын ЕБ 
р b 
(ii) Let a : lom 


joa! "ЭЭГ": (3x -2)*c 
3 3 
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(ii) ^ Letr-[ = = | С 
(1-2) fx? -4x «3 ^ (x-2)4( -4х-4)-1 
=| B [Put x - 2 = t] 
(x -2) J(x -2Y -1 
E Br = seo! t+c=sec! (x-2)*c 
tr =l 


13.2.7 Integral of the form | f(x”) x” dx 
Put x" =t пх" dx =dt 
> И 
п 


| £o» а=] Nd ei das 
n n 


Where И F(t) = f(t) 


Thus | f(x") x") dx= 1 F(x") + с 
n 


13.2.8 Integral of the form | ЦОХ” xf CO) ах 
Put /(х)= = f'(x).dx «dt 
= Р)" РО). а= t" dt 


p 


n+l 


I= | 
n+l 


ir +c 


© 
— Examples 


Example 1: Evaluate the following integral functions: 
| Ax? .sin x* . dx 


Solution: Let 1-| Ax? sin x* . dx 
Put xt 2t543).dx - dt 
1-| sin x^ .4x? de =| sint.dt = —cost+c 


I =- cos (х4) + с 
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Example 2: Evaluate | sin? x.cos x . dx 


Solution: Let I = | sin? x.cos х.йх 
Let: sinx=t Then, cos x. dx = dt 

а : 4 
В = PUES ЕС 
4 4 


=» 


4 


T=—sin* х+с 


sin x 


2 


— ———— dx 
1+ сов“ x 


Example 3: Evaluate І 


sin x 


Solution: І = | — j 
4 cos? -~ 


Put cos x =t 2 -sin x . dx = dt 
dt - 
1--| = апі t+c 


Example 4: Evaluate | х2 tant х se x . dr 


Solution: Let 1 = | x? (апі x ээг? 


Put tan X? =t 
=>  (secu?).3x?.4dx- dt 
> 2 .se x? dx dt 
43,2 23 lta 1 Р 
| tan x ^.(x^.sec x ).dx - ft .dt =~.—+¢ 
3 5 
T=% tan? xc 
Example 5: Evaluate the following integrals: 
; sin x tan! x 
i m dx 
4 12-27 (i) | 14-32 | 
NT 3 
(iii) | sec x . log (sec x + tan x) dx (у) | 2х : dr 
4 +x 
V | EM TM 4) | dx 
2 Jx(1— x) x(1 + log x) 
Solution: 
(i) |o sinx оо x 
i 
49 - cos? 
Put cos x =t 2 —sin x . dx = dt 
- dt 
1- | --sin (t/3) + c2 - sin"! Е "+ 


E 
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=j 
" t 
(ii) taf eu 4 
+x 


1-| t wee pe te x? +c 
А а | 


(iii) I =| sec x . log (sec x + tan x). dx 
Put log (sec x + tan x) =t 
=» l ЭЭ. x).dx = dt 


sec x + tan x 


sec x (tan x + sec x) Ян 


(sec x + tan x) 


sec x . dx = dt 
1-| t .dt 
2 
=—+(с 
2 
1 2 
Ї => [log (sec x + tan x)]* + с 
2x 
(iv) dx 
J 4 4 x? 
Put i яә dea dt 2 de= di 
_1 dt _ 1 41 
1 21 22273558 (t/2)+c 


d 1 
CK e ee 
| 24s = °° 2 ух 


I 2sin! (Vx) +c 
(vi) | — Put (+ log 1)=t> 1 de =at 
x (1+ log x)" х 


p 
TC 


> 1-| „= = 


1 = (1+ log xp ag 
l-n 
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Example 6: Evaluate | — 
2 (xe?) 
Let xe* = t (хе + e* .1) dx =dt 
> e* (x + 1) dx =й 


1- j -< e а 
2 (xe”) 


t 
=| sec? t.dt=tantt+c 
t 


I = tan (xe*) + c. 
Ғ'@) 

4 
Ж) 


where f" (x) is the differential coefficient of f(x) w.r.t. ‘x’, then 


f(x) =t 2 f (x) dx = dt. 
a =log t = Іор f(x) + 


13.2.9 Integration of the form | 


Непсе, pa =log f(x) + 


15.5 Some Standard Results 


(i) Integration of tan х w.r.t. 'x': 


sin x 
We have, 1-| tan x dx = | 

cos x 
Putting cos x 2 =» -sin x dx = dt 
Or sin x dx = — dt 


1- | = =- log t =- log (cos х) = log (cos ху! +c 


= log secx +c 


= 1-| tan x dx = log sec x + c 


(ii) Integration of cot x w.x.t. 'x' 


COS X 


1-| cot x .dx = | dx 


sin x 
Putting sin x 2 = cos x .dx =dt 


I-[ f log te e=logsin xc 


| cot x dx = log sin x + c 
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Gii) Integration of cosec x w.r.t. 'x'. i.e., | cosec x . dx 


We have, I = | cosec x . dx 


1 
sin x 


We have, 1 =f cosec x . dx = | 


1 1 gd (х/2) 


ES 8-| ie © 
2 sin (x /2) . cos (x /2) ` tan (x /2) 


on dividing the Nr and Dr. by cos? x 12 
8 y 


Now putting tan x /2 =t, we have 5 sec? x /2.dx =dt 


| cosec x . dx = | © -log t = log tan x /2 


Hence, 1-| cosec x . dx = log tan х /2 + с 
Similarly, we can do as; 


| sec x . dv = log tan (= +3) 
4 2 


or 


| sec x . dx = log (sec x + tan x) 


© 
| Examples 


Evaluate the following integrals: 


Example 1: 


Solution: Put lt+e* =t =e" .dx =dt 


1-| лан 


Example 2: 1 -| 
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[B.C.A. (Meerut) 2008] 


Solution: Let е +e * =t (e* —e 7) dx =dt 


T=] ші -logtec-log(e! 67) +e 


— tan х k 
—— 1=[ i І+ (ап х 2 
Solution: Е j=j —sin x / cos x Р 


ee 
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cos X —sin x 
=| de 
COS x + sin x 
Now put cos x + sin x =¢ 


> (—sin x + cos x) dx = dt 


> (cos x -sin x) dx = dt 


| l- tan x dx =f ES 1 dt =logt+¢ 


l+ tan x COS X + sin X 


= Іор (cos x + sin x) + c 


dx 


sin x + X cos x 
Example 4: 1 = | - 
x sin x 


Solution: Put xsin x 2t => (x cos x + sin x . 1) dx = dt — (sin x + x cos x) dx = dt 


sin x + x cos x dt 
Is E = log t + с = Іо (х sin х) +c 
| x sin x | t 5 8 ( r) 


Example 5: I= | т: шах me 


Solution: Put 1+ log x -t ЖҮ! . dx = dt 
X 


1 


dx 


1=] Е =] 22 


= | E = log t + c= log (1+ log x) + с 


Example 6: І = | шл 


acos? x + bsin? x 


Solution: Putting a cos? x+ bsin? x=t 


> (а.2 cos х(—5їп x) + b .2 sin x . cos x) dx = dt 
> (р-а).2 sin x . cos x . dx = dt 


(b — a) sin 2x dx = dt 


= sin 2x dx = : dt 
b-a 
| sin 2x . dx 21 | аг 
acos? x4 ӛсіп x b-a t 


= 1 logtt+tc= l log (a cos? x + bsin? x) + с 
-а 


e Indefinite Integral 


Example 7 = 1= | sini 


sin sin (х-о) - ge 
Solution: Putting x-a =t 2 dx =dt 


sin (t + о) 4 


we have; f= | . dt 


sin Ё 


| sina.cost+cosqa.sint Ж 
sin Ё | 


=| (sin & . cot t + cos о) dt 

=sina | cot t dt + cos @ | dt 

=sin a . log sin t + (cos a) t +c 

=sin a . log sin (x — 0.) + (x - à) cos æ + c 


Example 8: I= | =, . ах 


COS X 


А cos X cosa + sin x.sing 
Solution: We have I =| dx 
cos X 


1=| [cos a + sin & tan x] dx 
-сово | dx + та | tan x . dx 


=(cos Q). x + sin & . log sec x + c 
I = x cos a + sin 0. log sec x +c 


dx 


Ẹ ЇЕ I= 
rampe | sin (x — a) .sin (x — b) 
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Solution: We have 


_ 1 sin (a — b) dx 
sin (a — b) | sin (x — a) sin (x — b) 


Е 1 | sin [(x = b) - (x ^ a)] de 


sin (а= р)? sin (x — a) sin (x — b) 


2 1 | sin (x — р). cos (x — a) — cos (x – b) sin (x — a) 
) 


sin (а= b 


1 | cot (x — a) — cot (x — р). dx 


~ sin (a — b) 
- TED [log sin (x – а) – log sin (x —b)] + c 
I = созес (a - р) x log ~ me. +c 


n (x =b) 


sin (x — a) .sin (x — b) 


dx 
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Example 10: I= | 
„Леп х. +sin x 
Solution: We have, = =| Л i 73 
—cos(r/24 x 


dx 
42 sin? (x /4 + x/2) 


=T af cosee (Z +3) dx 


Put I.T I: =2 dt 
2 4 
r=) cosec t . dt - 42. log tan + -42 log tan (® +2)+‹ 
ах 
Example 11: J =| — 
" | 1+ cot x 
Solution: We have, 1-| LO sn 
sin x + cos x 
-| sin x (cos x — sin x) 
(sin x + cos x) (cos x —sin x) 
sin x. cos x — sin? x 
= 2 2 dx 
cos^ x —sin* x 
-i[ 2 sin x.cos x -2 sin? x 
2 cos 2x 
-1| sin 2x – (l — cos 2x) dx 
2 cos 2x 
=! tan 2x 2x +1) dx 
= (tan 2x — sec 2x + I) dx 
ЗЭ iss завь E TE 
2 |2 2 | 
1 1 1 
=—х+—1ор sec 2x — 7 log (sec2x + tan 2х) +c 
t x 
Example 12: 1-| Le 
log sin x 


Solution: We have 


log sin x = t, cos x . dx = dt => cot x . dx = dt 


sin x 


1=| сос dx = | оне 
log sin x t 


= Indefinite Integral 


=: Comprehensive Exercise 13.2 


i. GR (+2 


Gii) (4+ 5x) 
| 1 
= A (1+ x)! 
3 (1) sin3x 


(11) sin (2x +3) 


4. ü — 
а+ x 
5. № JI=5xr+90* 


(iii) 54" + ба cos (5x + 2) 


(1) (1-2х)* 
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[В.С.А. (Meerut) 2006, 2007] 


(iv) 3x? 42x 

IV =o 
x) + х2 

1 1 

и ------ 

(8) (3x +4)° 


(ii) віпх/2 


(iv) cos (4x +5) 


а+ х 


а-х 
(ii) sin 1 (b + x) + cos 1 (b — x) 
3 МЕ 


(iv) | cot x с" 8 (sin x) дү 


[В.С.А. (Meerut) 2003, 2004] 


в 


е 
=: Answers 


— +¢ 
3 (L4 x)? 
в o 
3 
(iii) -5 соз (х-3)-с 


x-alog(a-* х) *c 


(ii) а" 


log a 


5 (i) - = (1-53? о (ii) 


+ asin (Sx +2) +e 


ги в 
10 (1-2x) +c 
(iv) log (х5 + х?) 


| еки ше 
3 (Зх + 4) 


(ii) -2совх/2 +с 
(iv) PEL (4x -5)*c 
(n) =x=2alog (a—x)+¢ 


1 1 
2 


3 cos 
2) 


(iv) 1 log (sin x) 
п 


ағ (2 


b+x)—2sin—(b—x)+c 
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(i) | f(x) . dx = g(x) + с, then | Жах + b) dx = 1 glax+b)+c,; 
a 


” Ї 1 1 
(ii) | = de =log| x| + с, then | s йх =—1ор]ах + |+ 


b 
Thus, in any fundamental integral formula given as above. If in place of x we have (ax + b), 
then same formula is applicable but we must divide it by coefficient of x or derivative of 
(ax + D) i.e. а 


We gave the list of some frequently used formula : 


(ax pp 


(i) | (ax + БУ! dx = заг 


(n x – 1) 
ii жн Де dpi (+ 
(ii) езг даг" og|ax+b|+c 


"T x +b РЭН 
111 е $ dx ——£ tC 
( ) | а 


А . 1 аруа 
(iv) | ақа disi. 
b loga 


(v) f sin (ax + bdr =- cos (ax + D) +c 
a 
(vi) | cos(ax+b) ae sin(ax- D) +c 
а 
Е 2 1 
(vii) | вес“ (их + b) dx = — tan (ax + b)+ c 
a 
us 2 1 
(viii) | созес” (ax + b) dx = — Р cot (ax + D) + c 
(ix) | sec (ах + b) tan (ax + b) dx = sec (ах + b) + c 
а 
(х) | cosec (ax + D) cot (ах + В) dx 2 — : cosec (ax + b) + c 
а 
(xi) | tan (av + b)dr =- Пор cos (ах + В) |+ 
а 


(хїї) | cot (ax +b) dx = + log | sin (ax + D) | + c 
a 


(xiii) | eet des Бы | sec (ах + b) + tan (ax + b)| +c 
a 


(xiv) | cosec (ax + b)dx = 1 108: | cosec (ax + b) —cot (ax + b) | + с 
а 
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© 
— Examples 


Evaluate the following integrals: 


х 
92 = dx. 


Example 1: 1- | 
[В.С.А. (Каприг) 2003] 


Solution: We have, 
3155-1878) eee 
ge. gr [Е 715 | log, (2/5) log; (375) * 


ах + рт)? 
Cota 


Example 2: | 
[B.C.A. (Garhwal) 2005] 


Solution: We have, 
Ж X ( Х x ] 
1-| E 22 А de =f f nas E 19 == 
рх 2 b 


__(alby (ay 
log, (a/b) log, (b/a) 


t2xv +e 


e log, x _ Ти log, x 
Example 3: | 


ах 
e loge x | e log, x 


Solution: We have, 


5 4 4 3 
B XE ГА NM CN x (x-l) = 2 Хх _ Slog, x 
1= | за Ші Вет үй) Rm d | х dis pe е? Ber ъс 


6 6 
+ 
Example 4: | E dx 
sin? x.cos? x [B.C.A. (Bhopal) 2008] 


Solution: We have, 


2 2 2 


I- | (sin х + cos? ху -3 sinf x.cos x (sin? x + cos? х) 
sin? x .cos? x 
1-3 sin? x .cos? x 
1-| 5 3 ——.dx 


sin^ x.cos^ x 


I- | zs за 
sin? Ж cos? Ж. 


Ї = | (sec? х + cose? x — 3) dx 


I-tanx-cotx-3x-4c 


— 468 


Example 5: | sec" x. tan x. dx 


We have, T=] ( sec x) 


үл 
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sec x.tan x . dx 


= sec (sec x) 
=| ( (sec x)" 7! d (sec x) = сй 
п 
-l Q3 
Example 6 | ын" 
ges [B.C.A. (Bundelkhand) 2004] 
Solution: We have, 
І A3 
ге Sm 9 д 
Jl- x? 
= | (sin | ху d (sin! х) = 25 2 tc 
Example 7: | эрин ах 
(х4 + 1)/ 
Solution: We have, 
1 


-3/4 
1 1 1 
---| |1+ — dil | 
Пе) “(ез 
“8 
——+1 
{же % 1/4 
ae (+) 
= = tc 
MC | 
4 
5 4. x10 
Example 8 | 16 
5 + x19 
Solution: We have, [= 16 
Sex 1 
= | 10 тг & 
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х х 
3/2 
| l+ 3 | 
1 “10 1 | 5 | /2 
= „с= 14 0 Fc 
50 3/2 75 х 
Example 9 | 3 налж 4 
: x 
р cos" * x 
sin” x 
Solution: We have, I = | 3 as Ах 
cos" x . cos? х 
-| Зап” x . sec” x. dx 
=| (tan x) d (tan x) 
n 
tan x)3 I 
Маз с= (тап х)3 + +c 
n 4-1 3-0 
3 
ax + b 
Example 10: | dx 
x+d 


«+а-[4-®) 
4 


x+d 


Solution: We have, I=(a/c) | 


ad — bc 


2-0 1 ш-Шш/дх-) 5 


ё х+а 


= (а/с) | dx 


Example 11: | tan 2x.tan3x.tan5x.dv 


Solution: We have tan 5x = tan (2x + Зх) 


tan 2х + tan Эх 


l- tan 2x . tan 3x 


> tan5x – tan 2x . tan 3x . tan 5x = tan 2x + (ап 3x 


> tan 2х. ап Зх .ќап 5х = tan 5х – tan 2х — tan 3x 


| tan 2х. tan Зх. tan 5x .dx- | (tan 5x — tan 2x - tan 3x) dx 


- log | sec5x | ~5 log | sec 2x | - 5 log | sec3x|+c 
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Jog or+ dl а 
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Example 12: | | dx 
cos (x — а). cos (x – D) 
We have, 1 = | ! 
cos (х-а).сов(х-?) 
_ 1 | sin (a — b) 
sin (а= 2)" cos (x — a) . cos (x — D) 


1 | sin (x — b) – (х-а)} 
b) 


~ sin (а-1 cos (x — a) cos (x — b) 


1 
тле! [tan (x — b) – tan (x — а) | dx 
"жасу! eedem (x - b) | + log, | cos (x - a) |+ с 
sin (a — b) 


cos 5x + cos 4x 


Example 13: | TE EU 


Solution: We have, 


I -| sin 3x (cos 5x + cos 4x) 
sin 3x —2 sin 3x . cos 3x ` 


| _ 3x 2 9x 3 
2 sin —.cos — | | 2 cos —.cos > 
2 2 2 2 de 


sin 3x —sin 6x 


D 2 OX 
2 cos 2 .sin 


=- | б eg” ee „йк 
2 2 
=- | (cos 2x + cos x) dx 


(= . | 
-- +sinx]+c 
2 


tan х 


Example 14: gt ee _ „ы 
" J a+b tan? x 
t 1 | 
Solution: We have, I =| an. Е die -| 2m xX. COS a 4, 
a+btan* x а cos^ x+bsin* x 


We observe that sin х.со$ x appears in the differentiation of а cos? x + b sin? X, 80 we 
2 


substitute а cos? x + bsin? х= Ё 

> 4 (а cos? x + b sin? x) 7 dt 
d А 

> FG cos? x +b sin? x) . dx — dt 
1х 


аг 


2 (b — a) sin x.cos x 


=> (-2acos x.sin x + 2bsin x . cos x) dx 2 dt > dx = 
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sin x .cos x 


Я | tan х а= | ; "7 


a+ btan? x acos? x +bsin? x 
-| sin x.cos x dt 
t 2 (b — a) .sin x. cos x 

= 1 | la 
2(b-a)* t 

"EN log|t|+c= : log | a cos? x + b sin? х|+с 
2(%-а) 2(b-a 

Example 15: | | dx 
sin? x. sin (x + a) 


Solution: We have, 


1= 1 d 
sin? x sin (x + a) 
= | l dx 
sin? X (sin x. cos a + cos x .sin а) 
sin? x (cos a + cot x .sin а) 
-| cose? x 
cos a+ cot x.sina 
= 4 | l - d (cos a + cot x sin a) 
sin a [cos a+ cot x.sin a 
— | La where, t = cos a + cot x.sin a 
sina’ Vt | | 
=- 2 [cos a + соїх.їпа+с 
sin 4 
Example 16: | 6 1 4 . dx 
+x 
Solution: We have 
1 1 
Let Iz dx = —————— 
J i$ + x4 J хэ (х2 +1) 
On putting x = tan 0 and dx = se? 0.40 
we get; 
l sec^0 . 40 


I = 
J tan? Ө (1+ tan? 0) 
1-1 со 0.40 
-| cot? Ө (cose? 0-1) . 40 


= | соё Ө (cose? 0)40-| со” 0460 


— 472 


В.С.А Mathematics-I (Unified) === 


=- | cot 0.4 (cot 9) - | (cosec? 0-1)49 


сог”0 1 1 Ї 


=- + со +0 + с=- —5 +—+ tan” х+с 
3 3x x 


4 
Example 17: | SB . dx 


8x 


Let I ы 


І = | а ақ [Dividing М”, D" by соѕ x] 


tan? x. sect x. dx 


tan? x (l+ tan? x)d (tan x) 


| 
= | tan? x (1+ tan? x). sec? x. dx 
J 
Ги 


1-0 ) dt, [Put £ = tan х] 
p и tan? X tan’ x 
---%--4с- H Ес 
2 Y 5 7 
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(i) | z a= * tan” l (x/a)+ 

E dx 1 x-a 

ш) | 2.2 2а х+а Е 

PE dx l а+ х 

(11) | To mex 

(м) | = 5 = зіл! (x /a) + c 
-x 


(v) jp As 
(vi) ин a 
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156 Some Important Substitution 


Expression Substitution 
(i) a + х? x-atanO ог асо{Ө 
(11) eax x-asinO0 or acos® 
(iii) 2-4? Х-авесб ог acosecO 
: а-Х ах г = 

(iv) бї x =acos 20 

а+ х а-х 

9 2 : „2 

x-a = 

(v) or Jx-o)(x-B x =a cos^ Ө + В ѕіп“ Ө 
= х 


13.6.1 Application of these Formulae 


Type (A) The standard integrals such as: 

| = ш a | MEM нан 
ax? + bx c (i) Jax? +bx+c 

(ш) | Jac + bx + с dx 


Неге, ax? + bx +c сап be factorized; 


2 2 
ад + ста ee на & а 43 b 
a a 2a а) Ad 


m b 
Make the substitution x 4 2 =f 
a 


(i) 


Type (B) 
(i) | (әк +4) dx (ii) | o (wt) _ 
ax“ +bx+c Jax? 227 


(11) | (рх + 4) Jax? + bx +c dx 


The linear factor (px + q) is expressed in terms of the derivative of the quadratic factor 
ax? +bx+c together with a constant as: 


d 2 
+4= А — + bx +c) + 
px +4 (ax х+с) + 


=> рх + q=A(Q2x+b)+u 
Here, we have to find X апан and replace (px + q) by {А (2ax + b) + uj in (i), (ii) and (iii). 
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© 
_— Examples 


dx 
E le 1: Evaluate | ———— 
xample valuate | 12.2 


Solution: Put x = аїапӨ > dx =a sec? 0.40 


| dx = | а sec? 0.40 
42 +? Ve tan? 9+ 42 


= | sec 0. 40 


= Іор (sec0 + tan@)+¢' 


= Іор (tan0 + (tan? 0-1) -с 

-108 (х/а+ 4x? Ја? +) +с 
ps т | 

-108 +c 


а 


-108 (+02 +? )-logase 


dx 
I= ———— -log(x Nx? +.) +0 where c = c- log a 
[тур 


dx 
Example 2: Evaluate | ДР ЖЕРІ 


: dx 
Solution: Buc m 
Put x 2asec0 => dx = asec0..tan 0.40 
| dx -| а 5ес0. tan 0 
Ve -e 22 sec? 0-4? 
= | sec0.tan 0.40 
Үбес” 0-1 
sec0. tan Ө 
dg c 


-[ sec0.40 


= log (sec0 + tan 0) + с 


= log (sec0 + үѕес20 - 1) tC 
= log (x/a x? /a? -1) «0 
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= log (x (x? –а2) -logas c 
= log ( х+ ух 2.42 +с where c = с log a 
Непсе, 1- = log (х e 4x? - dà ) ec 
| T 


Evaluate the following integrals 


1х 
Ехатріе 3: Evaluate | NN. 
\(9 4x2) 
dx 
Solution: Let I = | Елиса 
(9 + |: 
зі Je +32 


log {x4 x? 4 (3/2У }+с 


Example 4: Evaluate | шанг 
ХА (log ху -10 


Ах 
x (log ху -10 


Solution: Let I = 


Put, log x =t 22-00 
x 


-log (t+ V0 —10)+с 


= log [log x + 4/ (log х)? —10]+с 


1 
Example 5: Evaluate | ———— dx 
Р | 1 = e? x 


dx е^ 
Solution: Let [= = 
| ИЛЕГЕН | 4е25-1 
Put e* =t = e*.dx =dt 


= log (t- € —1)+с - log (e alg —1)+с 


1 аг 
| 41- e* di Je -1 
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Example 6: Evaluate | 


Х +1 Je 
Vx? +1 


1 
lution: Is dx ———— d 
Solution | T + | 31 X 
= | dx + log (x43? +1) +e 541) 


x^ +l 


Now, put ІЗІ —2х.ах 22 t.dt > x.dx=t .dt 


E Га = үх2 +1 


X P? 
| \х? +1 


From (1) we have | Je +14 log (x ух” -1) -с 
+1 


Example 7: Evaluate | мэн ші Ах 
а-х 
Solution: Let I = | ах х 
а-х 


Put x =acos20 


=> dx =—2asin20.d0. 


[| а+х к= | |4 а (1+ соѕ2 0) 


.(-2авіп 20). 40 
а (1-сов20) 


ае . 40 


2а] | 1+ соѕ2 0 


2. 
-2a af cos" 52 sin Ө. cos 0.40 
2 sin? 


Il 


--24| 2 cos? 0.40 
--24| (1+ cos 20).40 


Г sin 20 | | 
=-2а aye 2 E 


--a|20 + Ji - cos? 20 «c 
--a| cos (x/a)+ i c? /a еа cos"! (x/a) - a2 -x +c 
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=: Comprehensive Exercise 13.3 


Integrate the following functions w.r.t. ‘x’: 


l. (i 
2. 0) 
3. (i) 
4. (i) 
(iv) 
5. (i) 


xsin x? 


хе 


sin? x.cos x 


Asin! x 


VI- x? 


X tan! x? 


1+ x* 


Integration by substitution 


6. (i) 
(iv) 
7. (i) 
(iv) 
8. 0) 
9. 0) 
(iv) 


2x 
1+ 22 


e+e 7 


ех _ e* 


l-sin x 
x+cosx 


cosec? x 


1+ cotx 


d 
jo 4 


3sinx-4sin" x 


| cot (log x) d 


x 


[| x+sinx 
1+ cosx 


(ii) 


(ii) 


(ii) 


(ii) 


(ii) 


(ii) 


(ii) 


(ii) 


(ii) 


2x45 
х2 +5х+8 


ех —sin x 


ех + cos x 


I 


4 cos? х-3 cosx 


| tan(1+log x) 4 
---2--4Х 


x 


(iii) 


(iii) 


(iii) 


(iii) 


(iii) 


(iii) 


(iii) 


(iii) 


(iii) 
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2-х” 


sin” x.cos x 


(a+bsin™! x)" 


Vl- x? 


sin(2 tan! x) 
2 


1+ х 


а+е* 


sec? х 


1+ tan х 


| 1+ tan? Хо 


1- tan? х 


(Ға sec x? .dx 


[B.C.A. (Meerut) 2008] 
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> à 
=: Answers 
l. (i) Ел х? + (ii) En ete (iii) Е x" +e 
2 © п 
2. (i) Ly +c (ii) 1 а^ (iii) Jes xP) +e 
2 бу? Р 
2 loga 
EBENEN G) 1.3 (ii) ТЕ (їй) l син 
—sin" x+c -> cos? x+¢ — sin" x+c 
3 3 n+l 
EXE) 2(sin | x)? +c (0) Тал ёс OO (@tbsin xy |. 
5(п-1) 
(iv) log(sin-! х)+с 
5 0) gar х2} +c (ii) = (tari ey эс um = ; cos(2 tan! х)+ с 
6. |) log (1+х2)+с (ii) 10р(х2+5х+8)+с (iii) log (ate) +e 
(iv) log (e*-e*) «c 
7. (i) log(v+cosx)+ce (ii) log (e* +cos x) +с (iii) 1ор(1+їапх)+с 
(iv) —log (1+ cotx)+c¢ 
8 (i) E тос (ii) ieg (sec3x + tan3x)+c 
3 2 3 
(ii) 1 2198 tan (5 + 3 tc 
4 
22 (i) ^ logsin (log x) +¢ (1) log sec (1+ log x) +с 
(iii) - log (sec? x + tan? х)+с (iv) ytan 2 e 


13.6.2 Integration by Parts 


Theorem: If u and v are two functions of x: 
then; | uv dx = и. (| рах) - | ЇЗ | рх} .dx 


i.e. Тһе integral of product of two functions 
= (first function) x (Integral of second function) 
- Integral of [differential of I* function x Integral of П" function) 


Proof: For any two functions P x) and g(x), we have 


Ut х). gor = f(x) (x)} + g(x ETO 


=s Indefinite Integral 


оо rto вод в foso) 
Note: Thus, this result or rule is called as ILATE 
Integral of the form | f (ax + b) dx 
Theorem: If | f(x) dv=0(x), then | f(ax-- Dydx =- ф (ax + b) 
Proof: Let 1-| f(ax+b)dx. Putting ax +b =t = adx =dt or dx = Я dt 
I=] fax e 5) 


-lj Кой = lyw =L oars) 
а а a 


(ax + py 
a (n4 1) 


Result 1: Prove that | (ax + b)". dx = +c, nz-l 


Proof: Put ax + b = t, we get adx =dt ог dx= 1 аг 
а 


n+l 
[аа l | ёл эг аа 
а a n+l 
n+l 
or | (ах + b)"dx = 1 (arth) +c 
a n+l 


Result 2: Prove that | — EE 
ax + a 


Proof: 2. Put ax - р = Ё, we get adx = dt or dx 2 аг 
а 


1 161 1 
dx = 4-1 4 
| ах + b 2d t a 98 Is 


1 1 
or | xag ний logisteb per 


Result 3: Prove that | sin (ax + D) dx = — i cos (ax + D) +с 
а 


Proof: Put ax + р = t so that dx = ы) 44 
а 


| linde Ede d. | sin Lara ttc 
а а 
ог J sin (ах +b) dx = | estar bise 
a 
y 
on comparing these three results with | x" dx = 7 tc,nz-l, 
n4 


| шоо + сапа | sin x.dx 2 — cos x +c 
х 
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Trick using here П.АТЕ stand for 

I Inverse trigonometric function 

L— Logarithmic function 

А э Algebraic function 

T - Trigonometric function 


Е — Exponential function 


© 
нге Examples 


Example 1: Evaluate: 
(i) | X cos x dx (ii) | x.sec? х.йх 
(iii) | x log x. dx (iv) І x? sin x dx 


(v) | x.cos? x .dx 


Solution: 


(i) Let r=] x . cos x dx 
Ї П 
Г=х | cos x dx- f ЕШ cos x dr |а 
-xsinx-| lsinx.dx = xsin x+ cos x * c 


(ii) LetI =f. sec x. dx 


1 =x] sec? х.йх- | М (sec? 22 
=хїапх- | tan x. dx =x tan x - (- log cos х)+с 
I =x tan x + log cos x + c. 


(ii) Let 1-1 x log х dx 


п 1 
= (0g) | xdr- f {£ og x. x. dx E 
2 2 2 
x 1 х х 1 
= (log x). [as diu log x 21 
2 2 
Үе log x 14 Fc 
2 2 2 


(iv) Let 1-|5 sinx dx 
I II 


j? sin x de =x* | sin dv 209| sin x de d 


—— Indefinite Integral ei ДВ] -- 


= x7 (- сов х)-| 2х (- cos x) dx 
=? совх+2 | x cos x dx 
— cos x € 2 [x | cos x dx - | af cos x dx} dx] 
=- cos x +2 [xsin x - | sin x dx] 
= x cos x + 2 [x sin x + cos x] + с 
(v) | x cos? x.dx 
Let 1=| x.cos? x.dx 
IET x (2 cos? х) dx = 1] х(1+ cos 2x) dx 
2 


=> хйх+ | x cos 2x. dx] 


15 xf cos 2 x. dx - | 4. | сов2х.ах 2 


2 
11 [2 x x .sin2x sin 22 PI 
2 | 2 2 “| 


Lf x xsin2x 1, cos2x 1 
= + ( ) | -с 
2 | 2 2 2 2 | 


чи +xsin 2643 cos 2х]+с 
4 2 


Example 2: Evaluate: 


(i) | x.tan^! x.dx 


Let T=] х tan?! x.dx 
П Ї 
2 2 
І x 
= (tan Jg e 2-4 
а 2 
2 2 
=Х_ tan"! = Y y- Ax 
2 24 |+х 
2 Dm. 
= (апт! ыг P ы. l 
x^ +1 
2 
x 1 1 Ї 1 1 
=> tan x-— ldx- 
2 2 ! те. | 
2 
-1 -1 


(х2 + l) tan7 1 1-26 
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(i) Let 1-) 


lo 
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x 1 
Б”. dv =f (log x). =y- dr 


1 1 1 
=log xf E .dx | Б 2 а |а 


=log +( 1) ІҢ Le 


=- оваз [deo Lage (- 1) 
X x х 


Pos йы дын 
х 


Example 3: Evaluate: 


(i) | log x dr 


Solution: 


(ii) fran” x dx (iii) | сов”! (i) . dx 


(i) LetI = | log x dx 


(ii) Let 
(iii) Let 
Let co 


А еті! 
| COS Р 


I= | (log x) Јах 
I I 
= (log x) Lar- f (log). мра 


1 
= (log x). .xdx 2 xl Іа 
(log х). х Із rlogx- | x 
Iz-xlogx-x-*c 


I = | (авт шаг 
1- (tan! х).х- | Б (tan! "арк 


= х.ќапг! х- | x. dx 


«x? 


=xtan! x-2] l d where 1+ x? =t, 2х. 1х = dt, i-i 

244 2 
=| 1 

=xtan d 


1 


I-xtan^ x-5 log Lex!) + 


1 
I- =l BL 
| СО5 = ba 


51 ! = 0. і.е. l = cos 0 = x = sec 9. > dx = sec 9. tan 0.40 
X x 


| ах =| Ө.ѕесӨ. tan 0.40 


- of sec 0. tan 0. 40 -| Ї [[ ѕесӨ . tan Ө. 40] 40 
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-Ө.зес0- | ѕесӨ. dO 


= 0.sec0 – Іор. (5ес 0 + tan Ө) + c 


= 0.5есӨ – log (sec0 + J (sec? 0-1) +с 


= (sec! x). x -log (x 4G? -1)) ec ә (весб = x) 
I2xseclx log (x4 л? -1) Fc 
Example 4: Evaluate | log {x + Vx? +2} dr 
Solution: Let I= log (c +a?) dv 
= [log (x+ Vie + x) dr 
= [ (log (х+ Vi? +37) Ld 
= {log и 


- 4,2. 24/2 

= х1ор (rt уг? +x?) 1—2 LEE EE a +) ЁС 
1 

=x log (x4 „а? +37) талай “дэгээ 


d шин шэг ка 


= y log (x4 - Jd +2) 


tg +22 
= y log (x4 „а^ + х2 эй 


ка 
[Putting +x =t? > 2х.йх=2. t.dt] 


= x log (x4 „г? + x2) )- Ја 
= xlog (x+Va + x? ЕС 
I = xlog (х+ Уа” +22) 4e tx) +c 


=* Comprehensive Exercise 13.4 


Integrate the following functions with respect to x. 


1. () м (i) | x2e* (i) ^ x.cos2x 
(iv) x sin ах (v) xsinxcosx (vi) ух? cos ах 
2. (i) x^. log x (ii) xi. (log xy. (4) ^ x.sec?.2x 


(iv) х.соѕес2 ax (V)  xrsin?.x 


км 484 B.C.A Mathematics-I (Unified) 
3. (i) snx (1) | cot! x (i) вест х 
: -1{ 2x ШЕ 1 Х 
@ tan) (в) onfi) a tan 
4 l-r? ыг 1+х 1-2 
(i) х2 зал?! x sin! x log sec"! x 
5 туш (uj = (шу A= 
| «x (1- х2)3/2 xvx? -1 
х 
(iv) i? cos x? (v) l+sinx (vi) | tan! (зесх + tan x)dx 
[B.C.A. (Meerut) 2003, 2004, 2009] 
e? 
Ф, 
=: Апѕмегѕ 
1. (1) e*(x-l)+c (ii) (х2 -2х-2)сё"-с 
(18) о cos 2x+¢ (iv) 2 ах-ах.сов.ах) + c 
2 4 а? 
А 2 
(У) тет от sin2x*c (ү) = За ерер = GR ^ Smari 
>, O 1345 1o, Шы 
27 og X 7. с a (log x)* - 2/)3log x 9 с 
xm 1 Ї 1 А 
(111) non logsec2x-c (iv) 22 Пов sin ах — ax. cot ax] + c 
0) 1? T хзйп21 T 
з. (0 хош" xeJl-z? ec (1) усе! x+ ор 42) ec 
iii ШЕ с GOCE Nite ERG 
(ii) 2-2 =I) 
4. 10) 2 [х апт! x-logJl+x* ]+e (i) 2 [кп x – ; logs хЭ)| жс 
(iii) xsin! x & Jl-x? +c 
5 (i) [x tan! x- log [V1+ x? ]- 5 (саа! xy. -с 
xsn!x 1 2 =| sec! x 
(ii) EE "7 log (1-х) +с (iii) (sec x)log Е +c 
-Х 
(8) D ino 2 user х2] dus (v) x(tan x -sec x) + log(1+ sin x) +c 
(vi) (сал! (зесх + tan хр +¢ 
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© 
_— Examples 


(Substitution) 


Example 1: Evaluate | ^ ————— dy 


| [ 
Solution: Let I = mm dx [^ sin! 


x=t> x=sint, ! пан 


41-22 


1 = | (sin t).t.dt 
=f tsint.de 
=t (- cos t) -Í l(- cos t) dt 
= —{.СО$ t+ cos t.dt 


=—ft.cost+sint+c 


=sint —t.vl-sin? t+c=x (вш! х)-41-32 tc 
- (V1- x? )sin! X+C 


Example 2: Evaluate | per dx 
TX 


1 


Solution: Let [= (= [0 = ап x] 


(lox SES 


Ө 
| (1+ tan? өу?/2 


J sec? 


= Í @ cos 0.40 


ес? 0.40 


.sec? 0.40 


=0.sin0- | sin. de 
=0.5іпӨ + соз0+с 


" 1 
8ёс0 вес0 


= 0.(апӨ. 


“Ее 


= 0.(апӨ. : + l +c 


um tan? 0 Nm tan? Ө 


-ly).x. ! + l +c 


МЇ + x NES x 
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Example 3: Evaluate: 


| х | „үр (= ех 
(9 J PLE (i) J (x41? ш 


[В.С.А. (Kanpur) 2004, 2008: B.C.A. (Rohilkhand) 2006] 


Solution: (i) Let I = | in 
+cos X 


1-| 6 


— ~ d 
2 сов“ (x/2) 


= (о 22) dx 
=r J узе 5-4 | ШЕ sec? НЕЕ 


= х. tan (x /2) - | tan (x /2) . dx 


= x.tan (x/2)-2] tan t. dt where 1 =t =x.tan(x/2)—-2 logsect+c 
I =x.tan (x /2) -2 log sec (х/2)+с 


(ii) Let Is ү m 7 
(х + 


1- fœ- e” .(х+ 13 dx 


doen?" ЕГЕ (х+1) 
=(% ler = | А MESA 


dx 2 


--у(- D e. (xe 2а) Dese de 


21 -1 
= —1)(х+1 7? e* E Б n = Ге“ | ey = LI 


1 -2 x l x Па! Ї e*(x +1) 
-у(*-1(х+1) 2-20 Axe Dot + | - dx 


ЭЭР? „Хх 
aoe) 5 e = І | ет. dx 
22+ 2(х41) 2 
-1) е i | 
1- (х-1)е хе 1 gs 


2 ЫЕ ГЫШ 
2 (+17 2(х+1) 2 
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© 
—_— Examples 


(Cancellation of Integrals) 


Example 1: Evaluate o fe(t-+ (1) | с“ sec x(l+ tan x)dx 
X ox 
: А xd. . 3 
Solution: (i) Let 1-| е EXE 
X x 
vl ж. 
= «ах 27 
Je 4 Je 2 
I Is 
= .dx dx 
| 27 15 ? 
Ї Х 1 Ж 1 Х 
шог ан Sede .dx-| —e + 
x^ | >) 4 ! gt i 
I-2—e +c 


(ii) I = | e*.sec x (1+ tan x) dx 
= [= sec x. dx + | ех secx. tan x. dx 
x d x x 
= (sec x)e -| =(secx).¢ йх+ f e ‚вес x. tan x.dx +c 
dx 
= sec x - | (sec x tan х). е“. dv | €" .sec х. tan x. dx +c 


I-e*".secx c 


Ж. 
Example 2: Evaluate | ш 2 
(1+ x) 
Solution: Let І = ыг VE 
(1+ x) 
jas (14 x)-I Ede 
(1+ x)? 
| 1. 
Ni. er 
l+x (14x) 
= | e* І .dx | D Led 
lxx (1+ x) 
= | 1 x | 1 x 
1+х (1+ x)? 
1 Р а 1 Р е 
= dx 
1+х ІР [те d 
е^ 1 Я е“ 
= i .e .dx dx +c 
1+х 15140 гэр 
Е 
Is с 
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x+sinx 
+cosx — [B.C.A. (Meerut) 2008] 


Example 3: Evaluate Їнэ 


Solution: Let pom | 22:55:12 


І+ соѕ х. 
2. cos (x /2) E 
2 cos? (x /2) 


.dx 
2 cos? (x /2) 2 cos? (x /2) | 


-| | x + 2sin (x /2).cos (x /2) | 
-| узе? (x /2) dx + | tan (x /2) .dx 


= y. tan (x /2)- [1.tan (x /2) ас+ | tan (x /2) dx c 


I 2xtan (x /2) «c 


Example 4: Evaluate la шэнэ 
— cos х) 
Solution: Let T= ү еш 
(1— соз х) 


-| x —2sin(x/2).cos(x/2) d 
2 sin? (x/2) | 


x 2 sin(x/2).cos(x/2) Im 
2 sin? (x/2) 2 sin? (x/2) | 


al 


= | х 5 соѕес2(х/2) dx -| cot(x/2) dx 


ELT 


= y (- cot x/2) - [1 (- cot x /2)dx - | cot (x/2).dx +c 
=—х. соҚх/2)- | cot(x/2).dx - | cot(x/2).dx +c 


I 2-x.cot(x/2) * c 
Example 5: Evaluate: [ sin (log x) dx 
Solution: Let i= | sin (log х) 14х 
= sin (log x) х-| cos (log з). —.x.dx 
= ysin (log x) -| cos (log x) . dx 
= ysin (log x) -j cos (log x).1dx 
= ysin (log x) - E (log x). х-| —sin (log 0.1 д | 


= ysin (log x) – x cos (log x) - | sin (log x). dx 


= ysin (log x) — x cos (log x) -I 


s Indefinite Integral tt ДВО am 


> 2I = xsin (log x) – x cos (log x) 


= I= : [sin (log х) – cos (log х) | + c 


Example 6: Evaluate: | sect x. de 


Solution: Let І = | sec? x. dx. 


= | sec” 226 


=sec x. tan x - | £ (sec x). tan x. dx 


—-secx.tanx- | sec x. tan x. tan x. dx 

= sec x. tan x - | sec х (sec? х-1) dx 

= sec x. tan х-| sec? x dx +f sec x dx 
21 =sec x. tan x + log (sec x + tan x) 


I= ET x.tan x+ > [(log(sec x + tan x)] +c 


аше х) 


Example 7: Evaluate: | ах 


E 


Solution: Let I = | ыы, je 
Х 


Let log,x 2t >x =e! dx = é .dt 


_ Sin (log, x) 
I =| - we ы 
-| sin t 24 


et 


2e? сов 1) | УЛ иг cos t).dt 

--е ?!cos t-2 € ?' cos t.dt 

--е cos t-2 [e ?*.sin :-| tec sin t dt] 
=—¢ 7! cost -2e 2 sint-4 І e?! sin t.dt 
=-e "(cos t - 2sin t) -AI 


> 51 = —e ?! (cos t - 2 sin t) 


I Бе (cos t 4 2sin t) 
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I = {cos (log, x) - 2sin (log, х)) ыс 
x 


© 
I Examples 


Three Standard Form of Integrals 


(i) [у -x° dx 
We have 1= | Ҹа -x° Mx 


ae Ipc 2x).x.dx 
= хүл? x dx 
Гр 
[3 3 forjier 
= хүл? -x | 2-2 Ах 
= хуа? dx 4 a? 
ү Ге ша, +a | TE 


= хуа? —х? da x? dy +? sinl (x/a) 
= 2| (42-32) ас хүд -x а? sin" (а) +e 
| 42-24 = ; eds sin! (n/a) lec 
(а) |22. 
Let 1= Уз? +a ах 
2 


= ү22 ms 1812 ppg tent 


= хүл? +a – а dx 
ру 


zale 2 “эсээ” 
| Vir 2 


22 +22 dx 
= хул? +a -| ATI dx +a | 12.2 


= х2 ta - [42 td deta log(x + Ax? ви) 
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э2[ ул! а ху? ed! ed! logit V жа) +0 
[VP ада o e + + ора +) 
(iii) [3 -2 ae 
Let 1-144-а 4 
- [4 - à aud 
=y? -ex Їнэн лал 


x? 
= ху? а Fm 


= ху? а [ema 


ЕРЕ. a | ve a dx @ | 


dx 
Ух? - Ф 
=x a Е a dx а? log(x + Ax? —а”) 
= 2|42 а? dx = уух? a а? log(x + ух“ а) жс 


І= [42 d dc» pel? a а? log(x - 5x? -a)] c. 


© 
—— Examples 


Example 1: Evaluate ( (i) | cos x. 4 —sin? x.dx (ii) 1- 
\ та 


Solution: (i) Let I = | cos х v4 —5їп^ x dx. 


Putting sin x = t 2 cos x. dx = dt 


1= | cos x. V4 —sin? x.dx = [4-0 dt 
= | JOY, -2 dt 


- 3 422 -P +22 sin (r/2) |+ с 


= [sin s/a- sin x +4sin7 (854 


2 p 
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2 
(ii) gar 
х2 +3 
Let [= үч . dx 
22 +3 
2 
=f (x +3)-2 de 
22 +3 


= xv x* +3 +3 log( (xx? + СІ -2 log( (xx? +3)+с 
= +3 -log(x + ух” + 3) ес 
Example 2: Evaluate: f secx. tan xytan? Х-4.4х 


Solution: Let I = Í sec x. tan xy tan? x -4.dx 


= | sec x. tan x. (sec? х-1)-4.4х 
= | sec x.tan хүзес” x-5 dx 


Put sec x = t = sec x. tan x.dx = dt 


1-142-5.4 
= (8 -(45у а 
P (5)? -(45Y овес 
ДЕС 5logit + —5)|+с 
sec x. ес? x-5 -5 log(sec x + Vse? х-5) ес 


ip, 
21” 
T 
21 
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=: Comprehensive Exercise 13.5 
Integration By Parts 
Evaluate the following: 
1. (i) | € (x +1) dx (ii) | €" (cos x +sin x) dx 
(iii) | е^ sin x(sin x +2 cos x).dx 
2. (i) | e” [el * +1].йх (і) | e* [e 198 8х + tan y] dx 
3. (i) | e* [log sin x + cot x]. dx (ii) | еХ(1-віп x) di 
1— cos x 
4. | 2x-sin2x dr 
l-cos2x ` 
5. | ё*(х° +1) 
(х +1? 
б. ie яды [B.C.A. (Meerut) 2002] 


7. Evaluate the following: 


(i) | e*.cos x.dx (ii) | € * cos х.айх 
8. ГЕ sin х. cos x dx 
9. IBS x.dx 
10. | sec x tan™! x .dx 
11. | cosec?x.dr 


12. fv9-x ax 

13. @ |У2-3х ёс (ii) | (Yio? +25) ax 
14. fa? Na EET: 

15. | secx. tan x. вес” x+1 dr 


16. [ee en de 


— 494 В.С.А Mathematics-I (Unified) === 
=: Answers 
1. (i) xe* c (1) e* sinx+c 
(іі) ез sin? x 4c 
2). (i) xe” c (1) с’ tanx+c 
3 (i) e* logsin xc (ii) -е".сою5 «c 
4. —х cotx+c 
ADS 
5. SN 
(х +1) 
б. „їй x 
41-32 +x 
ИЙГ ii) е" 
He (i) 7 e* (sin x + cos x) +с (ii) m (sin x – cos x) +c 
X 
8. 10 (біп2х-2 cos 2x) c 
9. (2 022 021011 
2 10 
10. jede +1ор(х+ Le х°^)]+с 
11. 1 1 
— — cosec x. cot x + — log tan х/2 +c 
2 2 
12. а? МЕРЫ: 
13. 10) Bl ух MOUSE essit (x43 12 je 
(i) 5, 4x? +05 /16) + 2 log(x- 4x? + (25 /16) +с 
14. 1 Г 3 6 © аб Ї x ] 
хма -х + sin +c 
6| 6 а | 
15. 2 [зес sec х+ х +1 + log(sec x + (вес r+) ес 
16. seve +1+ log(e* BO zT 
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157 Integration (Continued) 


13.7.1 Evaluation of J dx 
х 


-A 
1 1 
Уус h - 
шин xX- (х+а)(х-а) 
Ї А В 
Let = + . Then, 
i ug £44 x-a = 
1 _ А(х-а) + B(x +a) 
(х+а)(х-а) (х+а)(х-а) 


> A(x -a)+ B(x*a) =1 
> (А+ В)х+(В- А)а=1 


i.e. Equating the coefficients of x and constant terms on both sides, we have 
А+В =0. and (В-А)а=1. 


solving these equations; we have; 
1 


Beck ond A=-—. 
2a 2a 


1-1 ” 1 Ст 11 
x-a 2а(х-а) Wei 2a| x-a хға| 


Jaze | Л а 3a] 


EL a m 


- E [log - а) - log(x + а)| +c 


1 log 24 +c when x >a 


1 
loz к= х+а 


13.7.2 Evaluate |- —; dx 
a^ -=x 


ч We have now; 


1 1 
-x (а+х)(а-х) 
Let : a + В 


d -x? а+х а-х 


> 1= А (и-х) + В(и+ x). 


Putting x = a in the above identity; we have 1 = А (a-a) +В (a+ a) = В = Jx 
a 


Again putting x = — a; we have; 1=A (a+ a) + B (a-a) = A= 
a 


1 


495 ж- 
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І 1 " 1 

d -x? 20(ажх) 2a(a-x) 
If 1 ASI 
“2а Qala + 5 - а-х| 

1 [1 11 

dx 
Iz-z4* “ze | Pr i 
EC ales ac x fs 


= + [log(a+ x)—log(a—x)]+e 


1 а+х 
log +c, when x <a 
x 


|a а- 


3x 
Example 1: Evaluate: Г ЕО ярж 
Solution: Let ах "E: | B i E 
(x-1(x-2)(x-3) х-1 x-2 х-3 
— 3x = A(x-2) (x -3) + B(x -1)(x-3) + C(x -D)(x-2) 


Putting x =1,2,3, successively on both the sides, we get; 
3х1 = А(1-2).(1-3) 2 A 235 
3x2 =B(2-1).(2-3) => B=-6 
3х3 = С(3 –1).(3-2) => C=% 


Зх 3 62-9 
(x-1(x-2)x-3) 26-) х-2 2(х-3) 

3x БЕЙ dx 96 dx 

[эжеке т Aa кол ha 


= logis 1)- 6 log(x 2) 42 log (x 3) +с 


Example 2: Evaluate | PETE 
x +x- 


Solution: 23? +x-l=2x +2х-х-1=2х(х+1)-1 1(х +1) = (х+1)(2х—1) 
Let 1 _ А " B | A2x-D* B(x«l) 
2x3? 4x-1 х+1 2х-1 (x41) 2x-1) 


AQx-1) B(x41) =1 


Putting x = -l and х= р successively on both sides, we get; 


А(-2-1-8(-1-1-1- A= : 
апа A(2-5 ШАРДЫ > B=2/3 
2 2 

1 boo 2 


25 -х-1 3(1+ 3(2х-1 


s Indefinite Integral гү. 


| йх -2| dx ї =| dx 
2x)4x-1 34 x41 2x-I 
- + loge: + 1) 4 2. E 1)-с 


me 


=з log(2x - 1) 3 log(x * I) +с 


= $ [log(2x 1)—1ор(х+1)]+с 
| 2 l dx = З 281 ЕС 
2x7 +х-1 3 (х +1) 
x.dx 
Example 3: Evaluate: | ———5——,——— 
4 Р-Р) 
Х 1 1 2 
= dt Put x^ = t, Then, 2х. dx = dt 
bc x 201 | l 
Let ! E + B 
(-аӘа-Р) t-a 
Putting t = d? and t = b? successively on both the sides, we get; 
1 
= А(2 - 0) > A= 
1 
апа 1-В(22-а2)-э8- 


х |] 1 1 
ee 1 РЕ ч cs 


- d 
(a F j- a t ra 
Py [log(t a) log(t 2) Fc 


Example 4: Evaluate | ыг ах 


1 = + B + E (1) 
(x -2)(x -1 х-2 Х-1 (x-1? xs 


Solution: Let 
=> x 2A(x-1P +В (x-1(x-2)4 C (x-2) .4(2) 


Putting x =lin (2) we get; 

1=С (1-2) > C--1 
Putting x =2 in (2) we get; 

2-AQ-)? 5 А=2 
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Now, on comparing the coefficients of x? on both the sides of the identity (2), we get; 
О=А+В > В--А-- 
Substituting the values of A, B, and C in (1), we get 
х 2 2 1 
(х-2)(х-7 x-2 х-1 (x-] 


_ dx 
le eae e 22212) 


-2log(x-2)-2log(x- 1) + +e 
x- 


1= | ү pe | и. 
(x-2)(x-1) х-1 х-1 
x2 +l 


Example 5: Evaluate | а 


Solution: We assume that 
22 +1 А В С р 
3 - t 27 3 
(х+1)?(х-2) x-2 х41 (x«D^ (x«l 


=> x? +1= A (x 1? + В (x 12 (x-2)4 C (x +1) (x-2)+ D (x-2) дын 
Putting x 22 in (1) we have; 

4+1=А(2+13 = A=5/27 
Putting x = — lin (1), we have 


(12 «12D (-1-2) = D = (-2/3) 


On comparing the coefficients of x? and constant terms on both the sides of (1), we get; 
О=А+В =В=-А=-(5 /27) 


апа 12A-2B-2C-2D 

> 122 IE 2044 
27 27 3 

= е 441-8 or caua 
27 3 


ва 

(«+18 (х- 2) 

5,4 м 40 оф 2, d 
=57] 5-3 тЇз) Бар ND 


danti +> Jr (x+ 2-24 | (x+) de 


= > log(x-2) 


27 
, -2 

-р (3) Pg 5 10:31:24: БӨМ", 
х+1/ 9 3^ 25 


5 E 1) 4 1 
= og + ere 
27 х-1) 9(х-1) 3(х+1) 


= Indefinite Integral 


dx 
Example 6: Evaluate : 
" J 1+х+х^ 4x? 
Solution: a == ! 5 
+х+х + (1+х)(+^) 
Let 1 _ А Вх+С 
Ізха tr dex dex? 


СА (1+2) + (Вх+ С)(1+х) _ x°(A+B)+x(B+C)+A+C 


(1+ x)(1+ x?) (1+ x)(1+ x?) 


x7(A+B)+x(B+C)+(A+C)=1 


=> 
Adding these, we get; 


А+В = 


0, В+ С=0, А+ С =1 


2(А+В+С)у=1эА+В+С => 


СЕА ав l 
2 2 
1 | 1 1 
1 242 " 2 2 
І+х+л2 + lex 1« x? 
ol I 1(-х-41) 
“8 1Їзх 21428 
-1 I I x l 1 
2`1+х 2143. 2142 
1 1 1 1 х 1 1 
Е Ё 4 
Їл: 2 2 J lex 2! 1412 3l 1+х° 
= 5 log(l+ x) - у log(l +22) + tan! хэс 
x 
Example 7: Evaluate | ———,— dx 
(x -D(x* +1) 
4 4 
Solution: х 2 = 5 
(x-D(x^-1 x -x^-cx-l 
1 
=x+]+ : By division 
х3 —х^+х-—1 ul ) 
=х+1+ 2 
(x -D(x* +1) 
Now, we assume that: 
1 А Вх+С 
ER ы TUS 
(x-D(ax^-1) х-1 +1 


1= A (x? +1) (Bx C)(x -1) 


Putting x = Им both the sides of (1) , we get; 


1 


I-A(* +) 24-5; 


499 === 


(1) 


Now, equating the coefficients of х2 and constant terms on both sides of (1) , we have; 
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1 
0-А-8-э8--А- 2 
1 1 
апа 1-А-С->С-А-і1 1 
2 2 
OES 
1 2 2 2 
2 Шын; 
(x-D(x^-1 х-1 x +1 
_ 1 1 х-1 
2(х-1) 2 341 
хэ 1 l x+l 


=x+l+ à 
(x -2)( +1) 2(х-1 2 x+] 


х dx le de lg x4l 
Io ыш цаг = 2 2.17 


x ilo (x-1) E TE- 

2 2 5 24 ус за х? + 

2 
=% x+ log (x -1) 1108 (х2 +1) — 


229: 


w.rt. Ж. 


Example 8: Integrate = 
sin3x 


Solution: Let I =| ad dx = | sin х dx = | 


3sinx—4 sin? x 3-Asin? x 


sj ©, 


(cos? X -sin^ x) —Asin? x 


sin3x 


3 cos? x -sin? x 


“| 


_ dx _ l/cos? х P sec^x 
| 2 20 ! 2 ! errs 
сов“ x (3 – tan* x) З – (ап x З – (апе x 


dt 
=| where tan x = t, sec? x.dx = dt 


3-17’ 
oll loe УЗ +, 
2. 
-| sin x adl Б 43 tan x | 
sin3x 243 B В вах. 


Example 9: Evaluate | — шилний, 


2 ЕЗ соөх 2. 


Solution: Let cos x = t > —sin x dx = dt 


А [| sin X. COS X dies Із t.dt 


cos? x+3cosx+2 — +3{+2 


=-| — — 
(t - D) (t2) 
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= -| > = ЯН dt 
t+2 t«l 
(Now after resolving into partial fraction) 


= 2,4; 
= log (t - 1) -21og (1+2) * c 
= log (cos x + 1) -21og (cos x -2) * c 
= log (1+ cos x) – log (2 + cos ху tc 


sin x. cos x. dx 1+ cos x 
I- | -10 y 


5 
cos? х+3 cos х+2 (2 + cos х 


13.7.3 Integral of the Type Jy ae 
ах“ +bx +c 


We have, ах? кыса? emet) 
а а 
2 
=а||х+ Ё p с/а 
2а 4a 
2 
2 b -4ас 
-a|(x*-b/2a) — ax 
[ - | а) 
Case (I): When the constant term in (1) is negative, we have: 
dx 1 dx dx 
1 2 2 „Р 
Jb^ –4 
(x+b/2a)? [Em 
2a 
JP -4 
1 1 | 2а 2а 
= og +c 
й 9 шан (5-22) шэг 
а 


_ ll Ше дах ү -4ac А, 
Jr —4 ac ax b 4102 —4 ac 


Case (II): When constant term be in = form. 


; dx 1 
ге [Жы] 


ах” t bxc | ay x [Form [57 
x+ 


2a 


юмаа 502 B.C.A Mathematics-I (Unified) === 


2 -і 2ax+b 
= тап - 
J4 ac- b? 14 ac- b? 


AM LT 


2 


13.7.4 Integrals of the Type | 3 : 
ах“ +bx +e 


pq M (а ++) М 


ax? & bx «c ax? + bx c 


Hence the given Integral is 


1, 9 
M£ b 
pa рх+4 "Ч Y 2. ма 
ax? +bx+c ax? 4 bx 4c ax? + bx c 
= М 1ор(ах^ + bx +c) М — ge 
ax? bxc 
The integral on the right is of the form | ES : 
х? + 
Where М апа М аге constants. 
Example 10: Evaluate | zn 
Байы 
Solution: Let I- | ТЕ =f dx = | = 
m [^ -х+1)+3 | |] 3 
х--| -— 
4 4 2 4 


_ dx 21 А|х-1/21, 
legi oe зе? 


2 2 
GG Joe" а 
43 43 
Example 11: Evaluate : 
" Бах 
Solution: Let 1 = |= >| dy 
257 +х- i" 2* 24x/2-l 
2 
1 dx 1 ах 
ЖЕ эж 1 2) 1% үзү 
x^ +х/2 жез) [= 
16/ 16 2 | 1) B 
1 
x+—-3/4 
=" f log 4 ЕС. [ое log 
2 2(3/4) 4454 х2-а 2а °х+а 
4 
1 2х-1 


БРРРМПОЧЛИЦОВЗҮЦТ ЦЭН” 


> dx 
x [6 (log x) +7 log x * 2] 


Example 12: Evaluate | 


Solution: Putting log x = t = E .dx = dt 
X 


we have | z. .ж-)| 2 l dt 
x [6(log x) рийг 6t^ +7t+2 
dt 
ae + (0/6) +1 
1 1 


= | dt 
б” алдары Ей. 


-108 


2 log A log (3/2) +c 


3 logx+2 


=lo 


3 
др, where с =c+ logs - 


=i 3(21-1) 
552 (3 +2) 


21о86х-1 
З1орх+2 


3х-1 
2х^-2х+3 


Solution: Let 3x4 I- ML Qs 2x+3)+N 


Example 13: Evaluate | 


i.e. 3х-1-М(4х-2)-М 
3х-1-4Мх-2М-ХМ 

On comparing the coefficients of x and constant terms on both sides; we have; 
3-4М-М-3/4 


апа М-2М-1-» № =1+23 


5 
2 
| (4х- sa]. 
: E Эх+1 PE 


x3-2x43 | ^ Dx -2x+3 
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3 
— (47-2) 
= pee (eo - 
2x? -2x 43 ( lb -2x43 
3 2 dx 
=— log (2х2 -2x -3) + (5/2 ——— E 
4 4 ОЦ 2[x? -x+3/2] 
_3 2 Е 5 dx 
= 2108001 2х+3)+1 | S s 
| 4 2 4 


SI 2х-3142-| 


3 2 5 
--—]log(2x^ -2х+3)+-. tan ЕС 
д 108 ав 5/2 
3 5,4 22-1 
== log(2x* 2+3) + 2 tan"! 
"c аты = 
4х-3 
Example 14: Evaluate | --5----. 
е 133 225 


Solution: Let4x -3 = мад +2х-5)+ № 


i.e., 4x -32 М (6х+2) + М 

> 4x-3 =6Мх+2 М+М 

On comparing the coefficients of' x' & constant terms on both the sides, we get, 
4=6M > M=2/3 


and -3=2M+N SN =-3-2M =-3 4/3 ==> 
4х-3-2/3 (6x+2) - E 
x- 2/3 (6x42) -13/3 
3x^ -2x-5 3x^ -2x-5 
6x +2. 13 dx 
=(2./3 йх 
jj 3x2 +2x-5 5 | 3x? +2х-5 
13 1 dx 
= (2 /3) log (332 +2x -5 | 
шавыг anal х? +(2/3)x -5/3 
= (2 /3) log (3x? +2x-5) f E 
9 1 1 
x+—| ---5/3 
3) 9 
2 2 13 dx 
= = log (3x^ +2х-5) 
іт 4 jJ 16 
х+= | -— 
3 9 
= log 4? +2 5) EI йг 
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1 4 
х+—-— 
22 log du? 2х-5) i3 l log 3 ite 
3 9 2 х4/3 ЖТА Ж. 
3-3 
2 2 13 3x-3 
= — log (33 2х-5 1 - 
c а аты тты 
Example 15: Evaluate | шэг. 40. 
6 — соѕ 0—4sin Ө 
Solution: Let 1= | ааа 820000 40. 
6-со8:0-4810 
48110.со80-со80 
=f — - 40 
6 — (1- sin^ 0) - 4sin0 
=| aa 49 
sin^ Ө-4Авіп0--5 
41-1 
= dt where t = sin Ө 
E б -4t+5 ( 


Suppose, 4 t МР 4#+5) + М then, 


41-1= М(21-4) + М 
> 4t-l=2Mt+N-4M 
On comparing the coefficients of апа constant terms on both the sides; we get 
4=2M>M=2 
and -l=N-4M = N =4x2-1=7 
2(2t-4 +7] 21-4 
x p EAS aea ot 4! 2-4:45 


4ї 
=2 log(t? —4t+5)+7 
& buo 


-2log(? -4t45)7tan! (t-2) «c 


=2 log(sin? 0—4sin0--5) +7 tan! (sin8-2) «c 


13.7.5 Integral of the Type | 


1 
-————— dx 
Vax? +bx +c 
To evaluate these type of Integrals; first we express ү ax? + bx +c in the form y X? + А? or 
ух? - A? or РЕ a ; where X is a linear function of x, and A is a constant. 


After this, we use any one of the following formula according to the case considerations: 


[туст cos ma. 
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T d )xc 


dx 
lea 


-sin l(x/a)«c 


(iii) І Gs 


X + 
13.7.6 Integral of the Type | ЖЕН а ЕЁ 
Vax? +bx +e 
To evaluate this integral we express the numerator (px + g) into two parts such that one 


part is differential coefficient of ax? 4 bx c; as follows: 


Let uiae da ейге 
dx 
= М(2ах+ р) + М 


Where М апа № аге constants to determined by equating the coefficients of similar terms 
on both sides, Hence; 


p=2aM = M= 
2a 


b 
and q=bM+N = N=4q-3 
a 


рх+4 2ax +b 


Je a 2а] Var’ +bx+c «ч Al лы" 
Mrz T 


ax? + bx c 


о Examples 


1 
Example 1: palate 
1 
1- ХЕ dx 
Jerem: от 
-| 1 
425-1 Ч -8x +16) 


=) cu эш 22 z dcin (551) 


Solution: Let 


1 
Example 2: Evaluate | —— d 
41-4х-2х2 


Ї 


1 
1- йх = 
| 41-4х-212 >! [a 2 
2 


Solution: Let 


= Indefinite Integral 


dx 
Example 3: Evaluate |-------.- 
J V4x2 —х+4 
dx 
Solution: Let Ге | = 
| 44x? -x 44 


2 ЇР TT 6 (ғ Pen l 
4 64 64 
=1f dx 
EER] 
x--| + 
8 8 
=>] a ә Where x- = t= ж-ш 
8 
463 | 
= Flog }e+ - (20) ЕС 


8 8 


= 5 log (8-1) e íi - 1? +63}+с- log 8 


1 E I 
= log + tC 
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= log (8x -1) + 6422 -16x 464) e c 


2 


= 5 log (8х—1) 44442 —х+4}+с 


— 508 


| xt+8 — 
Example 4: Evaluate 
1522 үх? +2х+5 
Solution: Let х+8= м“ xU +2x4+5)+N 


жететін 


Equating the coefficients of x and constant terms, we get; 


Іама 
2 

апа 8-М-2М = М-8-2х2-7 

х-8 2х+2 1 
dx+7 dx 
J (21227 1 42 +2x4+5 J Vx? +2х+5 

Lac (say) 

al 2х+2 ips 

2*4 dx? +2х+5 


where x? +2х+5 =t > (2x +2) dx =dt 


=7log (x41) + J(xt]? +22 }+с 
= 7log((x 1) + ух” +2х+5}+с 
141, =? +2х+5 &7log(x 1) 4x? +2х+5}+с 


x48 
dx =v x" + 8x45 +71ор{(х+1)+ ул” +2х+5}+с 
= +2х+5 


2х+1 


Example 5: Evaluate | = 
42x? +х- 


Solution: Let шз ин 


Then; 2х-1-М(4х-1)- N 
2x :124Mx - М+М 


= Indefinite Integral 


Equating the coefficients of x and constant terms on both the sides, we get 


2=4M => М=5 


and i=M4N SN =1-М=1 
1 1 

ELM bad " y PER 

222 + х3 42х2 + x-3 

4х +] 


bg tx-3 


go (say) 
-21 4х+1 
2+ |2,2 +х-3 


Let 2х° x-3 2t (4x41) dx =dt 
n" 


1 1 


dx + ах 
2] 42x? +х-3 


= 1/2 = 207 +х-3 


IEEE 27128 


ү) 1 
2 4252 +х-3 

11 1 

ш-. а 
P3 DI 


Again, 


"zal (: 3 1 3 


в. log 4x4 UN Ё ! G) +c 
72,2 98157; "3) 44 
ai 12: (4х +1)? -25 
249 ^8 4 | 
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"35 


1 
log44x +1+ J(4x + 1)2 -25 
ор{4х (4x +1) 1-5 
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= 5986: ++ 41642 48x -24) +4 


{where д =c- vA log 4} 


2/2 
=}; ойк +1+242 a? +х-3}+а 


| Е а= +х +08 +2 42 (423? +х-3) +0 


х2 +х-3 


x 
Example 6: Evaluate: | ш- ° k 
45 -4e* - 62% 


x 
Solution: Let 1 = | 7 E 5 
5 —4e* -e** 


Put e =t > e*.dx = й 


1 dt dt 
I= dt = = 
J ЦЭРГЭЭ : таз | 49-(2 +4t+4) 


dt . -1(t+2 ‚ e +2 
=| =sin +c =sin Fc 
үз? eB 3 3 


13.7.7 Integration of the Type | тэтгэн 
a+bcos* x 


we get 


1 
and — dx 
[Г sin? x 


Working Rule: To evaluate the integrals involving cos? x orsin? x. or both Or; sin X. COS X 


in the denominator, Proceed as. 
(i) Divide the N”. and D'.by cos? x 
(ii) Replace sec? x if any, in the D’. by 1+ tan? x 


(iii) Put tan х =t so that sec? x. dx = dt 


(iv) Now, the integral will reduce to the form | — dt which can be evaluated 
at^ +bt+c 


by the method discussed earlier. 
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УГ” Examples 


Example 1: Evaluation of Integral of the types: 


Ж dx ба) | dx 
a+b cos x a+b sinx 
Solution: 
; dx 
D. qe чары — 
I-[ E 
a (sin? (x /2) + cos? (x /2)) + b (cos? x /2 -sin? (x/2)) 


І-| E 
(a+b) cos? (x /2) + (и Б) sin? (x /2) 


y sj sec? (x /2) dx 
(a+ b) + (a-b) tan? (x /2) 


Now, put tan (x/2)2t > sec? (x /2) ds di 


Then, І = | dx 5 | 2dt 7 

a+b cos х (a+ b) + (a- b) t 

2 dt 

I =. 
ap! ga a+b 
а- 
Note: Which takes the form of | 5 £ according to a >b or a b and hence it 
ЕЕ 


сап Бе evaluated easily. 


dx 
ш Let 1-| ac bsin x 


dx 
4 а (cos? (х /2) sin? (x /2)) +2 bsin (x /2).cos (x /2) 


rj бес? (x /2) dx 
а (1+ tan? (x /2))+2 btan (x /2) 


Now; put tan (x /2)=t. => jc (x /2)dx = dt. we have 


25 1-| 2. Е 
a (1+2) +2 
2 аг 
=! 2) 


1412-2212 
а 


2) Ж. p? 
dog 


dt 


-а/2| 


1-5 ere dlay 


It takes the standard form | - - according asa» b or a< b 


13.7.8 Integral of the Type аен жете 
sinx + bcosx 


To evaluate these type of integrals, we put 
a —rcos0 and b = rsinO 


So, that гаад +12 апа = апт! b /а 


. asin x+ bcos x = г соѕӨ.ѕіпх+ rsin0.cos x =r (sin х. cos Ө + cos х.5іп 0) =r sin(x +0) 


| | 1 dv =f 1 
asin x + b cos x т сіп(х--0) 


= 1y cosec (x +0) dr = Hog tan B 4 JE 
r г 


2 
-r tog tan {x (2) 6 tan b/a ЇЇе 
Va +10 2 
Example 2: Let J = | ы 
| 1+3 912 x 
2 
Solution: Let І = | Boe z dx {Dividing N’ and D’ by cos? 


sec? x +3 tan? x 
2 


Ш | sec x 
(1+ tan? x)+3 tan? x 


2 


=| sec^ x 
1-4 1+4 tan? x x 


1 | sec? x 


4 Р 1 | 
tan” x+]— 
E 


Now, put tan x 2 t sec? x.dx = dt 
1 аг 
1- = 
Jace х а 2 


1-1 eL E 
=—,——.tan [see 
4 1/2 1/2 


= 3 бап (2 tan x) +c. 
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x} 


= Indefinite Integral 
1 
+12 cos? х 
dx 
I = 
| а^ sin? x+ b% cos? 


Now dividing the Nr and Dr by cos? х, we get 


dx 


Example 3: Evaluate | 22-12 
біп x 


Solution: Let 


2 
ѕес x 
І-|-а------е-ах 
aus 2 vp 


Putting tan x = t —sec? x.dx = dt, we get 


1 
Bb “21. 


Example 4: Evaluate: scm dx 
+sin2x 


pf әй 
34+sin2x 
=| 1 
3 +2sin x.cos x 


Solution: Let 


.dx 


1 


gi 5 . dx 
(cos? X-sin^ x) 4- 2sin x. cos x 


(Now, dividing Nr. and denominator by cos? х) 


ѕес2 х 
=| dx 
3 tan? x 42 tan x 43 


Put, tanx=t => sec? х.х = dt, then 
1 


[Е 
lo em 
1 1 
=— dt 
3 P4244] 
1 1 
- dt 
2 
| 242 
+ +|——— 
Ё З 
"ТЕ: 
1-4 11:22 
- tan Fc 
3' (242) 242 
3 3 


5135 жш 


1 -113:41 1 :1(3.Хаах-1 
- tan + аскон тап E oum +c 
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dx 
Example 5: Evaluate : | ————— 
5+4 созх ° [В.С.А. (Meerut) 2006, 2007] 
Solution: Let I =| ш M 
5+4cosx 
1-| : 
5 (cos? (x/2) sin? (x/2)) +4 (cos? (x/2) ^ sin? (x/2)) 
fz dx 
2 ‚2 
9 сов“ (х/2)+їп^ (х/2) 
sec? (x/2) 


1- [к dx 
9 + tan? (x/2) 


Now, put tan x /2 - => sec” (x/2) dx = й or sec? (x/2) dx 2 2dt 


da 21:45; 


-2 ааа BE 
3 3 
fa 2 сал! (5-а 22) +c 


Example 6: Evaluate | — 2 
4+5 $іп х 
: dx 
Solution: Let І = | -- 
4+5sin x 
a dx 
(cos? (x/2) + sin? (x/2))+5 х2 sin (x/2).cos (x/2) 


-| бес? (х/2) А 
24 (1+ tan? (x/2))+10 tan (x/2) 


Now, put tan x /2 = t, sec (x /2) х= dt or sec? x /2 .dx 2 2.dt 


2.dt 


PERS duum ETT "mm )+10¢ 


m — 
яаг 


E зо 


Where u=t+> — dt = du 
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5 
1 (=) 1 481) 3 
=- log +с= 


log 
3 4u-3 3 4(t+5/4)+3 


1 БН 1 ы 
=—lo +c=—log 
3 2 tan (x/2)+4 


=: Comprehensive Exercise 15.6 


Evaluate: 
ь @ (4 (б) ja 
32-5 œ+)’ -4 
(iii) px? +1 (iv) dx 
Js Келей 
(v) | dx (vi) dv 


(х-1(52-4) (х+1)(х—2 (x -3) 


| 
(vii) dx (viii) 
J 2x? +5х+3 J 3 
(ix) [e (x) =_= 
| 


(х-02(х-1 


^ | Іс; w x(x4 +1) 
4 [B.C.A. (Delhi) 2005] 
о) J x(x" +1) (iv) | 143e” 422” 
[B.C.A. (Meerut) 2002] 
з O f gy (ii) l 
| ж учен Iu x i 
(iii) ER LM (iv) MM oe 
J 222 42x45 Мах эл 
Е ч) | yx? —Ах+5 01) | x 42x 


dx : а) 
| 5 (iv) | = Х 
J44x^ -3x45 x +x+l 


[B.C.A. (Meerut) 2002] 


(v) _ Qx*3) | 
] {x2 +4х+1 й 


(3х-1 


(vi) ді 
| 5-2x-x? 
(i) ae 7 
o m 
(ш) | d 
4 cos? x - 9sin? x 
VEM — l k 
5+4sin x 


(vii) 


(ii) 
(iv) 


(vi) 


(ii) 


(iv) 
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к = 
2 [5x-6-x 
[B.C.A. (Meerut) 2004] 
1-3 cos* x 
| 1 
2+cosx 
| oe dx 
sin x + cos x 


[B.C.A. (Meerut) 2000] 


х2 +1 
Га +1 


[B.C.A. (Meerut) 2008] 


[B.C.A. (Delhi) 2007] 


[B.C.A. (Agra) 2002, 2004; 
B.C.A. (Delhi) 2005, 2006] 
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z: Answers 
1.10) 1 2235 (ii) 1 (=) 
zE [ER Je TŒ шоо 
(iii) x * log ES +c (iv) log (22) +c 
(v) l log(x-1) + : log(x —2)- l log(x+2)+c 
3 4 12 
(vi) = lost +) 322 2)+—log(x-3)+¢ 
э с 
(х) | 122 (x) eee 1 
ТШ т ШЕРТ 4 08621) Wey 
ZEN op =x) ш” 25 “ЇР 
z og eec tus (o D B +c 
4 n 
(ii) Ш x 220 JL 37 
П : DE = FC (iii) т log Е =} 
(iv) e* (1+ e*) 
ео 
3 21 2х-1 (ii) “ЇЕ 
© xx) ә. 


| гт" 12%! 
(іу) -2 105 (e * -3e зэ 8 [Eee 


4. (1) log ((x -2) + Vx? -4х-61-с 

(ii) log {(x +1) + Nx? РС 

(iii) ЯС [(8х—3)+4./4х^—3х+5]+с 

(iv) Vi? exe 5 log хэр e 2d ++ +с 
М 2У2-4х-1-іе (х-42)-4х 4 Ax 41] c 


Xx + 


(vi) 34559537 2s ЖТ) + (vii) -r 
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5 (i) e eq ах (ii) 18 Amm 
E 7 ЕС 2 аг 
Gii) an? (? Б =) " ! “Ес tan? 
(iv) log 
43 43 - tan 5 
50 Е 1 57 
5 tan—+4 (vi) —= log tan(3+ z) +c 
(v) tan | 2 +c 42 2 8 
3 
6. 9 9 
А eae el T exl = 
1 t — |+ (1) t + 
22) 
(iii) 1 log ЁС -42х-1 ЕС 
242 xb «42x41 
2 2 
3 1 м =1 1 x esl 
(iv) — — (m 4 lo tc 
242 | ao 72107271 
(у) БЕЛЕ Jac (g) 5 cot x— V2 cotx +1 ar 
AD 42 cotx) 2 5 cotx+ 42 cotx +1 
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Definite Integration 


141 Fundamental Theorems of Integrals Calculus 
If f(x) is continuous on [a,b] and if f(x) is any indefinite integral of f(x), then 
[! Хо) а= FQ) - fla) 


b 
Integral (x) 4х is called the definite integral of f(x) between the limits a and b. 
5 " 5 


Hence a and Ь are called the lower limit and upper limit respectively of the definite 
integral. The interval [a,b] is called the range of Integrations. 


14.1.1 Properties of Definite Integrals: 


Property (i) j LOL [D ИЕ 

Property (ii) Г. fa) de=- || f(x) dx 

Property (iii) Г fo) dx- f. f) dx + |. f) .dx Where a « c « b 
Property (iv) г f(x) ах= IM f(a— x) .dx 


Property (v) I. f(x) dx 20 or 2 [5 f(x).de 


= According as f(x) is an odd or even function of x. 
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Property (хі) jo Ро). =2 |7 f(x).dx, if f(2a- x) = f(x) 


=0 if f(2a—x) =- f(x) 


© 
—_— Examples 


(On Definite Integration) 


Example 1: Evaluate the Integrals: 


(i) (2,2 (ii) [3% шу 1 
Г x* dx iS (iii) J, a 
Solution: 
2 2 à B 8 1| 7 
(1) есі = | x .dx= 4 )- 
1 3 i 3 3 3 
(а) arf E [ов х] = [log 3 — log I] = log 3 


1 


Gii) Let] = |, = : dx -|z log(2x 3)| 
E 0 


- 5 [log2x -3)]; 


=> [Пор ( 1) |-log|-3 1-5 [log] log 3] = 5 1063 
Example 2: Evaluate: 
(i) =n (ii) | "— (iii) [ia К жй 
a? x? 
(iv) Tie sin? x.dx 


Solution: 


(i) Let I=f 


1 а 
== FT X (| 
а 0 


zA tan! а tan d | [tan (I) - tan(0)] = 120} = 
а а а| а í 


E 4 
(i) Let ref sec x. dx 


n/4 
- | log (sec x + tan 41 


=== Definite Integration | 52] шшш 
= log (sec i + tan z) - Іов[ѕес0 + сал! 0| 


={ log(v2 +1)}—flog(1+0)} =108(/2 +1)—1ор1 
= 108(4/2 +1)-0 -log(42 +1) 


- 4 
(iii) Let a (tan? x. dx) 


4 
- di n 
0 
- [tan T Өг xp 


4 4 
(iv) Let I= магт хдс-1 Ч 2 sin? x.dx 
0 240 


4 
Example 3: Evaluate | 4 и. 
созес 2х 


л/4 sin(cos 2x) 


Solution: Let [= | TE 
cosec 2x 


/4 
- IN sin 2x sin (cos 2x). dx 
Put cos 2x = t 2 -2sin2x.dx > dt —sin2x.dx == Fat 


When x =0, t = cos - Land when x = 7,1 = cos ВЕ 


4 0 0 
ES Dl sin 2x.sin(cos 2x) di =— || sin t. dt = [со 1], =; [cos 0 – cos I] -3 (1— cos 1) 


l sin x 
Example 4: Evaluate dx 
ЇР ll _ m 
Lex 
lsin x 
Solution: I- dx 
Jo 4-x 
Put sin! x = t so that ! dx = dt 
1-х2 


When х =0, t =sin7! (0) =0 and when x 2L t = sin! (1) = 


nja 
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п/2 
1 x 2 2 2 2 
lez hs сан В "E 
0 


1 
Example 5: Evaluate | sin”! x. dx. 
р [B.C.A.(Meerut) 2005] 
Solution: 1- | Lsin™! x. dv 
a 1 x. dx 
= [5іп i x.x]y -sin 1 
Ё 0 Ло Г 108 m 
Put 1-22 ЕР —-2x.dx =2t.dt 
T О tdt 
[а е : Ra fide =z T [t = =+0—-1=[® ) 
-І 2 
1 (t 
Example 6: Evaluate: | bu dx 
0 1+х 
Solution: = 1-1, (апт! а)? 
1+ x? 
Put tan! x = t, so that 2 dx = а 
1+х 
Also, when x =0 then t = tan! 0 20 when x = 1 than t = tan”! (1) = Ө 


-1 42 4 л /4 3 2 
[S UE es qne at =|; Я 5 Ө о|=^ 


Examples 7: Evaluate: 


(i) [77 зоа 00 29 sin x de 
(iii) p ]1-sin2x. dx 

Solution: 

(i) =] ЕРИ 


2 428 x.cos хх 


п /4 1 

= | Үсіп? Х + cos 
т/4 |. 

= | (sin x + cos x). dx 


T 
= [sin X — COS x] 0 


(sin cos ® (зїп 0 coso) -(7 l 
4 4 


nus ose 


6 
(ii) raf vl-sin 2x. dx 


=== Definite Integration 523 = 


1/6 A E 
= І Үсіп? х- cos? X —2 sin x.cos x. dx 


/6 
Е |. (cos x —sin x) dx. 


1/6 


- | sin х + COS x] 0 


z) (sinO + cos 0) 


4В2| (04 228. 


(iii) 241 ШЕ кезг. а= |7 Те x + cos? x —2 sin x. cos x. dx 


"E 
= (sin + cos 
6 


/2 
=|" (sin x — cos x). dx 
/4 


= =[- cos X —sin хн /4 


1 
Example 8: Evaluate (6 52 2 .dx 


box _ ЛЕР Qi a 
и : цар “1-2 


1 
Solution: Let I = J, X. 


2 


t >2x.dx = dt ID 


To evaluate Д so Put x 


Also when x 20,t 20 and when x = Lt =1 
l х.х l pl dt 
1-) rum In 


Again for, Г, Put 1- xt =u. 


Then -4x° .dx = du >x? .dx = jdu 


When x 20, u21and When х=1,и=0 
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paf х?.йх B ЛЫ du _ T (uy? du 


o A ah уа 
1 и | 
--i|A- 
4 и i 
1 1 
---(0-1-- 
2 ( ) 2 
Непсе, 1-1-1,- (1-2) 
4 2 
Example 9: Evaluate the following integrals 
1 1/2 . E 2 
(i) | о хаш x. ax (ii) Г x . log x dx 
(iii) т/2 cos x n (iv) |% dx 
Jo (1+ sin x) (2 + sin x) Jo a cos? x * I? sin? x 


Solution: 
: 2 
(i) I =j x.sin x. dx. 


2 
-1-х.со8 a = i 1(— cos x). dx 


п /2 


/2 
=[—х.соз х] +[ . COS x. dx 


=[-х. cos xlo a [sin uu 
-| 20250.00) (sin Z -sino 
2 2 2 
-(-л/2х0-0х1-1-0)-1 
(ii) 1-1, x.log x.dx.- | (log x). x. dx 


212 2 
x 21x 
=|(1 pua = —.——.dx 
[ | Ї zm 


= — 2 lo -I lo 1 тај 4-1 


= (4log2 0) = =2log? 2 


Gii) у -| т/2 COS X 
O (1-сіп x)(2 +sin x) 


== Definite Integration 


Put sinx =t => cos x.dx = dt 


Also, x 20, t 2sinO 20. When x= ,t=sin 5 =] 
[n COS X -| аг 
0  (1+sinx)(2+sin x)’ 0 (I- £)(2 4 t) 
1 А В 


Let = + 
@+)@+) Ізі 241 


1- А(2+)+В(1+ї) 
Put t = -l in the identity, we get 
1=А(2-1+0 2A-71 


and put t = 22, we get 
1-0-В(-2) > B --I 
1 1 1 


@+)@+) let 2-84 


1 1 1 
| : dt = | E odi | р 
0 (1-85(2-4) 01-4 02-4 


- [loga + 01, - [log(2 + ol, 


= (log 2 – log 1) - (log 3 – log 2) 


dt 


=2 log2 – 105 3 = log 4 – log 3 = logs 


n/2 dx 
iv Тэ : 
(v) Jo a cos? х+ 12 sin? x 
=[ dx 
0 mU 
cos? x E *^. 
cos^ x 


When btan x =t > bsec? х.х = dt 


I= т/2 sec? x 
Jo 


2. 2 ж-11 e 
а2 +12 tan? x b? xt 


11 2j f 
Él tan, = 

ba a 

1 p) 
=—.tan 

ab 


| i dx EE! EX 
30  q^cos? х+ sin? x ab а 0 


зан" co— tan! 0] = ! E 2 ш 
аһ аһ 


525 жән 
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© 
e Examples 


(Properties) 


2 
Example 10: Prove that j log tan х. dx =0 
n/2 
Solution: Let I= [^ log tan x. dx 00) 
2 
1- |. log tan(x /2 — x) dx; 


2 
> r= log cot x. dx :4(2) 
0 
Adding (1) and (2), we find: 
ши {log tan x + log cot x} . dx 
= fo ? од (tan x. cot x.)dx = ЇЇ 2 log l.de 


21-0 => 1-0 
2 
= i log tan x. dx =0 


1/2 Asin x T 
Е Ца ІЛЕ P that = 
xample rove tha [5 илт 
л /2 sin x 
Solution: I= . Ах 
| vsin x + Jcos x 
1/2 sin (1/2 — x) 
= | - .dx 
0 Үсіп (1/2 —x) + cos (1 /2—x) 
2 МІ 
> r= ыша NO 
COS X + sin x 
Now, adding (1) and (2), we find 
QI = НЫ Asin x + NCOSX 1, 
Jsinx + Vcos x | 
_ 1/2 _ п/2 = т 
-1, 4-1 = =й 
> ye” o I= 
2 4 
[2 
Example 12: Prove that | 7 т sin? x.cos? x.dx =0. 
-T 
Solution: Let us consider f(x) =sin? x.cos? x 
f(x) =sin? (=x). cos” (-х) = [sin(-x) P [cos(-x) Р = —sin? x. cos? х 


=== Definite Integration ------..2........57.,.- 


= Рх) 2-f(x) 
> f(x) is an odd function 
2 
| ud sin? x.cos x.dx 20 
-т/2 
2 
Example 13: Evaluate | n l : 
1+ сойх 
2 
Solution: І = | Қ l . Ах 
0  I-cotx 
/2 
= | М as x d 
1+— 
sin x 


12 [77 sin x 


dx (1) 


0  sinx+cosx- 
IE ‚| 
/2 9 7 
faj; 2 dx 


ыы 
эт | —-х |+ соѕ | —-x 
2 2 


п /2 cos x 
I -1, 


—— dx (2) 
COS X sin x 


Adding (1) and (2), we find 


2 si + 
21-17 ang COSE 4. 
0 sin x + cos x 
2 л/2 
_ | x / ЖЕМ 
9 0 
> 21-52 or I=" 
2 4 
Example 14: Prove that 
2 
(i) P sin 2x. log tan x. dx =0 
(1+ x) л 
ii l .dx = —.log 2 
ш) J 1+ x? 5 
ог 
4 
| ú log (1+ tan x). dx = Т log 2 
0 8 [B.C.A. (Meerut) 2005, 2009] 
2 
Solution: 01-12 sin 2x. log tan x. dx (1) 


2 
1-| 8ш2|7-х log tan (1-4) 8 
0 2 2 
2 
- |" sin (x -2x).log cot x. dx 


2 
= =" sin 2 x.log cot x . dx (2) 
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Adding (1) and (2), we find 
21- ih КРТ (log tan х + log cot x) dx 


= i sin 2x .log(tan x. cot x) dx 


2 
je sin2x.logl.dr= 77 sin(2x).0.dv=0 (-log1-0) 


(її) 1- І 109(1+ x) PT 
J 1+ x2 

Put x = tan 0 

= Ах -вес? 0.40 


when x 20, Ө = (апт! 0 = 0, when х= 1,0 = tan"! () = л /4 


[| log(1+ x) d 
Se .dx 
0 1432 
4 log(l+t 
-|М og(1+ tan 0) ес? өлө 
1+ tan? Ө 
„| log(1+ tan 0) А 


0 ѕес2 Ө 


ec? 6.40 


э 1-6 log(1 + талд) .40 41) 


Ї : log Т тап ин 40 
1+ ТІ 


4 
p^ .log 2.40 "N * їор04:1ал0) dð 


т/4 
= (1082) |0 49-1 
=> 2 I = (log 2). [0]3 
> 2 I =(log2).~ 
4 
> I=% log2 
1 (1+ x) T 
1 dx = —log2 
> J, о ee х 8 og 
Example 15: Evaluate: (i) [”” sin? x.d i) |25 соз ха 
xample 15: Evaluate: (i) м sin^ x.dx (ii) Іс cos” x.dx 


Solution: (i) Let f(x) =sin? x. then 


Ж x) = sin?( х) =[sin( х)р —sin^ x 


= flex) fo) 


> f(x) is even function; 


== Definite Integration 
m2 . 9 of B22 _ 
158 sin х.ёс-21, ѕіп x.dx =2 I (say) 
2 
Now І =| n sin? x.dx 
0 
- [us sin? (n/2 — x). dx 
i^ х). 
2 
> 1-І cos? x.dx 
0 


Adding (1) and (2), we find 
21= j^ (sin ? х+ cos? x) dx 


2 
je 1,4х = р? = п/2 ог 


Gi) z = | T cos) х.х 

Let Р(х) = соз? х 

> /@т-х) = [cos(2n - x) P = [cos хр 
> /(@т - x) = соз? x= f(x) 


2 
| T cos? x.d 22 | cos? x. dx 
0 0 
Now, Г соз? #йке | cos? (т — x) dx 
4i 5 
-1, [cos(m — х) |] . dx 


T 
--[ cos? x.dx 
0 


x dx т^ 


Example 16: Prove that iM eae “эн 
+ cos“ x 


Solution: [=| i 
+ cos? 


.dx 


= (5 пы в 
0 1+ Pra 


-j 
=n" 2 | х.ах 


0 ud 0 1+ cos? x 


==[^ 


0 жел 


0 1+ cos? x 


529 иш 


(1) 


00) 
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т dx 
0 1+ cos? x 


=2n [^^ B 


3 21-1| 


O0  I«cos? x 


7 — dx 


=2® [7^ sec? x 
l+sec* x 


-2n ы ro sec? x. dx 
tan? x 42 


Put, tanx 2t > sec? x.dx = dt 


T T 
when, x =0, tan0 =0 = FD SE tang = œ => = оо 


dt 
21=2 
J 2-2 
1 ERG 
-2m tan 
E zl 
=2 — [tan 1 co tan 0] 
2 
алал 
42 2 43 
2 
T 
=> І---- 
242 
n х т^ 
| yk = 
0 |+ соѕ x 242 
Example 17: Prove ас? Bs - а 
" : 0 @ cos? х+ 12 sin? x 2а) 
x. dx 
Solution: We have I= 
ІМ d? cos? x+ I? sin? х 
=" (n — x)dx 
02 Е: eid sin? (x — x) 
-|, ).dx 
0 g? cos = sin? x 


=j i x. dx 
0 42 cos цал 0 42 cos? х+ I? sin? x 


=T I 
Ís d? cos? x+ I? sin? x 


dx 
=® 21=т 
[А а^ cos? х+ 12 sin? x 


заа sec? x.dx 
a +12 tan? x 


Now, Put b tan x = t >b sec? x. dx = dt 


When x 20, tan0 =0 > (-0, When x= 5, tan? = еэ! = 


== Definite Integration 


2 2 


22h [tan (=)= tan (| = 1 2-2 | 
ар ab 2 ар 2ар 


x. dx _ т^ 


T 
Jo а2 cos? х+ I? sin? x. 2ab 


Hence, 


Example 18: Prove that Г 25 = x ах = п Е 1) қ 
sec x + tan x. 


= x.tan x 


Solution: dx. 


0 ѕесх+ tan x. 
=(* (п-х) tan (n — x) 
0 sec(m — x) + tan(m — x) 


dx 


x (п-х) . tan (—x) 
-| 


0 —secx-tanx 


ах 


JN T. tan х dx Г x tan х 


0 secx+tanx 0 secx+tanx 


Si п tan x dezi 


0 secx+tanx 
tan х 


=> 21 = тј" 
0 secx-4tanx 


.dx 


Г sin x 
0 l+sinx 


=" |. ( ue 

т т 1 
Су тесе) 
=z] 


х 2p : 2 


14811 х 


1/2 dx 


1+ яп (= -3| 
2, 


=n? -2n НӨ ше Ее. 
l+cos х. 


-nin-2j, 


/2 
=n -27 |" 1а 
2 cos? — 


=T 2218 sec? jd 


x Б. 


531 жш 


=n? |2) =n АЗЕ 2 tan0|=n” п [2.1-0] 


0 


E 21 2n? -2n 


шшш 552 


Example 19: 


Solution: 
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‚2 
T sin^ x 

Evaluate | 2 — — — — .dx 
0 sinx-cosx 


r= sin x 


0 sin x + cos x 


I= n/2 cos? x 
Jo 


COS X t sin x 


1/2 sin? x4 cos? x 


21= | „Ах 
0 sin x + cos x 
21-| 2 Ах 
0 sin x + cos x 
= 1 ta dx 
71210 l . Ї 
—— sin X + —— COS x 
42 42 
= 1 Jem dx 
42:10 sin Č sin x+ cos Č. cos x 
4 4 
= 1 [7 dx 
42. 


N 
cos | x- — 
4 


1 т T т T T T 
= log] зе( ) | tan( ) log (seco tan х) 
2 | 2 4 2 4 4 4 


1 (25) 
=—=1ор 


42 42 -1 
MT (42-18 | 1 la (2 +1? 
429 1672-0(42-0| 42 * (2—1) 
т 2 

21 = log (42 +1) 


1 
I=- (log ү +1) 
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2 
Example 20: Prove that, p logsin x.dx =— 2 log2 or В log i А 


[B.C.A. (Meerut) 2002] 


2 
Solution: Let I d log sin x. dx ...(Т) 
1- ІМ E sin БЕЙ 
> 1 - [^^ log cos x. dx (9) 


Adding (1) and (2), we find 
а= ІШ (log sin x + log cos x) dx. 


п/ 
= |" log sin х. cos x. dx 


" . 
=e log ихсэн JE 
0 2 


2 
=[ tog vut ET 


0 


1/2 А п /2 . T 
-1, vr log sin 2x- (1082) 5, 
Putting 2x =t, үй 
Also when х 20, t 20 and ret t= 
2.1 =|; (logsin t) 5 4-1 log? 


2 
IA log sin t .dt -5 log 2 -221 log sin t.dt 1052 


> 21-1- ор2 
2 
- 1 =-5 1052 = 5 logy! 
T 1 
I-2Llog|- 
- : 98(2| 


4 
Example 21: Prove that; г logsin20.40-— : log2 
Е т/4 . 
Solution: [= [6 log їп 20.40 (1) 
л /4 | T 
1-1, logsin2 (3-0 ).d9 
=> 1 = j^ * log sin (1-2 o). 40 


= те] log cos 20.40 (2) 
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By Adding (1) and (2), we get 
4 
21-12 (log sin 2 0 + log cos 2 0) 40 


4 
- Ч log(sin 2 Ө cos 2 0) 40 


- ["^ ізі йн: EL 


-1 to шын? 


4 
- —- logsin 40.40 — 7 1052 


on putting 20 t эб = 7 dt 
when ,020,£ 20, when02x/4, t 2x /2 
2 
2 Ilf. logsin2 44-2 1062 


І үл/2 : T T 
=], logsin2 (Z -t)ar - ов 


2 
] л/2 1 T 
75 [o logsin2 t.dt -7 082 
л /4 А T 
41, log іп 2 M log2 
=> 21=1-4 1082, from (1), we get 


T 
TaT ogs 
4 95 


4 
1.8: i, log sin 20.40 = -7 1052 


Example 22: Evaluate 
1 2-х л /2 dx 
( J, toe Je (b) | 


0 5 cos x - 4sin x 


(c) [° |x - 2| dx 


Solution: We с, 


| log Ет x FL -Ї, [log(2 – x) – log(2 + x) |dx 


=j} Llog(2 2-9ж-Г Llog e ode 


= [log(2— Hx], -Г, эс ххх 


[В.С.А. (Meerut) 2009] 


-ff iog exa], 1% 


l LI 


1 24x 


xdx 


=[log(l) + log3] + f. = 105 3 + log14 |. 


І 2+x 
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=log3—log3 + | | ! + ! IE 


2-x 2+х 
1 4х 2, | 
=0+ | Е =0 (this is odd function : f(-x) = — f(x) 
= -x 
(b) H” dx 
0 5 cosx+4sinx 
1- 1/2 dx 
9 5 E sin? z) + 8sin - cos Б 
2 2 2 2 
(divide by М, and D, Бу cos? 2) 
ох 
И ѕес 27 
0 


5—5 tan? *+8tan~ 
2 2 


put tan Ž =t => вес? Хү =2dt 
2 2 
-1, 24 
0 5-5 +8t 
==) dt 
540 2 8 


-l МЕЛ „у41+4 
441 (41-1 41-4 


"TET (4414 D) (414 4) 
J41 ^5 (41-1) (AT -4) 


— 
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6 
6 6 2 
(0 1-1 (хэ214-1/ Ge 2d = 2x -( аа о)-іве12 -30 
0 0 2 ^ 2 


Evaluate the following: 
8 
Example 23: I =f, | x -5| dx 
5 8 
=f; 1х-5|441, |x-5|dx 
2 5 


=-[; @-5) + [2 (х-5) 6 


=-1(25-4)+5(5 2у+ 264 25)-5(8-5) 


2 
zc. 5a жүүт е" 
2 2 2 2 


4 
Example 24: [= | | x - 1| dx 
0 
1 4 
-|Іх-Ца« | |х-Цё 
0 1 


1 4 
- | « Ddr+ | (х= )ах 
0 


л 
л 


Example 25: 1-1|х Ца = | (х- dx 
2 2 


== Definite Integration 
= 
= 
uw =] LJ . 
*?:Comprehensive Exercise 


(Define Integral) 


Evaluate the following (Definite Integral) 


Integral 
1. (i) ІЙ A (ii) 
X 
Ga. qe i-um (iv) 
P m E 
(v) ея сов0.совес 0.40 (vi) 
(vii) jos АЛ + sinx.dx (viii) 
(ix) | X.COS X. dx (x) 
2. (i) Pa х.1ор(1— x)dx (ii) 
(iii) оа M (iv) 
1 (х+1(х +2) 
(v) | X (vi) 
014506 
(vii) ү tan x (уш) 
|o 1432 
(ix) l ха! X Jy (x) 
d Ji- x2 
3. (i) [s - 227 (її) 
1 y+] 
(iii) Г (Lelogx)* y (iv) 
1 х 
(у) [^ — (vi) 


(vii) а we - x? (viii) 
Jor (zu * 


со ах 


537 жш 


T 


4 
| 5, cosec? х.х 
-т/4 


Г. l dx. 
0 1+51пх 


т/2 
0 


x? .cos2x.dx 


1 
| Р x.tan^l x.dx 


m dx 
Jo (х2 +а2)(х2 +b) 


31 
p Бүс x.dx 


i sin (tan! х) 


dx 
0 l+ x? 
J Ын = Jes 
0 1+х 
а 
ах 
) хы 


т 1 
її ac 
ы dð 

9  4cos?0+9sin? Ө 
ч хх 

8.2 2 


[B.C.A. (Meerut) 2005] 


1 


(ix) To prove (i) | 


о (32 -42)(42 +10) 2ab (а+0) 


[B.C.A. (Meerut) 2005] 
[B.C.A. (Meerut) 2002] 


538 B.C.A Mathematics-I (Unified) 
ШЕ 228 
+ cosa@ sin x эта B.C.A [Meerut, 2010] 
(i) Г (4212: (ii) fi 2x +1 d 
=: Answers 
(i) 2 а) д 
12 
зар л : 1 
(iii) Е (iv) 219 2 
(уу 42-1 (vi)  -2 
(vii) 2 (viii) 2 
21 сг: 
2 4 
(i) pee (ii) ESI 
8 16 2 
(22 = 
8 2ab(a + b) 
Өй М (vi) Log 3)? 
12 7 (log 3) 
(уй) 7л” (vii) 1 
288 
(ix) 2 (x) Z _ Jog 2 
(0) Еа 155) (ii) 1 19:62 
7 tan 2/2 249 lo 17 
(iii) HE 1022} -1] (м) = 
(v) stan 5 (vi) = 
үн) 120-2) (vii) Зла“ 
16 
(i) 29 (ii) 5/2 


%%% 


Reduction Formulae 


151 Reduction Formulae 


All algebraic linear relations which connects an integral with another integral in which the 
integrand is of the same form but of lower degree, or a easier to integrate are called 
reduction formulae. Іп general, integration of such types of functions can be evaluated by 
applying successively to the reduction formula. This method of integration is called 
integration by successive reduction Reduction formulae are usually obtained by integration 


by parts. 


152 Reduction Formulae for | sin™x dx and | cos" x dx 


[B.C.A (Kanpur) 2008, Rohilkhand 2008, 2010] 
On integration by parts by taking sin x as second function, we find 


| sin" x dx = | sin" ^! xsin x dx 
I II 


=sin”7! x (- cos х)-| (n — 1) sin" 7? x cos x (— cos x) dx 
= —sin"^! y cos x 4 (n-1 sin"? x (1 sin? x) dx 
= —sin"^! x cos x 4 (n-1 sin”? x dx -(n-1) | sin" x dx. 


Transposing the last term in the L.H.S. and then dividing by л, we find 


m 540 = В.С.А Mathematics-I (Unified) 


a sin" ! x cos x 
J sin x dx= 


+ И aa? x dx 200 
п п 


which is the required reduction formula for sin" х. 


п-1 Р 
Similarly, | cos” x dy = ИХ, | cos"? х dx ...(2) 


n n 


© 
—— Examples 


Example 1: Find the value of [B.C.A. (Kurukshetra) 2008, 2011] 


Solution: We have 


sin" ^! x cos x 


J sin” x dx= 


n-l; . n- 
+ | sin” 2х dx 
п п 


Put n=6 
| ШИ дыг 2 ЕТЕ: X cos ppc sin x dx 
6 6 
ЕСТІ А 
zn ahis >| РЕВ ET sin? x dx | 
6 6| 4 4 | 
=-1 55 x cos x- > sin? x cos c > | sin? x dx 
6 24 8 
Р” НЭТ nee | sin? x dx 
6 24 2 2 | 
==? анды as Баг ижил l dx 
6 24 16 16 
225 53-23 D bas 5 
=—— sin” x cos x —— sin? x cos x - — sin x cos x + — x. 
6 24 16 16 


15.5 Wallis Formula 


P TOT . . 1/2 , 
If nis any positive integer, then to find the values of the integrals [в sin” x dx and 


n/2 ЭРЭ? 
|, cos” хах. [B.C.A. (Delhi) 2004, 2007, 2008, 2009, 2011] 


2 
Let Г, = |" sin” х dx, then from formula (1) of 15.2, 


Їнэ 2, then for both x =0 and хуу sin"! x cos x=0. 
_п-1 п-1 п-3 
п п n-2 "74 
п-1 n-3 n-5 
= . - 1, 6 etc. 
n n-2 n-4 
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Case І: If nis any positive even integer, then 

-l n- 2 

pa n жо xi as 
n n-2 6420 
2 = = 
Hence ү sin" x dx -" I КЭ б XL) 
0 n n-2 6 42 2 

where л is any positive even integer. 
Case ЇЇ: If nis any positive odd integer, then 

-] n-3 2 

je г. 5214 sin x dx. 
n n-2 5 
2 = - 
Hence p sin" x dx =" r^ лк од --(2) 
0 n n-2 7 5 3 
when л is any positive odd integer. 
Similarly, we can prove that 
2 -l n-3 
1 cos" x de =”. ” EC ...(3) 
0 n n-2 6422 


where и is any positive even integer and 


2 -] n-3 
ІН i yis i, ем (4) 
0 n n-3 753 


where л is any positive odd integer. 


8642 08 
9753 315 


1/2 
Illustration: ]: sin? x dv = 


я/2 
Illustration: н cos 


154 Reduction Formula for | sin™ x cos™x dx 


This integral can be connected with any of the following integrals: 


(i) | sin" ^? x cos" x dx (ii) | sin" x cos" ^? x dx 
(iii) | sin" +2 x cos" x dx (iv) | sin” x cos" *? x dx 
(v) | sin" +2 x cos"? x dx. 


Proof: Let I (m, n) = | sin" x cos" х dx = | sin" 71 x cos" x sin x dx. 
1 П 


т-1 таз the first function and cos” x sin x as the second function and integrating 


Taking sin 
by parts, we get 
n+l „ n+l 


СТЕ cos" x 2 -С08" x 
1(т,п) = sin"! х | (m —1) sin"? x cos x.| ———.— | dx 
n+l n+l 
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„n m-l n+l 
sin Х COS x m-l 
= | sin" ^2 y cos" *2 y dx 
n+l n+l 
. m-l n+l 
sin Х COS x m-l -— : 
- | sin" TŽ x cos" x (1 ѕіп2 x) dx 
n+l n+l 
sin" ^! xcos”t! x т-1 m-l 
- І(т-2,п) I (m,n). 
n+l n+l n+l 


m-l 


Transposing the last term in the L.H.S. and dividing both sides by 1 + i ,we obtain the 


n+ 
following reduction formula: 


sin”! y cos"! x m-l 


I (т, п) = - І(т-2,п) 2.00 
m+n m+n 


1 


Again by writing — sin" x cos" x 2 cos" ' x.sin" x cos x 


and then integrating by parts, we obtain the following reduction formula: 


Tung) em T(m, n-2) 249) 


Formulae (1) and (2) аге used to reduce the degree of sin х апа cos х, respectively. 


By writing m + 2 in place of min formula (1) and then transposing we obtain the following 


reduction formula: 


in"*! ycos**! х m+n+2 


I (m, n)-5 4 І(т--2,п) 243) 
т+1 т+п 


Again, by writing n + 2 in place of л in formula (2) and then transposing, we obtain the 


following reduction formula: 


sin" * x cos" * x min+2 


I (т, п) = I (т, п+2) (4) 
n+l n+l 


Alternative Method: 


To connect the integral І sin” x cos" х dx with any one of the following six integrals: 


(i) | sin" 2 x cos" x dx (ii) | sin" x cos"~? x dx 
(iii) І sin" *? x cos" x dx (iv) | sin" x cos" +2 x dx 
(v) | sin" 2 x cos" *? x dx (vi) | sin" *? x cos"? x dx. 


To establish the above relations we used the following steps: 


Step I: Take P = sin^ *! y cost +1 x, where A апар are the smaller indices of sin x and 


cos x respectively of the integrals which are to be connected. 


we Reduction Formulae 


545 шшш 


Step II: Find 2 and arrange it as a linear function of the integrands whose integrals are to 


be connected. 


Step Ш: Integrate both the sides, transpose and solve to get required relation. 


Example 2: To connect | sin” x cos” x dx with | sin"? х сов! 2 х ах. 


Solution: Let P =sin’"~2)*! y cost) y 
> Р=зт”-1 y cos" +1 y, 


dP БЕРТІН; жээ : 
rx (m —1) sin" 7? x cos x cos" *! x 4 sin" ^! x (л +1) cos” x (- sin x) 


2 n+2 x 


= (m —1)5їп”” ^^ x cos — (n+ l) sin" х cos" x. 


Integrating both sides with respect to x, we get 


P =(т-1) | sin" 7? x cos" *? x dx — (n4 1) | sin" x cos" x dx 


> (1-1) | sin" хсо8”хах--Р-(т-1) | sin" -? x cos" *? x dx 


> (1-1) | sin" x cos" x dx 2 — sin" ^! x cos"*! x 


-(т- D f sin" T2 x соѕ"+2 хах 


. sin X COS x m-l 
> | sin" x cos" x dx = | sin" ~2 y соз" +2 хах 
nal ml 
sin’ x 


dx. 


Example 3: Find the value of | 2 
cos^ x 


Solution: Here we connect 
| sin? x cos? хах with | sin? x dx. So, let 


(4-2)41 (241). 1 


P -sin X cos x-sin? x cos ! x. 


dP : : 5 | 1 : E 
uc? sin? х + sin? Х COS 2 xsinx=3 sin? x + sin? X cos 2 X. 


Integrating both sides w.r. to x, we get 


Р-3| sin? x de | sin? x cos? x dx 


— | sin? x cos? x dr=P -3 | sin? x dx 
: 4 x 4.23 

> | ЫН ш, 1 2 sin? x dr = =j (1- cos 2х) dx 
cos? x cosx 2 cosx 2 


sin? x 3 sin2x) sin? x 3. 3 
- X 1 - + —sin x cos x — 7 x: 


cosx 2 COS X 
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15.5 1 Find the Value of the Definite Integral 


- m n eye 
sin x cos x dx ,when m andn are Positive Integers 


л /2 

т/2 Г sin"! x cos"*! x] т-1 
Let I (m, n) -[ sin" x cos" x dx =| I(m —- 2, n). 

0 | m+n [^ m+n 

T 2 a : 
If m 22, then for both x =0, x = 9 sin" ^! y cos" *! y is zero. 
т-1 
I (m,n) = І(т-2,п) ЕКЕУ 


m+n 


Case I: When m and n both are even integer. 


Applying formula (a) repeatedly until the degree of sin x not becomes zero, 


-1 -1 -3 
I (m, n)= ic I(m-2,n)- = T. I (m —4,n) 
m+n m+n т+п-2 
m-l m-3 " 1 I (0, n) 
m+n т+и-2 n+2 


(т-1)(т-3)...3.1 
(m + п) (т+ n—2)...(n 2) 
_ (т-1)(т-3)...3.1 n-l n-3 3 1 m 
(m -n)(m *n-—2)... (n42) n n-à 4224 


1/2 
| cos" х dx 


(1) 


Case II: When m is even and nis odd positive integer. 


In this case following the above method, we obtain the following formula (remember that 
here nis odd) 
(m -1) (m —3)... 3.1 n-l n-3 


Tone (m n) (m *n -2)...(n +2) ^n n-2 


4 2 
2-2 E 


Case III: When m is odd and л is even positive integer. 
: | pa. |: | 
This case may be reduces to previous case by writing 27 х in place of x. Hence the formula 


(2) is also true in this case. 
Case IV: When m and n both are odd positive integers. 


As in Case I, we have 


-1 -3 
(m,n) == ан ET 2 I (1, n) 
m+n m-n-2 n+3 
/2 
2 Г а)" 
But 10) =f" sin x cos” x dv =| = a ыг 
0 | nal 16 п+1 
T Mas Яса ИЭ а 
n+l п-1 n-3 4 2 
ronds (т-1)(т-3)...2 п-1 n-3 2 1 243) 


(т+п)(т+п-2)...(п+3) n+1 л-1 42 


wee Reduction Formulae 


4 


2 
Example 4: Find the value of i. sinf x cos? x dx. 


Solution: Here m 2 4 and n 2 2. Hence by Walli's formula, 
3.1xl m _ п 
6.4.2 2 32 


n/2 . 
|) sin x cos? x dx = 


2 
Example 5: Find the value of f cos? x cos 2x dx. 


2 2 


Solution: Since cos 2x = cos^ x -sinf x, so by Walli's formula 


т/2 т/2 җ/2 
1, cos? x cos 2x dx = |, cos? х | cos? xsin? x dx 


2xl 8 2 2 


15.6 Gamma Function 
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It is easier to express values of some definite integrals in the form of gamma function (the 


second Eulerian integral). For our present discussion, the following properties of gamma 


function are just sufficient. 


For all positive values of n, Г (и) [read as gamma n] 


T(n+1)=nT(n). 
Also, Г() -1 and Г (2) = Jn. 


From equations (1) апа (2), 

Г(и+ 1) =иГ(и) =и(и- 1) Г(и–1) 
-n(n-l)(n-2)T(n-2) 
2n(n-1)(n-2)...3.2.1T() 
2n(n-1)(n-2)...3.2.1 


Hence Г(п+ 1) = п! 


(1) 
...(2) 


...(3) 


The above relation is just sufficient to define Г (л) if nis either positive integer or half of odd 


positive integer. For example, 
Г(5) =4T (4) =4.3Г(3) =... 
=4.3.2.1T()=4.3.2.1=4! 


к= 
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15.7 For any Positive Integer 


We have 
(=) (5) 
2 
| id sin" xcos" x dx = 
0 2r(™ мэн 


2 
Example 6: Find the value of i. sin* x cos? x dx. 


Solution: We have by gamma function 


5 3 
r(2) r(3) 3l r 
2 атасы І x 
Р Hd. 
739.1 9 32 


/2 
Г sin? x cos? x dx = 
0 2 Г(4) 


Example 7: Find the value of |. cos? x cos 2x dx. 


Solution: The given integral 
т! Е" 
=| х (cos? x — sin? х) dx 


p 5 ydr- ІШ “иг x cos? x dx 


1/2 
=f sin? x cos? x dx — | ? diii 2 v cos? x dx 


г(4) r(3) (2) г) 


2 (7| 2г(7) 
2 
Lom 
20 41.2.1 gx ud 
5 3 1 5. 3. 1 5 
lu 214 
2 2 pt 22 Qf 
Example 8: Evaluate: 
(ii) | sin? 0 40 


4 
(i) р sin? 20 40 


Solution: (i) The given integral 
4 
= i sin? 20 de 


_1 n/2 . 4 _ E 
E] sin’ t dt, put 20 =t = dð = dt /2 


[From Walli's Formula] 


wee Reduction Formulae 


(ii) 


547 == 


4 4 
The given integral = ЇГ sin? Ө 40 = 1 ib (2 sin? 0)? 40 


-2 (1- cos 26) 40-21) юэ 2 cos 20 + cos? 20) 49 


410 
4 
= dd ЇР 2 соз20+ | (2 cos? 20) 49 
440 | 2 |6 
4 
= nm Зада Gs 0840) 0 
40 | 2 I^ 
/4 4 
-2 1 48-57 cos 204027 4 соз 40 ДӨ 
0 250 8 Jo 


2 
E b COS ба. | сов ийи, 


put20=t=> dð = z and 49 = u => 40 = du] 
-35-1 x aC in ]]z ^ +0 [By property of definite integral] 
Зл 1 Зл-8 
32 4 32 


Example 9: Prove that 


(i) Ї, х? Еа d. 


2a 
(ii) ЛЖ: yl Qa- x) 1/2 dus 


49 


63 ла? | 
8 


Solution: (i) Here we substituting x = ѕіп Ө ->4х = cos Ө 40. Also, from x =sin Ө, 6-0 


when x =0 and @ 7 when x =1. 


(ii) 


1 /2 
[6 22 1-2 de = sin? 0 (cos? 0) . cos Ө 40 


/2 ‹ 
= | sin? Ө cos? Ө 40- 


26 
1 -1, PL (2a - x)! dx. 
Let x=2asin? Ө, 2 dx = 4a sin Ө cos Ө 40. 
2 
I ен (аг, sin? Ө (2a —2a sin? ey 1^? ‚4а sin Ө cos Ө 40 
2 
= (2а)% ‚4а i sin? Ө сов”! 8. sin Ө cos Ө 40 


2 
= 64а? ЇЇ sinl? 040 
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m 548 
=64@ . а . : > 3 3 2 [From Walli’s Formula] 
_ 631? 
8 
Example 10: Prove that 
; 1 3/2 23/2 4,358 
(i) Jo x^ (1-х) шэг. 
- 2a 4 DP NP Tra 
(її) 1, х? ,2ах-х aces 
„у [24.3 2.3/2 Ona’ 
х” (дах- dx = —— 
(iii) 1, x" (2ах- x^) ТА 


1 
Solution: (i) Let I = Ї 23 1-х)? ах. 
Put x =sin Ө — dx 22 sin 0 cos Ө 40, we have 


12 
Г= |" sin? Ө cos? 0.2 sin 0 cos Ө 40 


ЕДЕН 


2 
-2 E sin? Ө cos* Ө 40 =2 
0 


(15452) 
2 
5 5 
(55 31.31 
На УГО Ва. 
Г(5) 4.3.2.1 128 


2 9 Я 
(ii) Let 1-1, х? Jax - x? а= | x? Рра-х dx. 


Put x =2asin? Ө > dx =Аазт Ө cos Ө 40, we have 


/2 
i=j 27/2 417? sin? Ө.21/? 1/? cos Ө.4аѕіп Ө cos Ө 40 


(2565) 


/2 
= 64a? [ sin? Ө cos? Ө 40 = 64? 


Цагын 
2 
9) (3 
(2$ | 15314 
_з 5 D XD зао Tw 
r6) аЗ 8 


2 р 2, 
(ii) Let 1= | ^ Qax - 322 dx = | “9/2 Qa- xP de 
0 0 
Put x=2asin? Ө, = dx =4asin Ө cos Ө 40. We find 


12 
1= Г (2а)? оаа? Ø Qa? /2 cos? 0.4asin Ө cos Ө 40 


549 == 


we Reduction Formulae 


256 


(e 


127 
-256а” Гг sinl? Ө cos? Ө 40 = 25647 


2 
11 5 
(> С) 97531 3-1 
2 Vn .—-—. V0 7 
= 2564" -95672 2222 79 2777-2914 
(8) 2.7.6.5.4.3.2.1 16 
4 
dx 
Example 11: Evaluate: ІН 2: 
0 d -x 
4 
Solution: Let 1- й UE ES 
0 42 - x2 


Sp a’ sinf Ө a cos Ө 40 


0 а — а? sin? Ө 


‚оп putting x = a sin Ө, => dx = a cos 0 40 


2 
= ІР sin* Ө 40 =а* E [Lt [From Walli’s Formula] 
9 4 22 
Зла 
16 

Example 12: Evaluate: 
(i) [i x4 EM» (ij) |" d 72 _ 23 Жж 
uà Г 4523302 | 2 (44 34/3 у 1бл 
(iii) Jo x (1-х)? dx (iv) р x(8- x?) dom 


Solution: (i) Let I =j x! da - x) dx. 


Put x =asin® => dx = а cos Ө 40, we have 


13 
1-1, a sinf Ө.а cos 0 . a cos Ө 40 


ШЕКЕ 


/2 
= |. sin’ Ө cos? Ө 40 - 4 


0 4 ==) 
2 
5 3 
1545) s 
e" 2) 42 eo ei ae. 
27 (4) ДЕЛЕ | 32 


(1) гек Г = | 2 (0-2)? д 


Put x 2asin 0 => dx = а cos Ө 40, we have 
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/2 
1-| а^ sin? 0.43 cos? 0.a cos Ө 40 


КЕЛІН 


2 
= аб E sin? Ө cost Ө 40 - 4 
0 ga 
2Т|1----- 
2 
240 2 2 Ш таб 
2Г(4) 32 


1 
(iii) Let 1-1, x* 01-327 ах. 


Put x = sin Ө = dx = cos Ө 40, we have 
12 
rj sinf Ө. cos? Ө. cos Ө 40 


(уң) 


2 
-[" біп Ө cos? Ө 40 = 
0 4-442 
HM л 


2 : 2 
7- ЗЭ у 2422Л 256 
Example 13: If m and n are positive integer, then prove that 
|, yl (1- xl Fon) Г(а) . 
0 Г(т+ п) 


1 
Solution: Let I -1, a" daa’! dy, 


Put x =sin? Ө > dx =2 sin 0 cos Ө 40 and when x =0, 0 =0 and when x -1,0- 2. 
n/2 . 2m-2 2n-2 : 
1-1, sin Ө . cos 0.2 sin Ө cos Ө 40 
=2 M Ө cos?" -1 Ө 40 
aS) ==) 
Г T 
_ 2 2 _ Гая) T(n) 
un(e Г(т +n) 
2 
a y n 2 па? 
Example 14: I£ 1, = |, (а? ae dx, and n > 0, then show Шаеаг Ын 
n+ 


Solution: 1, -1, (œ x yt dx 


we Reduction Formulae 
a 
= ІШ e. d - | "n (2 — xy (-2х).х dx, 
0 0 


Integrate by parts, we find 


-0-24| (а? egy! (а - 32) - d) dx 
--2ар (2 — x2)" de + Ind IN (d dy d 


= -2nl, * 2nd! I, | 


or (2+1) I, 22né I, 4 
1- 2nd? 
ЕТТЕ 


Example 15: (i) IfI, =| sin" x dx, then prove that 


nl, = —sin" 1 x cos x + (n-1) I.» 


(i) IfI, = | cos" x dx, then prove that 1, = cos"! x sin x + (n-1) 1,9 
Solution: (i) From the reduction formula (1) of 15.2, we have 


. nl 


р sin xcosx n-l СЕ 
І sin” x dx = | | sin"? x dx 
n n 
sin"! xcosx 1-1 
- 
Or L, H Dez 
n n 
2 --л-1 
nl,--sin" xcosx-* (n-1)I, » 


(1) From the reduction formula (2) of 15.2, we have 


n-l : 
cos xsinx n-l = 
| cos"? x dx 


n n 


| cos” x dx = 


or І, = I, -2 
n n 


n I, -cos" ^! x sin x4 (п-11, 9 


Example 16: (i) Connect | sin" x cos" x dx with | sin" +2 x cos"~* x dx. 


(ii) Connect | sin" x cos" х dx with [ sin" -? 


Solution: Let I(m, n) = | sin" х cos" x dx. 


Then from 15.4 


m-l n+l 


sin X cos x m-l 
Іт, п) = І(т-2,п) 
m+n m+n 
SAIL n-l 
sin X cos x n-l 
I(m,n) = I (m,n—2) 


m+n m+n 


551 жш 


x cos" x dx by reduction formula. 


(1) 


...(2) 
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SAIL n+l 
sin X COS x m+n+2 
(т, п) = + I (m+ 2,n) 09) 
т+1 т+1 
. m+l n+l 
sin Х COS x т+п+2 
I(m, n) = + I (тп+ 2) ...(4) 
n+l n+l 


(i) Using (2) in reduction formula (3), we get 


; mol ntl. 


sin X с0$ x m+n+2 
I(m, п) = 
т+1 т+1 
[ sin" +3 y cos”! х и-1 1 
4 + 1т-2,п-2) 
| m+n+2 m+n+2 
sin" *! x cos? *! х sin" *? y cog!-l y и-1 
- + I(m * 2,n—-2) 
m-4l ml ml 
ШЕ” x sin" +l x cos" *! x — sin" *? y соз” 7! x 
| sin" x cos" x dx = + 
ml ml 


(1) From the reduction formula (1), we have 


„n m-l n-l 
: sin Х COS x m-l NUS 
| sin" x cos" x dx = | | sin" 7? y cos" x dx. 
m+n m+n 


6 
Example 17: Show that ІР соз®3 Ө sin” 60 40 = m. 
0 384 
2 1/6 6 229. т/6 6 А 2 
Solution: I= | соз? 30 8ш 60 40 = |, cos” 30 (2 sin 30 cos 30)* 40 


/6 
=4 [р sin? 30 cos? 30:40 


_ 4 үл/2 . 9 8 : Е _ dt 
es sinf t cos tdt, byputting 30 =t; ee 
2+1 8-1 
"5 C2) 26) 7G) 
4 2 2 2 2 
=. = [From Gamma Function] 
mud ЗГ(6) 
2Г1----- 
2 
1 7-53 I 
2.— TI L—— 
275 2122 Qm Тт 
3.5.4.3.2.1 384 


6 : 
Example 18: Evaluate: IN i cos? 30 sin? 60 40. 


6 
Solution: Here I zi cos? 30 sin? 60 40 


2 
= cos? t sin? ж, by putting 30=¢ =»d9 = 


we Reduction Formulae 


Ез ЕЗ 
АГ —— 
4 2 2. 
cos? t sin? t dt = 


-2 т? 
0 3 (95252) 


3 


N|% 
| 
а 
| 
5 


2 
3 20) 3 41 ~ 192 


Example 19: Prove that 


т-1 


2 2 
p^ sin" Ө 40 = d sin" -? Ө 46. 
0 0 


m 


Solution: From the reduction formula (1) of 15.2, we have 


: E 1/2 
p sin” Tm sin" ^ 0 cos e| | mm 
0 | т Ie т #0 


sin" -? 040 


-04 т-1 


л /2 E m-l:gx/2 , ,. 
| 8ш772040---- | sin" -? Ө 40 
m 70 m 40 


=: Comprehensive Exercise 15.1 


(Reduction Formula) 


Evaluate: 
2 /8 
1. ІШ cos? Ө 46. 2. IM cos? Ax dx 
2 12 
3. [ey sin2 x cos? x dx 4. IN sin? x cos? x dx 
Show that: 
1 1 
5. | xt (1-22 5/2 аа ST. 6. | хо l-2) disc. 
0 512 0 256 
| 3/2 T а 2 24/2 5nd 
7 | 1-хах---. 8 | x^ (ax — x^) '^ dx = —_.- 
0 16 0 128 


10. ІҒІ, =| cos" x dx, then prove that nI, = соз”! x sin x + (n-1) 1,9. 
Evaluate: 

11. | sin? x соѕ x dx. 

12. | sin? x cos? x dx. 


b 
13. Prove that | (x -a)” (b—x)" dx 2 (p а)" *» НИРО. 
а Г(т+п+2) 


555 жш 
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e" 
e 


2: Answers 


3r/16 2. |n/32 
>. 1/6 6. | 8/693 
IS 1 177: 


Ў : ? 3 р 5% 
= — cos? x sin x sin x + — cos На eee er 
all 4 8 [л 


1127; Ч 7 1 5 5 3 3 E Юй: 
- COS 22263 л к COS л е (Оо SEMEL = 


24 128 


8 


158 Reduction Formulae for Гап" х dx and [cot Dex dx 


2 2 


We can write tan" x 2 tan" ^^ x. tan 2 


Xs (sec? х-В, 


x-tan"^ 
Then integrate we get | tan" x dx = | tan" 72 x sec? x dx -Í tan" 72 y dx 


= | tan" ^? x.d (tan 3)- | tan"? х dx, 


n-l 
Hence, | tan"x dx «а | tan”? x dx (1) 
пи-1 
Similarly, | cot” x dx = | со"? x (cosec? x — 1) dx 
5 -| соё!72 x. d (cot x) - | соё!72 x dx 
п-1 
Непсе, | cot” r dr= -C _* -| cot" ? x dx (2) 
A 


15.9 Reduction Formulae for | sec" x dx and [cosec n x dx 


2 


We can write sec” x 2sec" 72 x .sec? x and integrating by parts, we get 


IL = | вес” хах-| sec"? x .sec? x dx 
I П 
=зес” 2 х tan x - | (n — 2) sec" ^? x sec x tan x. tan x dv 
= ѕес" 72 y tan x-(n-2) | sec"? x (sec? x – 1) dx 
= ѕес" 2 x tan x (1-2) | sec" -? xdx-(n-2)] sec" x dx. 


Transposing the last term in the L.H.S. and dividing by (л — 1), we find 


| sec” x dx= 


sec"? xtanx 4-2 
i 


Hence L= | 29. 
4 и-1 "E 


555 шшш 


wee Reduction Formulae 


Similarly, we can write as 


cosec” x = созес" ^? х. cosec? x 
: : : п. : 
and integrating by parts or by putting x + 5 in place of x in the above formula we can 


prove that 


п-2 
cosec xcotx  n-2 2 
| cosec" x dx= | совес” 2 x dx ...(2) 
n-l n-l 


Example 20: Evaluate: І cot? x dx. 


Solution: From reduction formula (2) of 15.8, we get 


cot? x 
4-1 


| cot? x dx =- -| cot? x dx 


cot? x | nn | cot? х «| 


1 
cot? x+cotx+ | dr =— соб X * cot x + x. 


Example 21: Evaluate: J tan x dx. 


Solution: Putting n = 4,2 respectively in formula (1) of 15.8, we get 


3 
tan" x 
| tan? x dx = -| tan? x dx 
tan х 
and | tan? x dx = - | tan? x de=tan x - f dx -tanx—-x 
1 
1 
Непсе | tan* x dx = 3 tan? х (tan x — x). 


4 
Example 22: Evaluate: ie sec? x dx. 


Solution: Putting n = З in formula (1) of 15.9, we find 


/4 ct т/4 /4 
Ї sec? Oe ee gn] 1 ! in sec x dx 
0 | 2 hb 2^ 


-lug.o. ll = 
=5 2 +5 log an (5+1) 


1 1 Зл 
Eo x A 


X2: 
Example 23: If I, = | sec" x dx, then prove that 
бес! "2 x tanx n-2 
In = п-2 
n-1l n-1l 


Solution: From reduction formula (1) of 15.9, we get 


-— 556 B.C.A Mathematics-I (Unified) 
В sec"? xy tanx л-2 "E 
| sec x dx = T | ес x dx 
n-1l n-l 
sec"? хїапх 1-2 
I, = + л-2 
n-l n-l 


4 
Example 24: Evaluate: f tam x dx. 


Solution: From reduction formula (1) of 15.8, we get 


/4 ы 4 
/ 
Ї tan? x dx =| „=, | - IM tan? x dx 


° L 4 J 
4 
1 | tan? jT" л /4 
= | 7 | г tan x dx 
L lo 
-1-5* [log sec а 4 =- + [log sec % - log seco | 


Тю во 
= 271054255 loge 2| 


4 
Example 25: If ф(л)- i. tan” x dx, then prove that 


бб) + (1-2) = 
n-l 
Hence find the value of $ (5). 


Solution: From reduction formula (1) of 15.8, we have 
4 
| тап”! "ud x/4 
tan" x dx =| | | tan" 7? хах 


| n-l 16 0 


ШЫ p^ 


1 
= т? 
1 
ф0) + ф(п-2) = 241) 
n-1l 
Putting л = 5 in equation (1), we get 
о) о) [From (1)] 
4 4 l2 УІ 
l 1 л /4 
ээг Ш=е е]. tan х 4х 
ER л/4 __1 а 1] 
M [log sec x], = p sS 2| 


s Reduction Formulae 557 жш 
=: Comprehensive Exercise 15.2 
(tan” Ө, cot” Ө) 
Integrate with respect to x: 
1. tan? x 2. cot x 3. sec? x 4. cose? x 
Evaluate: 
5. | E "i 6. МЕСІ 0 40. 
7. fo (а2 x3? ах 
8. Ifl, = | cosec” х dx, then prove that Г, = ши соу, "74 1-2: 


9: | @ + x22. ах. 


"LL 
© 


2: Answers 


1. ; хап? х + log cos x 


2. -1 сой ie; cot x + log sin x 


3. secx tan x + о log (sec x + tan x) 
2 - : cosec? x cot x — (3/8) cosec x cot x + (3 /8) log tan (x /2) 
3: 


- 5 cosec 6 cot + 5 log tan 0/2 


6. (7/442) + (3/8) log (42 +1) 
7. | (аб /48) (6742 +15 log (42 + D} 


9. езу? хау? ар 1« x2] 


1510 Reduction Formulae for x" sin mx and x" cos mx 


On integration by parts, we get 
COS mx COS mx 
| x" sin mx dx = х" (-% me nx"! UT dx 


x" СО$ ME n 


| 
=— +— [ x"! cos mx dx 
[ 
4 
( 


п-1 


x" COS Mx nix sin mx 


-I 
z І x"? sin mx dx} 


m т т т 
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д” cos тх nx" sin тх n (1-1) 
Or | x" sin mx dx = 4 . | x" 7? sin mx dx 
m т т 
which is the required Reduction Formula. 
Similarly, we can prove 
п-1 


cos mx dx 


nos 
х sinmx nx cosmx и(и-1 = 
| х" cos mx dx = + 7 2 ) [ yr? 
m m m 


1511 Reduction Formulae for x sin" x and x cos" x 


Let I, = | х sin" х dx -| (х sin" 7! x) sin x dx 


= (x sin”! x) (— cos x) + | (sin" ^! x 4 x (n — 1) sin”? x cos x). cos x dx 


=- x cos xsin" ^! y+ | зїп”! x cos x dx + (һ-1) | x sin"? x cos? x dx 


л] sin" x + n-2 «2 
=- X cos x sin x+ + („= | x sin x (1 — sin? x) dx 
n 


= И 
"S sin" x M | 
=- x cos xsin" | x+ + (1-1) | x sin"? x dx - (n-Y) | x sin" x dx 
n 
sin" x 
-- x cos xsin" ^! x + ы(п-І)1, 9 -(n-D) I, 
n 
san 
ai sin” x 
> nl, =—x cos хїп” ^ x* ——— + (n-l) 1,9 


n 


+ n-l ‚п 

: xcosxsin" x sin” x и-1 КЕСЕ 

| xsin” x dy = + | x sin"? x dx 
n m n 


which is the required reduction formula. 


Similarly, the reduction formula for | x cos" x dx can be obtained as: 


я x sinxcos"! x cos’ x n-1 
І x cos” x dx= 4-2 
л n n 


2 


| хсоѕ” ^ x dx. 


1519 Reduction Formulae for | cos™x sin nx dx 


Let I (m, n) = | cos” x sin их dx. 
I П 


Taking sin лх as the second function integrating by parts, we find 


| сов nx | COS ИХ 


I(m,n) = cos" х. -| mcos" 7! x (зіп x). dx 
Шэн 


=п 


cos" x cos x m 


- | cos" 7! y (sin x cos их) dx. 
n n 


we Reduction Formulae 


559 же 


But sin x cos их = ѕіп их cos x —sin (n — 1) х. By this relation in the above equation, we 
find 
m 
cos" x cos тих m - : : 
I(m, п) = | соя"! x [sin nx cos х -sin (л—1) x] dx 
n n 


m 
cos" x cos nx m EM m 
= + | cos”! x sin (n—1) x dx — — I(m, n). 
n n n 


: : ET ! m+n . 
Transposing the last term in the L.H.S. and then dividing both the sides by ‚уе find 
posing 5 
^ n 
m 
Я cos" xcosnx m zs 
| cos” x sinnx dx = + | cos”! xsin(n-1) х dx 
m+n m+n 
т 
cos" x cos nx m 
Or I(m, п) = + Ї(т-1, п-1) 
m+n m+n 
т В 
_. cos” x sin их m 
Similarly, I(m, n)-[ cos” x cos nx dx= + Ї(т-1,п-1) 
m+n m+n 
and (т, п) =f sin” x cos nx dx 
“т . g m-l 
nsin” x sin nx + m sin x cosx cosnx m(m-l) 
+ I(m-2, n) 
m? — n? m? -n 


1 
Example 26: Evaluate: | (зїп! ху dx. 


1 
Solution: Let I = | (вш! ху dx. On putting x = ѕіп t, so that dx = cos t dx 
1/2 
I = | t* cost dt, 
0 


п/2 п/2 
Га ‚їп г] [413 cos ¢ | 4.3 үл/2 9 Р 
-1----1 + | t^ cos Е dt, on putting 
Р р 40 


L E pl Jo 
n=4, т = 1 іп the second reduction formula of 15.10 


2 
Г 2 1 [2 : | 1/2 | 
_ В 1-0140-12 if sme] ee t | ар нга 
І 10 Ї 0 Ї 0 


8 is DNE a 20 J 


4 2 1 1 4 2 
= 12 2|=— п’ -3n* +24 
16 4 16 


Example 27: If nis any positive integer, then prove that 


1/2 
| cos” x cos nx dx = ——. 
0 9n*l 


1/2 
Solution: Let 1, = Ї cos” x cos их dx. Then on integration by parts, we get 


sin nx 572 


2 sin их 
D= Р: х -| n cos"! x (- sin x). 
| п 1) 0 


dx 


п 
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т/2 Е А 1 
=0 + l cos" ^! х. (sin nx . sin x) dx 
т/2 = 
“| cos" ^! x [cos (n — 1) x — cos nx cos x] dx 2I, 1-1, 


т /2. І ,т/2 2 
Непсе | cos” x cos их dx 2 — | cos" ^! x cos (n — 1) x dx. 
0 2 Jo 


Applying the above formula successively, we obtain 


1 1 1 
1, 739 Lael 722 1-2 793 1-3 =. 
1 1 үл/2 0 : 1 pr/2 
15254855) cos = 3 dx. 
x/2 1 /2 Ш 
Непсе | cos" x cos их dx = 27 [udo = anal 
2 3 т 
/2 
Ехашрїе 28: Ргоуе that |? cos" x sin mx dx = ! rie 2 He Б... 2 : 
0 әт 2 3 т 


Solution: We have 


п 12 
cos" х cos mx | m 
+ 


п /2 ii 1 Г 1/2 nix . 
h cos" x sin mx dx = Е h cos x sin (m — 1) x dx 


m+m m+m 
0 
1 Ї 
> I (m,m) = +—I(m-1,m-}). s) 
2m 2 
On substituting m — l in place of m in equation (1), we get 
1(т-1,т-1) = I + | Ї(т-2,т-2) (29 
2(т-1) 2 


Now, from equations (1) and (2), 


I (т, т) = l | | l І(т-2,т 2) 
2m 2 Е (т-1) 2 | 
1 1 1 
= + + І(т-2,т-2 
2m 22(т-1) 22 ( 
-1 F— ] + = : + 1(т-3,т-3) 
2m 2%(т-І) 2?(m-2) 2 
1 1 1 1 


E Ы 2 + 3 tartom 
2m 2°(m-) 27(т-2) 2" (т-(т-1) 


+ от I (m — m, т — т), on carrying over the above process 


231 5-2 ! + = l +... 1 + ! 1(0,0) 
2m 2° (т-1) 27(т-2) 2” 1° 2" 
1 1 1 1 1 /2 

- to +— + + ТН [| 0 dx 
2m 2° (т-1) 27(т-2) 2" 27540 
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І ЖЕТТЕН 1 


= ta bes SEE 
2m 2° (т-1) 27(т-2) 2551 
Г. 1” 


Ое [092 =0-0=0) 


1 1 1 


1 
= m | т-1 T т-2 Peest ? 
25.41 2 2 2 3 2m 
on writing the series in reverse order 
1 Гот +1 от +1 от +1 от +1] 
ЕЕ 9m 1 | 9m-1 9 5 9m-2 3 шы 2m | 
Г 2 3 m | 
I (т, т) = E 288: 45 T 


H LEE 
9m +1 1 2 3 т | 
12 
Example 29: If U,, = [^ x" sin x dx and n > l, then show that 


т n-l 
U,+n(n-l)U,_9 =n (2) : 


т/2 
Hence find |) X? sin x dx 


Solution: On two successive integration by parts, we obtain 


Us |^ . (7 cos 2 


0 


п/2 
т/2 = 
- J, пх"! (— cos x) dx 


т/2 
-0 + іп x- | (n — 1) x" 7? sin x dx | 


0 
п—1 
2 
=n(=) n(n pf" x" 7? sin x dx. 


zall) 
т п-1 
Непсе U, +n(n-l)U,_9 =n (5) : 
Second Part: On putting n = 5,3 respectively in (1), we get 
2 5 2 
ІН P чая 5 (5) „в ж" x? sin x dx 
0 2 0 
4 2 2 
-5(4) 20 з(2) cp" x sin x dx 
2 2 0 
4 2 2 
-5(7| -60(7| +120 [7 xsin x dx. 
2 2 0 
/2 1/2 
2 T 
But | rsin x de =|. (= cos a) = 1. (l= cos a) de =|- x cos x sin | =L 
0 
0 0 


2 4 2 
Непсе ІШ х? sin xdr -5 (5 -60 (=) +120. 
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Example 30: Evaluate: 


(Qe 


sin 3x ах. 


/2 
Solution: (i) Let I = x? sin 3x dx. 


On integration by parts, we get 


ШЕ | (-сов 3)" "2 ү 


i 3 1) : 
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3х. 


(— cos 3x) 


п/2 
(п) J, x cos? x dx. 


dx 
3 


=0 + ju cos 3x dx -lx 


-sE е 


2 sin3x]"? 


3 


2 Г 3 т/2 2 - 
| m 2 ЕК сов Зх) | p ( cos Зх) 4, 
1273 [| 3 |, ^ 3 
2 2 А т/2 
—À sb cos 3x ds =—7 2 [sin Зх | 
12 3] 3^ ІЛЕС БЕ! 
2 2 
T 2 2 т 
Е 1) -O]= . 
12 27 ыш. 27 12 
ыз 2 
(ii) Let] =j x cos? x dx. 
0 
On integration by parts, we get 
Г sin x cos? x | cos Ps 2 -n/2 
| a | | ize X COS x dx, 
( 10 (3% 


n/2 
2X. 
0 1 И 


п/2 
I: x sin 3x dx 


sin 3x 


3 


on putting n 23 in the second reduction formula of 15.11 


т/2 
2 
Зо j2 тэт id l.sin x dx 
9 3| 2 7| 29 


уа сары- ee (z 3 
9 3 3 9 3 3.3 3 
2 
Example 31: If U, = Ч Ө sin" Ө 40 and n> l, then show that U, = 
and deduce that U; = 149. 
225 


Solution: In 15.11, we have 


08487710 со80 sin” Ө 


n= 


| 007040 = 


+ + 
п №? п 


1 
| Өсіп”! "20460 


| 


т 
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/2 
Я [ osin”! in” |" -1 1/2 
ТШ 0 sin" o do =} Өсіп 0 сов 0 шир ы! "i Ч 0407-2040. 
0 | п ғ. Jo п 0 
1 n-l 
— и, {5-0} Р U,,_9 
1 л-іІ 
Непсе И == + U, -2 
E n 
Putting л = 5,3 respectively in equation (1), we get 
1 4 1 2 
=—+—U,,U, == + л. 
pocas qo we ow QT 
2 
us -(5 + Ер B [| өшөө 
25 45 15 40 
[ п/2 А 1 
ЕЕ И — Ө соѕ Ө 2 cos 0 40 
225 1 0 0 
29 81 | ДЕ?! 29 в 149 
=—— + —]0 + 4sin Ө ЕЕ. 
225 5| 0 | 225 15: 225 
2 
Example 32: Show that ha cos? y sin их dx = —— where n is a positive integer 
n= 


greater than 1. 
1/2 


2 : /2 2 : 
Solution: Let I = М cos"? x sin их dx = М cos"? x sin {(n- 1) x + x} dx 


/2 2 : . 
- Г сов8”72 x {sin (n — 1) x cos x + cos (л—1) x sin x} dx 


1/2 ы : т/2 Е : 
- | cos”! хяш(и-1) x dx + Ї: cos"? x cos (n — 1) x sin x dx 


=I, + In, Say. 


2 
Now Le | cos”! хяш(и-1) x dx 


pus 


EM х | cos (n- D х 
Ч l q i 1 


2 equ 
E i (n-1) cos"~? x .(-sin x). | EE dx 


n-l 


2 
= cos"? X COS (1-1) xsin x de =— - 


п/2 = А 1 
Непсе І cos"? x sin их dx = : 
0 n-l 
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5 Comprehensive Exercise 15.3 


(x" ѕіпӨ, x" cos т Ө) 


Evaluate: 
1. І x? sin 2x dx. 2. | x? cos 2x dx. 
3. | xsin? x dr. 4. | x cos? x dx 
Prove that: 

т /2 5 : ИРЭН! 
5t [5 соз шим ЭЭ. 


л n-l n”) 
изә Where т 


т/2 ; n 
6. и, = | x" sin mx dx, then prove that и, = Ё 


т 
is of the form 4r + 1. 


п/2 


-1 
7. If (т, п) = | m (m — 1) 


cos” x cos их dx, then prove that I (т, п) = ————— I (m —2, n). 
m^ -1 


1/2 


8. If I (m,n) = Т. cos” x sin nx dx, then prove that 


I (m,n) = : хэв I (m-1,n-1). 
теп m+n 


/2 
9. If f(mn)- ЇЇ! cos” x cos их dx, then prove that 


т 


f(m-l,n+])= Жт-іл-)). 


m-n m+n 


Кат, п) = 


"TL 
ә 


2: Answers 


(x" ѕіпӨ, x" cos m Ө) 


1. 
НЭР 
4 2 2 


23 

т 222427 7 

2 2 
3. | —хвїп^ x cos x NES A 

+ —sin" x + = (sin x — x cos x) 
5 9 3 

4. 

Б = (sin s cost ce cos Y AI, | = 


%%% 


1 6 Gamma and 


Beta Functions 


161 Beta Function 


1 
Definite integral n x" 1(1— x)" dy, for m>0,n>0 is called the Beta Function and is 
denoted by B (m, n) or (т, n). 


1 
Thus B(m,norB(mx)- | " x" d -xydr m>0,n>0 


where m, n are any positive numbers, integral or fractional. Beta function also called the 
Eulerian integral of the first kind. 


162 An Important Property of Beta Function 


Theorem 1: Beta function is symmetrical in m and n 
i.e., B(m,n) = B(n,m) 


Proof: We have by definition 
1 
B(m,n) = ЇР х (15451 dx, m>0,n>0 


- [0-973 0-0-3y4 г fo FG) de= [7 fta x) del 
= Ї, Шъ). Л Дү 
5 [, x1 - xy" dx -В(и,т) 


B(m,n) = B(n,m) 
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16.5 Other Forms of Beta Function 


Theorem 2: Show that 


ГД -1 


(1) B(m,n) = ІМ то 
, p 
(ii) B(m,n) - ІМ qom 


(iii) B(m,n) = 21, sin?” Ө cos”! Ө 40 


Proof: We know that 


B(m,n) - -x dr ...(Т) 
ut ЕНЕ mti and dv = – ! 4 
р 1 0-3 (+ у 
when x 20, y =œ and when x 21, у-0 
[ ІНІ 1 
B(m,n) = Г = | ! | | І 7 14у 
Гг = НУ | (зу) ] 
_ ri 
ЇЕ ТЕТІ г yn? 
re yr m а EE ] 
-1, up Jo fade = Jy fae | 
1 үл 
B(m,n) “loaner 242) 


This is the (ii) part of theorem. 


Since Beta function is symmetrical in m and n, we have 


1 х”! -l 


0 (1+ ху" 


B(m,n) = | 


This is the (i) part of theorem 
Put x ^ sin? 0 in (1) and dx 22 sin Ө cos 0 40 


2 

Now B(m,n) = 17 (sin? 0)" - (cos? Ө)” (2 sin 0 cos Ө) 40 
n/2 . 2m- 2п-1 

Hence B(m,n) = 2| o біп 9 cos 040 


This is (iii) part of theorem. 
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164 Evaluation of Beta Function 
There are three cases 
(i) | Case I: When nis positive integer, then 
-p! 
B(m,n) = шан 
m (m4 l)(m-2).....(m* n-1) 
(ii) Case II: When mis positive integer, then 
—-p! 
B(m,n) = (т-1)! 
п(и+1)(и+2).....(п+т-1) 
(іі) Case Ш: When m and n both are positive integers, then 
-D!(n-D! 
Be 
(m+n-l)! 
Proof: Case I: We know that 
| QU _ „үл—1 
В(т,л) = |, аг? ы. be (1) 
(IT) (1) 
Integrate (1) by parts when x” -l as the second function 


a 


B(m,n) 2[0—- x)" ds х") - zh (= ayer 252 


= n-ll m 1-2 
0+— гэн (1— xy? dy 


_ кү 1 MU (1 _ хун йх 
т “0 


= 7-1 gii 1,п—1) 
т 
By repeated application of this process, we get 


(1-1) (7-2) п-3 1 


B(m,n) = . Te B(m+n-1,]) 
m т+1 m+2 (т+п—2) 
_n-l n-2 n-3 1 [Lima fae 
m m+l т+2 — (m4 n-2)40 
E n-l n-2 | л-3 1 аа” 
т m-lme2 7 т+п—2 
(4-1) | e Т 


т(т+ 1) (т-2)..... (ити 2) [meni |, 


яа 568 B.C.A Mathematics-I (Unified) === 


(n—1)! 


B(m,n) = 
non m(m+1)(m+2).....(m+n-l) 


Case П: Since the Beta function is symmetrical in m and л 
Les; B(m,n) = B(n,n) 
(m-l)! 


В(т,п) = 
(т л) п(п+1)(л+2)....(п+т—1) 


Case Ш: When m and л both are positive integers then from case I, we get 
(n—1)! 
m(m+1)(m+2).....(m+n-l) 
(n—1)!(m-1)(m—2)....(2) (1) 
т(т+1)....(т+и-1) x(m—1)(m—2)....2.1 


B(m,n) = 


[Multiplying the №, and D, by (m —1)!] 
(1-1) т-1)! 
(т+п—1)! 


16.5 Gamma Function 


Second Integral of Euler 

The definite integral Jo ех х" dy, where п >0 is called (Gamma function of n), it is 
denoted by 

16.5.1 (Properties of Gamma Function) 

Theorem 3: Show that 

() Tl=1 

(ii)  In-l2nIm, n>0 

(iii) Г(и+1) =n!, n=1,2,3 

Proof:(i) We have, by definition of gamma function 


In= ЇЇ etx" қ (1) 


Put л=11п (1), we get 


ГІ f edel ее = [е -8]-2-[0-1]21 


(ii) Ме have, by definition of gamma function 


Г(л+1) = № e Xo ду 


= | e "x"dx 


— Gamma and Beta Functions 


Integration by parts taking e^ * as second function. 


T (n 1) -1-х үле ы -[ m үт = — т) dx 


Now lim х" _ lim а” -0 
X —› сох X — со x? "n х" 
1+ х+ Б... | 
2! 3! n! 
Г(л+1) = ДИ etx" dy 
T(n+1)=nIn 
(ій) Г(и+1) = Гл 
Put n=1,2,3,4,...in Ги + 1 = иГи, we get 
r2s1rlslIsl! 
r3=2T2 22252] 
Г4-3Г3-3.2.Г2-3.2.1-3! 
In general form Г(1--1) =n!, if n is positive integer 
Remark: ГО = ee, (75) = со,л is positive integer 
Theorem 4: Prove that 
: e y | л m if 1 [= 
(1) — ие dy (1) Га/2) = Ук (iii) In= ЇЕ Е Е | 4у 


Proof: (i) We have by definition of gamma function 


In= ЇР e Хх” dy 


Put x = ay and dx = ady when x =0 2 y 20 and when x > œ => y > со 


Ги = ү, -ау а" у" ау 


Непсе [| су aga Е 


(ii) Ме know 
E M etg 
Put (1) n=1/2 in (1) 
гу2-| rete? dt 
Put t = x? and dt = 2xdx in (1) 
o 2 
г/2-2| e d 
Replace x by y 
582228 
ry222[. е dy 
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Multiplying (2) and (3) 
оо _ 2 со _ 
түз =4[ e K е7 dy 


=4f > INE Ge y dx dy ...(4) 


Change in (Polar coordinates) 
x = г cos6, y = rsin0,dx dy =r dr 40 
Put these values in (4) 


аре 
(Г1/2) -4|, he r dr d® 


п /2 12 п /2 т 
-2|, [e 1040-2|, de =2. =p 
Г(1/2) = уп 


(iii) Let е^ = у then -6 “ах - йу апа -y= log y ОГх = 108 B 
K 


Put these values in Ги = J, ey" dx 


(when x =O then y=land у=0 then = о) 


ral 1 p i 1 n-l 
Ги--1, 20 =], [os 4) dy 


16.6 Relation between Beta and Gamma Function 


Theorem 5: Prove that 


B(m,n) = ee, т>0,л>0 
Г(т + n) 
Proof: We know that 
Г шинж 
=o "наг цаг” aL) 
e. 
Ги = “| е eg Pn lay = fo: o-zx x" dy 
0 
Multiplying both sides by € zl we get 
Tm ez" T = pml +x) gm pm- gy 442) 
0 


Now integrate both sides of (1) with respect to 2 from О to ee, we get 


гт сат 142 -1, x ШЕ —=(1+х) m-n-l "та de 


or ГтГл = M Їй шз аа л, 
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Using (1) 
т-1 
ПиГи = |) ЕЕ ШЫ x" dy =T (m+n) ]; qoem dx 
+x +x 
=] (m+ и) B(m,n) 
ГтГ 
В(т,л)- цал, 
Г(ж+ n) 
Theorem 6: Prove that 
Ги Г(1-л) =— T , where 0 «и«1 
sin nT 
Proof: We know that 
ye 
B(m,n) = Thi dim ...(1) 
ГтГ 
апа B(m,n) = т ...(2) 
Г(т+ п) 
From (1) and (2) 
ГтГи -| о yl 
Г(т+ п) (+ х)" 
Put m * n 2lin above equation or т = 1 ~ л, then 
үл -1 - yt 
ГаГ(1—л) = rl. =| dx [F1 2 1] 
(14 x) 0 (I4 x) 
sd. үр 
But ичиг ны 
0 (I4 x) sin x 
nT (l-n) =— where 0 «n «I 
sin лл 
Theorem 7: Prove that 
(p 1) (9+1) 
n/2 . 1 d 2 d 2 
J, sin" 0 cos 0 40 = (ТЕТЕ?) 
operate) 
2 
Proof: The Beta function, we know from 
1 
В (т, п) = J, "т! (1- хул! dx 
B(m,n) = jos x" - x)" de sub) 
Let x ^sin? 0 > dx =2 sin0 cos 0 40 
and 1-x 2 1-sin? Ө = cos? Ө, x 0 but 0 20 and x = 1 then 0 - 


Hence new limit is 0 20 to0 = : 


Put these values in (1) 
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n/2 . 2m-2 2n-2 : 
B(m,n) -1, sin 0 cos 0-2 sin 8 cos 0 40 
ГтГ 2 
ог "n sin?” Ө cos”! 040 ...(2) 
m+n 
From (2) 2т-1=р or m -И 
4-1 
and put 2n-l=q ог англ 
| а 
7 -2| sin" Ө cos! 040 
Г Е 1+ | 
2 
(yr ©) 
2 
ог | i sin" Ө cos? 0 40 = 2 5 m 
ш or | р+а+ 3 
2 
Deductions: put p = 4 = 0 in (3) 
1 2 
p 
| n 11212 1 2) 
0 2ГІ 2 
2 
1.1 
ог ole? == (r 1) 
1910 2115 
2 
ог (-о)- г >) 
2 21 2 
2 
or (r 1) =л 
2 
ог T 2 = 
2 
16.7 Duplication Formula 
Show that: гм + 2 = errem. where m » 0 


Proof: We know that 
Вин Г(т)Г(л) 


, where m » 0,n » 0. 
Г(т+ n) 


Put n 2 m,then 


2 
Вт) = al) 


By the definition of Beta function, we have 


1 
B(m,m) = ЇР хэ @- irl dx 
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Let x =sin 0 > dx = 2 sin Ө cos 0 dO 


when x =0 then Ө =0 and when x = 1 then Ө = з T 
2 
Then B(m,m) = i, sin?" 6, cos?" 6.2 sin cos 0 40 


2 2 
=2) sin?” g. cos?” g 40 = 2j (sin Ө cos 0)?" de 


К 2т-1 
" 1/2 ( sin 20 Е 1 л/2 . 2m-l 
-21, ( 2 | 40 = 24ж-2 J, sin 2040 


"mc (oe 9: T , Put 20 =ф = 40 =; dà 
1 т. E 1 д/д _ 
o3 do sin?” (940 = т] sin?" lodo 


/2 = 
= mle sin?” ф. cos? do 


1 1 1 
т (2т-14 Drs (0+1) ЕЕ ror (5) 


1 
= 92т-2 ` TmT’ 
27" огозу 2” г(»+2) 
2 2 
1 Г(т) Үл 


= от: 
2 Г С + >) 
2 


Comparing В (m, n) in equation (1) and (2), we get 
Гы Sle Г(т)-Үл 
2т-1 
Г(2т) 24" r („+ >) 


ог T(m) r(m + 5 5 ze T (2m). 


Theorem 8: Solve the following 


(i) 16 cos bes at de (а) J “майга” Ld. 


Proof: We know that 


[6 ее Ml Ду = l g (7x mAg, = кы = (a— ib) "D (m) elt) 
Let a = k cos a and b = ksin a, then 
a = tan! /а) and k = ү(а2 + 02) 
Then (a - ib) " =[k(cosa —isina)] " =k "(cosa —isino) 7 


=k" (cos ma + isin mo), [By Demovier's theorem] 


ка 574 B.C.A Mathematics-I (Unified) s 


Now, from eqn. (1) 


i. е7 o m = k™ (cos ma + isin то) F (m) 


Or [* e~ (cos bx + isin bx) x"! = m (cos ma + isin ma), 
еее = cos + isin Ө, by Euler theorem] 
ог f е7“ cos bx x" ld + if, е7“ sin bx- x" ldx 
T(m) T(m) 


= n COS то +1 


| sin mo. 422) 


д" 
Now, equating real and imaginary parts оп both sides, we find 
Г(т) 


k” 


| е7“ cos рх-х” Их = COS то), 


өз oy = T(m) . 
and | € sin be x" dx = M sin ma, 


where k=V(¢ +12) and а = tan"! (b/a), 


Е (n-1)/2 
Remark: Г (Jr E)r 2) b г Е 3 _ (2n) нь 
п п n n (л) / 


© 
Im Examples 


1 
Example 1: Evaluate | х (1- Ух y dx 


Solution: Let us consider 


Jx=t or ХЕЁР or dx -2tdt 


Hence Ї, x4 (1-Vx) ах = Ї, (CY  a- t? Qt) dt 
-2[ Pa-» dt 


1 2 = 
-21, 2940-2984 


=2 B (10,6) 
_„@0—1)(6—1)!_9!5!1_  2x54321 _ 1 
(1046 -1)! 151 15.14.13.121110 15015 


Example 2: Prove that B(m,n) = B(m+1,n) + B(m,n+ 1) where m,n >0 


Solution: We know that 


Г рг 
Sie ЛЕРІНЕ .44(1) 
Г(т-и-1) 
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and В(т,п+1) = FOOT EUM (2) 
Г(т+п+1) 
Непсе R.H.S = B(m +1, п) + B(m, n+1) 
_ Г(и+0Г(и) ГтГ(и+1) 
Гт+п+1 Г(т+л+1) 
_ тГ(т)Ги " Гтиїп _  VmYnGn- n) 
Г(т+п+1) Г(т+п+1) (т+и)Г(т+л) 
ы, = B(m,n) =L.H.S 
Г(т+ п) 
Example 3: Prove that 
(i) Bip, 4+1 B(p*Lq) Bly.) 
q р p*4 
T B(m 4 1, п) m 
(ii) = 
B(m, п) m+n 
Solution: (i) We have 
B(pq-l 1 
(5459 Sl gy q+) 
q 
шээг 010! Ж 
== pq]. yya*b- 27 — yy yP gy 
2105 (1-х) 04 х)1 xP “ах 
= |" х? | ІШІЛЕДІ 
4 p], 9 p 
(Integrating by parts) 
"Lot [хеч tae е врч E 
4| РО р 
Аваш Вірт 1 В(р-1,4) 
р Р 
1 


== fi PHA- ыу 
р 0 

- ho x? (1 xytl dx 

= p) edy (13)1 dx 
р 0 


-lparü-0-9 0-20 d: 
р 0 


шэг = Iel и 
= -P г\1 = P —х\1 
= ЇЕ хР (1-x)* dx Ї: x? (1— x)! dx 


1 1 
=—B(p, д--Ві(р,4%1) 
Р р 
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B(p, 4+1) , Вір+1, 4) В(р, q) 


р р р 
Ен В(р, 4+1 _ Blp, 4) 2) 
q p*4 
Now, from equation (1) and (2) 
Б(раз) B(p*lq) _ В(р 4) (3) 
q P p*4 
We have from equation (3) 
B(p,q+1)=—*_ B(p,q) and B(p+ 1, q) = —— B(p, 4) 
p*4 Р+4 
В(р+1,4) + B(p,q+1) = —— B(p, 4) + —— ВО, д) 
p*4 p*4 
+ 
- £71 B(y,q) = B(p, q) 
2+4 
(ii) We have 
Bim +1, п) = B(n, m+ 1 [Beta function is symmetrical in m + 1, zi] 
ES lou (т-1)-1 22 1 „тит vy 
= Јох (1-х) dx = |х 1-х)” dx 
т п 
-|a pr. | [,ma- x7 c0 d 
n 0 п 
[Integrating by part] 
-0- [rear [x 21-(1-x)] 
ЦАА! 


m[1 n- m- l a= m ] 
sio 11-х) "des | a 11-х) ui 


=" [B(n, m) - B(n, m+ 1)] = (m, n) - — B(m- 1, n) 
n n n 


Or ( + "| В(т+1,п) = ES В(т, n) (by transform) 
n n 
or (n4 т) В(т+1, п) =m B(m, п) 


B 1 
ка (m+1,n) т 


B(m n m+n 


Example 4: Evaluate the following integrals: 


0) (ад (8) ЇГ xdx 


0 (e xy 4 


Solution: (i) We have 


OM E. MENT 
lo deas = | | | 


577 мин 


— Gamma and Beta Functions 


Р 9-1 хэл 


со Х со 
zi TET E dx I (1+ x)??? dx 


= B(9,15) - B(15,9) 


= B(9,15) - B(9,15) [-.В(9,15) = B(15,9)] 
-0 
(1) Те pope = 
0 1+х 
Let хб = у or х= WV adv y gy 

iper ir e үүшу28 quu 89 

I dy Ф-11 dy 
6-0 І+ y 610 1+у 6 о (1+ у)1/3-2/3) 


671873 Ө(12| 6 rl боол 
3 3 3 
1 т 2т т 


76 (43/2) 613 3ГЗ 


2 
Example 5: Show that i, (tan x)" dx = j sec - ,where -1« «1. 


n/2 1/2 . 2 
Solution: We have | Ü (tan x)" dx = |» sin" x. cos" xdx 


г.б) Га (ле) 


1 
2T —(и-п+2 
z” п+2) 


where —п+1>0 or n<lorn+l>0or~n>-l] 


ог Ji pt merta nat зэс I oid] 
2^3 2 2 3 | 2 | 
| 1 
РЕ шы -— | 
2 ашады шы 
E 1 Nr 1 T ес пт 
. (5 23 2 G | 2” 
sin | — n + — cos| лл 
2 
where -1<и<1. 
Example 6: Prove that 
: © On ах. _ Г (л) T oo ют =Й" т. Г[(т+1) / n] 
(i) J, x^g Ду = F. (ii) le х6" dy =— (туп ` 


да fh dx 
(iii) fa (Cia = үл 


(ii) 
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- 2 сө : 2 
Solution: (i) Let I = | ye dy =Í; 2e y dy 
Now, ax? =z —2ax dx = dz. when х =0,2 20 and then x 2 ,2-> со, 
n-l 
1= | (©) е? I dz = 1 | 2,7-1 Д, 
0 Ха 2а 2а" +0 
= sat, [by definition of Gamma function] 
a 
n oo ет п 
Let I =Í үле ду = Х -ах yay 
0 0 yr 


со n 
= fo y HH jar yay 


=t>x -(£ 


N 


Again let ax" = t ла х" dx = dt, also x =0, t 20 and when x > eo, t оо, 
t 


= (m—nl)/n 
I = | (©) еб. dt, 
0 Ха па 


Yi qmm sot 


_ 1 
нэ na, a" /n | 
1 
"nep ш 
" l dx Do d тү? 
li) Let Гэ - - 1 dx. 
ши love ax Jo Tioga} ШІ i 
Again let log (1/x) = y i.e, 1/x =e? ie., x 2e 7 > dx 2-e “ау. 
Also x > со, y — e» and when x =I], y =0. 
Wk eq peso ӨВ х ган Л 
Ї | y е Ф-1, ey dy =T 2 = Үл. 
Example 7. Evaluate the following 
2 2 оо 
0) ІМ сап Ө 40 (ii) ү согд 40 (ш) | 222 
0 0 0 14 y* 
Solution: (i) We have 
т/2 1/2 sinl? Ө 
1-1, Уап de = | ung 
Ты (5+) 
5 = 4 2 3.1 
/ Г-Г- 
-| (sin @)!/? (сов):17240 = 4 4 
1 2ГІ 
5-72) 
2r 
2 
г1т(1-4) 
_ 4 4) 1 т T 
2 2 un 2| 5) V2 
42 
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(ii) Similar to (i) part 


(iii) Let A 
0 т 


Let ў = (апд ог y = у(апӨ = dy => (tano)? sec? 0 40 


when у=0 then Ө 20 and when y ә wthen8- 7 


2 ‹ 
r= l 5 х (taney 12 sec? Ө 40 
lI-tan^0 2 


2 2 
= (тап Ө) 1/? 49 = (sing)? (cos ey цан 40 


h > КӨТ! D) l z л 
1 I 2 4 2,2 
5 (-2+2+2) sin 
or 2 
2 
Example 8: Show that 
/2 
* damno 0 40 x 4 =T 
la |, T 


Solution: The given Mae is 


f= i, "(sing 2 qox [7^ (sin9)-! 2 do 


2 2 
- ЇГ (sin 9) 1? (cos ө)? 40 Ж” (sin 9)! /2 (со$ ө)? dð 


SI қ 
22 0-1 1 
Г L| vüxt 
2 2 pM г( | 
2 2 
—+0+2 (5+0+2) 
2Г 2Г 2 
2 
1 1 3 1 1 
Г Г Г Г L 
(i В B a Pu eere 
= mi ^ 5 1,1" 
г | 2Г — 22 Г = 
%) 22 
Example 9: Show that 
| x?dx xf. dx т (1) 
0 (1- д 0 (1+х 12 4 A2 p 
2 
1 
Solution: Let 1 | x dx 
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— 580 
Let x? =sin0 or x = (sing)? = de = 5 (sino) cos 0 40 
[when х =0 0=0,whenx=130=2) 
1 - DL 2 (sino) 12 cos 0 40 
=, sin de 
Let i, -1, dx 


0 (1+ x42 
i? = (апд огх = (tano)!/? => dx = 1 (tan9)-!? sec? 040 


Put in 1), we get 
1 (тап)! sec? 040 


1 йх 11/49 
21 (1+ 24)1/2 “210 (1+ tan? ӨУ?? 
-1 09 40 = [^ dð 
240 Jsin@cos@ 42 sin 20 
[Put 20 = $ and ag =) 
1 п/2 d 1 п/2 
ш h в Jo е E Jo s | Б? 800) = Jo nz 


Put h, Г in (1) 
2 


1 x*dx 1 йх 
J, 0 (1- x T х, 1-х хэрэг =) xh 
= * inodo x E 


[pr л/2 40 | 
ralle “Алт: 0 40x M Jes | 


T 


—= XT = —= 
“12 448 
Example 10: Show that 


(from example 8) 


gg Ги 


a m-l; \n-l m=+n-l 
а-х x) 4х =a В(т, п) = 
| 0 4 (m.m Г(т+ n) 


Solution: We have 
4 1 
joe- x)" yg, = |, (а-ау)" Tay)" а Е [where x = ay 2 dx = ady] 
- | qno) Q- y)” улау 
- gre ун о Е a™ "1 Bim, n) 


а" "иги Г ГтГи | 


E Г(т--л) l^ Bog Г(т- л) | 
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Example 11: Show that 
[m sinbz , m 
0 2 2 
Solution: We have 
I= ІМ | € sin bz dx dz 
e | e* | А 
= | ЕЗ sin bz dz, integrate w.r.t x 
œ sin bz 
= | d 4 441) 
Again integrate w.r.t 2 
I= L (М € М sin bz dx dz 
- М n € * sin bz 22 
= bp 
Jo № +2? 
КЕСЕЛ ШЕК: 
| = b lo 2 (2) 


Example 12: Show that 


оо 1/п E 1 ‚ пт 
| cos (Рр2")42 ит" + 1). cos 2 
Solution: Let 211" = yie, z = х" > dz = их" de 


ын 1/п f? n-l 
| cos (bz ' *) dz -1, cos (bx). их" dx 
= "| x" cos (bx) dx 


= n real part of | eg tbe y" dy 


T(n) 
(Юу! 


= n real part of 


T(n) 122. Бі 
=nreal part of | соѕ л t isin— 1 
17 2 


_Г(и+1) 
р" 


(cos "T isin =) real part of = Tipa 1) cos (2) 
2 2 р" 2 
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ёс? 
= 


Б е . . 
=: Comprehensive Exercise 


(Beta and Gamma) 


1. Show that: 


a dx | л 
(0 | ln. 
0 (а — y" n n sin(™) 
п 
er -1/3 Qn 
(ii) ЇР (8-2) dr = 
ЯН h m-l n-l man ГтГи 
[= b—-xy**dx =(b- Кызы 
1,8 за ы Г(т-л) 
(iv) [rne a = 1 r (т +1) 
0 247 2 
1 т п 1 (ы | 
1-x" dx =—B pl 
(v) ЇЕ: ( х) Х 7 " pt 
(vi) [, (1 my nage „1 C/D 
n 2I(2/n) 
РА п/2 . I „(1 ptl 
P 0-- ecd 
(vii) К (sin 0) i -in(i. 5 | 
2 
eo TX 
44 2-1 
(viii) Ju cos 7 | 
2 
2. Show that [^ sinf do 27. 
0 32 
Э. Show that 
т/2 
i Ө байы ша 
(i) I; sin? Ө cos? | 
i p 49 _ 1/4? 


Н Ма cos? Ө + bsin* Ө 4 (ab) ут 


4. Establish the relation between Beta and Gamma function. 


-1 
5. Show that (1) B(m, 22 5 mo ;) == а 


Gb н 2 
9999 3 


9/2 
(iii) Г0.1 ГО.2 ГО.З....Г09 = E 
(iv) [^ (1 -5| xPldy =n! B(p,n+1) [Hint: x/n= y] 


%%% 


17. Vector Algebra 


26 N 
а 


1 7 Vector Algebra 


171 Vector Algebra 


17.1.1 Vector 
A directed line segment is called a vector. A directed line segment with initial point А, and 
the terminal point B, is the vector denoted by AB. 

A — B 


> > 
The magnitude of АВ = |AB| 


We shall denote a vector by single letter with an arrow on its and its magnitude is denoted 
by this letter only. 


Thus, AB = 


17.1.2 Unit Vector 


A vector a of length unit is called unit vector. It is denoted by â and defined as 
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17.1.3 Collinear Vectors 
Vector having the same or parallel supports are known as collinear vectors. 
A — 
B 
> > > 
Hence, AB, BC and AC are like vectors. 
17.1.4 Like Vectors 
Collinear vector having the same direction are called like vectors. 
> > > 
Thus, AB, BC and AC are like vectors. 


17.1.5 Unlike Vectors 


Collinear vectors having opposite direction are known as unlike vectors. 


17.1.6 Localized Vectors 


A vector drawn parallel to a given vector through a specified point as the initial point is 
called a localized vector. 


17.1.7 Coplanar Vector 


Three or more non-zero vectors lying in the same plane or parallel to the same plane are 
said to be coplanar, otherwise they are called non-coplanar. 


17.1.8 Position Vector 

The position vector of point P with respect to its origin is denoted by 
> 5 4 ^ 
г=хі+ у] +2К 


Where i, j, k be unit vectors along x, у, 2 axes 


179 Laws of Addition of Vector 


17.2.1 Vector Addition 


> > 
Let a and b be any two vectors. Take any point O and draw segment OA and AB such that 


у а > > > > > 
OA =a and AB = b. Join OB. Then OB is called the sum of resultant of a and b. 


wee Vector Algebra 587 жш 


17.2.2 Triangle Law of Addition of Forces 


> = 5%, -» > > > 
In A ОАВ, if OA and AB represents а and b respectively, then OB represents (a+ b). 


2 B 
a-b 
b 
О 
2 А 
Fig. 17.2 


This is known as triangle law of addition of forces. 


17.2.3 Parallelogram Law of Addition of Forces 
> > 
Ina parallelogram О A B C if OA and AB represent à and b respectively, then ОВ represents 


(a^ b ). This is known as parallelogram, law of addition of forces. 


B 
b 
О 2 А 
Fig. 17.3 


Theorems жа 


Theorem 1: (Commutative law) vector addition is commutative 


э > 
а 


: => 
i.e., +b=b+ 


[B.C.A. (Garhwal) 2011] 


> > 
Proof: Let a and р be given vectors represented by ОА and AB respectively then 
complete the parallelogram О АВ С. 


C а B 
b b 
О 2% А 
а 
Fig. 17.4 
> > > > > э ә > > > > 
Then OC = АВ = b, СВ =OA =a, b+ a =OC+CB = ОВ 
ж Se Oe эж 
Hence, а+ ъ= Ь+а 
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17.5 Components of a Vector 


Let O be the origin and let P(x, y,z) be any point in space. Let i, i K be unit vectors along 
: ; as > 
the x, y,z axis respectively. Let position vector of P Бе г, then 


> A 4 ^ 
r=xit+tyj+zk 


: | : > 
This form of vector is called its component form. Here х, y,z are called the scalar of г and 


xit y j +z k are called its vector components. 
Also T-|xieyjezk|l-43 + y? +z 
17.3.1 Direction Ratios and Direction Cosines of a Vector 


: 3 ЕЕ. a 
Consider a vector r =ai+bj +ck 


Then, the number a,b,c are called the direction ratios of т. Direction cosines of т are 
given by 

a b é 
Je + +” e че e +P eg 


If l, m, n are the direction cosines of a vector then Ê +m ti? =l. 


If А(х, yj,z) and В (X9, у» Zo ) be two points in space, then direction ratios of 


= 


AB = (x) - д, yo — 32-4) 


две Јана 
r r Т 


The direction cosine of 


where nc V(x -д y +(»-Л p + (22 -21 r 


Theorem 2: (Associative law) Vector addition is associative 


Lê; ОБСЕ +2) 
/ -» > > > > = 
Proof: Let OA =a, АВ = b and BC = с C 
Join, OB,OC and AC 3 
э 2. > » » » » » » 
(a+ b)+ € -(ОА-АВ)-ВС-(ОВ -8С)-ОС B 
> 3 
d +(b+¢)=OA +(AB+BC)=OA+AC=0C — 0 br b 
> А 


> > > > > > 
(a+ b)+¢ =a+(b+Cc) Fig. 17.5 
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17.3.2 Difference of Two Vectors 
> > Doe» = = > B 
For any two vectors a and b, we define a- b = a+(-b) 
b э > 
> 3 2 2 > -» (a - b) 
Let A =a, OB =b then BO =- b 
о А 
(a- b)- 2 +(- Б) -ОА 4 BO =ВО+ОА = B/ а 
Fig. 17.6 
> > > 
Thus (OA -OB)- BA 


> > — 
Similarly (OB-OA) = AB 


174 Scalar Multiplication 


The scalar multiplication of a by а scalar А is the vector X a such that 
E E 
G) Ха 4341 


ES 
(ii) | Direction of | a | is the same as that of a, when à » 0 and opposite to that of. 


e 
D aceites Examples 


(Vectors) 


Example 1: Find the unit vector in the direction of the vector а-1-2 j+ 3k 
[B.C.A. (Rohilkhand) 2004, 2006] 


Solution: We have, а=1+2 j+ 3k 


> |Га|-402 +2} «(32 =-Л4 


Unit vector in the direction of a is given by 


„_ а _i+2j+3k Y P4. 2 36% 
= = 1 + j+ k 
ln | 14449 (144 4147 414 


Example 2: Find vector in the direction of the vectora =3 i+ j that has magnitude of 5 


units. 
Solution: We have a =3i + j 


> [а |= (3) + 07 2410 
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| : : : >. . 
Unit vector in the direction of a is given by 


а _ Gir) 127 =) 
8,200! 


Example 3: Let a =3i +2) апа Б =21+3) 18 Га|-1Ы. Is a=b? 


[B.C.A. (Delhi) 2000, 2009] 
Solution: We have [а|= (3) +2? -413 


апа | 5-4/2) +(3)2 = JI3 


sea id Я NDS 
[а [=[ b], but 31-2) #21+3] 


Example 4: If P(L2,-3) and Q(-1,- 2,1) are two points in space then find 


— > 
(1) The direction ratios of PQ and (ii) Тһе direction cosines of PQ 


(i) Direction ratios of PQ are 


Solution: 
(11 (—2—2),(1+3), ie., -2,-4,4 
(ii) Direction cosines of PQ are 
-2 -4 4 
(С) «CA « ay. (с) «Cay +47 Үсу « cay «ay 
-2 -4 4 
1.6., - НЕ 
6 6 6 
-1-2 2 
1.6., p T усе 
3. 3 3 


Example 5: Find a unit vector in the direction of AB, where A(1,2,3) and B (4,5,6) are the 


given points. 
Solution: We have 
Position vector (P.V.) of A = 1+ 2) +3k 
Position vector (P.V.) of B = 41+ 5) +6К 


АВ = (P.V.of B) - (D.V.of A) 


=(41+5) +6 Ю-1(1-21-3 Ю=(31+31+3К) 


ГАВ -4(3) +3)? +87 = 427 
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ES 
Unit vector in the direction of AB = 


-Зээрэх ihk [1 i 3 3 
427 43. Wa ast ua 


Example 6: Find the position vector of the mid-point of the vector joining the points. 
> А р" ж > Ж Ж, Ж 
А =21+3ј+4к and В-(41-1-2К) 

Solution: The position vector of A and В are given Бу 


> 4 ^4 ^ т PENES ^ 
а =(21+31+4Ю and b=(4i+ j-2k) 


— 


-» 


е РУ. of mid-point of AB = —(а + b) 


№ 


- [021+3)+4) + {41+ j-2k}] =31+2]+К 


Example 7: Show that the points A,B, C with position vector a = (3i-4j-4K) 


Бы № К) апа © =(1-3)-5К) respectively, form the vertices of a right-angled 
triangle. [B.C.A. (Agra) 2008] 


> 


> > > > 
Solution: We have АВ = (Р.У. of B)-(P.V. of A)=b-a 


= (2i-j+k)-(3i-4j-4k) =-1+3]+5К 


> > > 
Similarly, BC =(P.V. of C) - (P.V. of B) 


-(0-5)-0-31-565)-(21-)-4)--1-2/-6К 
СА =(Р.У. of A)-P.V. of Cea e 


=(3i-4j-4k) -(i-3j-5k) =(21-)+К) 


| ABP = (-12 +(3} + (5)? =35, 


ІСІ = 12 + (-2)* +(-6)? =41 


and ICAP = (2)? « c» «ay =6 


» > 
Thus — |ABP«|CA? = ВСР 
(АВУ «(САР = (BC 


Hence, ААВ C is right angle at А. 
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Example 8: If a -2i«j sk B =3î 2j i Капас = i+ j+ kthen find|- a +2Б+3С|. 


-» 


Solution: We Ваус-а-25-43с--(21-)-38)-2(31-2-К)-3(1-14К) 


=7i-2j+8k 
|-2+26+3%[=4/) +(-2)} + (87 = 44944464 = 4117 


17.4.1 Scalar Product of Two Vectors 


Let a and b be two vectors and let 0 be the angle between them. Then, the scalar product 
> > =- > > > > > 
or dot product of a and b denoted by a.b is defined as a.b =| a| | | cos 0 = ab cos. 


(i) Angle between two vectors in terms of scalar product: Let Ө be the angle 


> > >> > ә 
between two non-zero vectors а and b. Then a.b = |al||b| cos8. 


=- = > > 
cos 0-22 э Ө = cos! a 
|a||b| |a||b| 


(ii) Length of a vector: Let a be any vector. 


Then, аа=|а||а| сов09-|ар 
> > > 
|а| =y (a.a) 
Note: 


(i) Ifa=0 orb -0 we define a.b =0 
(ii) If а and b is like or parallel vectors then 0 =0. 
8.5 = арсоѕ0 = ab 


(іп) If a and b is unlike vector then 02 x 


e 
25 
a.b = ab cos п =- ab. 


(iv) Ifa and B are orthogonal vectors then 0 -2 


“рийн 2 zi 
2 


17.4.2 Orthonormal Vector Triad 


Let i, |, k be unit vectors along three mutually perpendicular co-ordinate axis i.e., х, y,z 


axes respectively. Then these vectors are said to form an orthonormal triad of vectors. 
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We have 
(i) — i.i = | с080 21 
Similarly, j : Ї -К.К-1 
Thus, зе Еа 
(ii) i.j=]il| | сов890-0 
Thus, Seo ee 
17.4.3 Geometrical Interpretation of Scalar Product 
> 3 > > 
Let ОА =a,OB =b and Z AOB =9 and draw В M LO A, then 
B 
а.Б-|а||Б|сов0 
=a (bcos 0) 
=a (ОВ cos 8) 
О 23 
=a (OM) M A 
Fig. 17.7 
= а (projection of b on a) T 
Thus, a.b =a (projection of b on a) 
Similarly, b.a = b (projection of a on b) 


Hence we conclude that 


э ә 
(i) Projection of à on b = b 
) > 

М 

э > 

(ii) Projection of bona = aeb 
J > 

ET 


17.4.4 Physical Significance of Scalar Product 


E > 
Let О be а particle and let ОА = a be force magnitude a. Let ОВ = b be the displacement 
due to this force. Draw В М 1 to OA. 


B 
Then, ОМ = OB cos 89 =b cos 0 
The displacement in the direction of force = OM = р cos Ө 
work done = a (b cos 8) = a.b oF МА 


Fig. 17.8 
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17.5 Properties of Scalar Product 


m 
Theorem 1: (Commutative law): For any two vectors a and b 


=$ 


-5 
a.b=b.a [B.C.A. (Bundelkhand) 2007] 


ET 
Proof: Let а and b be any two non-zero vectors, and let 0 be the angle between them. 


Then a.b- [а | [bcos Ө — ab cos0, and 


b.a =| b| | al со8(-0) = ba cos Ө = ар cos Ө 


Thus, 


» э э ә $ coo ку с» 
Theorem 2: For any two vectors a and b, a.b =Оога -0 orb=0 


> 
а 


ЕН 
or bL 


Proof: Let a. b =0 


= 

Then, a.b=0 = 46 соз 0-0 

> а=0 or b=0 or cos 0-0 
T 

> а-0 or b=0 шан 

= а-0 or b=0 ora lb 


Conversely, Let a =0 or b =0 ога 15 


If a =0 or b=0 Баа b =0 
If alb > a.b-abcos 2-0 


= 
Proof: Let OA =a and ОВ = Б. Increase AO to А" and BO to B' such that ОЛ" = OA and 
OB'= OB. 
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E E E > 
Then Ол =-а апа OB'--b 


Let ZAOB-90 then Z АОВ-л-0 


(i) а„(-Ь)=[а||—Ь| соз(л-0) 
ӘРІГЕ cos Ө) = ab соз@ = (a.b) Fig. 17.9 
Similarly, (-a).b sc. bj 
Hence, a.( bis a) (b)- (a.b) 
(i) (-2).(-b) -|-a| |- b|cos(ZA ОВ’) -|a| |b] cos 0 = abcos @=a.b 
Theorem 4: (Distribution law): For any three vectors a,b,c 
> b E. лыў [a >> 
a.(b+c) =а.Б+а. с [В.С.А. (Bundelkhand) 2006] 
> > 2 э > 2; 
Proof: Let О be the origin. Let OA =a, OB =b, ВС = с 
2x E — > 2; 
Then OC = OB + ВС =(b+c) 
Draw BMLOA and C N LOA 
>? > > ә > 
Now, а.(Б-с)-а.ОС-і|а|(ОС cos 6), where Z AOC -0 
-а(ОМ) (ОС)сов0-0М| B С 
=a(OM + ММ) 
-а(ОМ)-а(ММ) 
Pig > 
= a (projection of b опа) 
edu ER 
+ а (projection of c on a) ом М А 
-21.22 Fig. 17.10 
Hence, a.(b+ с) = a.b+ acc 
» ә > эт ә ә 
Theorem 5: a.(b-c)=(a.b-a.c) 
>>? > >> > 
Proof : a.(b-c)=a.[b+(-c)] 
zx be a. (€) [By distribution law] 
Заах, (а.(—-С)=(-а d) 


m 
Hence, а.(0-с)-а. 
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| > ЯС 
Remark: If m is a real number, and а and b be апу two vectors, then 


(та). = m(2.b)- .(mb). 


25% > 
Theorems 6: For any two vectors a and b 


(i) (24b) -Z +b «24. B 
2 2 
(i) (а-ы)-а «b -2a.b 
> э ә >? 2022 
(4) (a+b).(a-b)=a -b 
(м) 2.8 - 187 -8-57| 
Proof: (i) (@+b)2 =(a+b).(a +b) 
=(a+b).a+(a+b).b 
ca debatu bebo 
2 2 
-a +b +22.b, 
G)  (а-Ъ)?=(а-Ь).(а-Ь) 
> > » > 
=(а-Ъ).а +(а-Ъ).(-Ь) 
su u-ba-(a-b)b 
Зо db -2.b+b.b 
=2.2-22.b+b.b 
a p 527 
(іі) (а b) (a b)=(a+b).a (a+b).b 
=a.atb.a-a.b-b.b 
>2 ә? 
=a -b 
(iv) We have 


[B.C.A. (Meerut) 2003, 2005] 


[B.C.A. (Delhi) 2002, 2008] 


[by the distribution law] 


[by the distribution law] 


р 
[a.b - b.a] 
> ? э > 
(a.b=b.a 


2 2 2 2 
(a4by-(a-by-(a +b «22.B)-(à +b -2a.b) 


Hence, 


[from (1) and (2) parts] 
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Theorem 7: State and prove triangle inequality. [B.C.A. (Purvanchal) 2008] 
Proof: Triangle inequality is 
[x+ y| < Ix] el yl 
lx+ yl? 2G yy 
=x + у? +2xy 
<x? +y +2|ху| 


=|xP +] у +2[|х]| yl 


-0151-13Р 
Thus: lx+ yÊ (нур) 
=> [x y| <|х]+] у] 


Theorem 8: State and prove Cauchy's inequality. 
[B.C.A. (Meerut) 2001, B.C.A. (Bhopal) 2011] 


or 


Using vectors, prove Cauchy's inequality. 
(qh +4 жақ) < (а +0 +6) p + by +05) 


Proof: Let Ө be the angle between a = Hit mj+ak and b =hi+bj+ bk 


Then, a.b -|a||b|cose 

< |a ||b| (cos « 1) 
= (qh +9 +) < ү ta +® +B +R 
= (ад +0 +6) < (4 +4 +) +5 +08) 


E 
17.5.1 Components of b Along and Perpendicular to a 


> > > = В 
Let ОА =a, OB-b 
and ZAOB=0 
> > > » o2 
b = ОВ =ОМ+МВ M A 
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> > > > > 
Thus, ОМ and MB are components of b along a and perpendicular to a respectively. 


OM = (OM)á -(OB ШІН 
|а| 


> > > > > > 
_alb|cos@a  (a.b)a 


jaj? ГЕ 
» ә 52 
and MB-O0B-OM-b - 4-78 
laf 
EN 234.2? > 
Hence, the components of b along and perpendicular to a are эь ja and b - zm )а 
аР Га? 


respectively. 


176 Scalar Product in Terms of Rectangular Components 


A ^ ^ > * ^ ^ 
Let a aita 1+4. К and b = Aic I» ] + ВК. 


Then, 3. b =(qi+ mj+ak).(hit Dj hk) 


=a), + ab tab 
ы аа ке] ба 


(i) Condition of perpendicularity: 


Let a =ді+а +43 К апа 
=} ^ ^ ^ 
b=hithj+hk 
Then, alb oa.b=0 
e ab +01 + ік =0 
(ii) Angle between two vectors: Let a = ait mj+ а Капа b =hi+ by j+ byk and 0 


is the angle between them, then a.b -|a| | b| cos Ө. 
> > 
> qb + al, + аЬ, = |а | |6 | соѕө 
=з о ай + dy by + ab 
> > 
ЕМ 
- 8-сов-і ah + aby + еуі 


учета үң +8 +8 
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Їнэн Examples 
Example 1: If a =i+ j+2k and b -31-21-К, find the value of 


E 
25 b) 
[B.C.A. (Delhi) 2005, 2007; B.C.A. (Kanpur) 2007] 


(a +3b).(2 


Solution: We have (a +3 Б) =(i+ j42k) 4331 2j - K) 
=(i+ j+2k)+9i + 6j-3k) 
-101-7)-К 

апа 2а-Ь=2(1+]+2Ю)-(31+2]-ЮК) 


=(@1+2])+4Ю)-(31+2)-Ю)=-1+0)+5К 


> т > 7 e ^ f A 5 2. 
(a +3 b).(22a-b)=(10i+ 7j-k).(-i+ 0j+5k) 
--10-0-5--15 


Example 2: Find the projection ofa =2i- j +kand b - 1-2) +k 
[B.C.A. (Meerut) 2003] 


> ә 
> a.b 

Solution: Projection of a on b= - 
| b | 


 Qi-i-«K.ü-2j«k) 24241 5 
02 + (2% +В % v6 


Example 3: Find the value of a which makes the vectors ait2j +3k and 218514 аК 


perpendicular. [B.C.A. (Meerut) 2007] 


— ^ ^ ^ ^ ^ A 
Solution: For two vectors A = ait+2j+3kand B = – і +5 ј + ak to be perpendicular 


> > 
Then, A.B =0 


> (ait2j+3k).(-i+5j+ak) =0 


= -а+10+3а=0 
> 2а+10 =0 
or а--5 


Example 4: Find а unit vector perpendicular to both of the vectors. 
EN хо. UA 
А =21-3]+К 


=$ 


В-71-5)-К [B.C.A. (Meerut) 2008] 
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> ^ ^ ^ 
Solution: Let the required unit vector is C 2 ді+ c j+ сз к. 


> 

Such that 1С1-1-» с +) + =1 

ог Ф ко +02 =1 н СЇ) 
> > > 

Also Cislto A and B then 


іе, А =0 >24 -30 +03 =0 29) 
> > 
С.В =0 574 -36 * c =0 3) 


Solution (2) and (3) by cross multiplication. 


а 9. 4 =} 
3-5 7-2 10-21 


or ce ын Вы 
2: 3 I 
С =2k, 25k. C3 =11К 


Put these values in (1), we get 


42 425k +1212 =1 


1 1 
15012 =1, k= - 
4150 546 
ПЕЕ рОН 2211 
LUE * sgg 7 5848 
Then С-аї-о j+ek 
2.2 55 lle 21-5)-11К 
C= 14 + k or Сза-- е 
546 ^ 346^ 546 5/6 


Example 5: Find a vector whose magnitude is 3 units and which is perpendicular to each 
of the vectors. 


> 
а 


=3i+j-4k and b=6i+ 5]-2К 


14-05: + К 


2% 
then |с|=ү +02 + =3 = +0 +02 


> +0 +0 =9 seb) 


ES 
Solution: Let required vector c = с 


> > >> 
Also cla с.а= 


> 0 
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> (41-05) cek). (3i+}j-4k)=0 

=> За + су —-4с; =0 ...(2) 
> > > ә 

Also clb -с.5-0 

= J (gi*oj*ck).(61*-5j-2k) -0 

=> 6045 с) -20 =0 ...(3) 


From (2) and (3) 


а Е © zo % „ж 
(-2 +20) (-24-6) (15-6) 


= f _ ЕЙ 
18 -І8 9 
= 4.4.4. 
2 -2 1 
= с =2k, сә 2К, сз = К 


Put these values in (1) we find 


402 +42 +12 -9->12-і-і-і 


д =2, с 2-2 апа сз =1 


Непсе, <= (21 - 2) + К) is the required vector. 


> > > > 
Example 6: If AB =2 i+ j-3 К and the coordinates of А are (1,2,-1, find the 


coordinates of B. 


Solution: Let O be the origin. Then OA = 1-2) ak 


> > > 
АВ =OB -O 
> > > 
> В = АВ +О 


Hence, the coordinates of B are (3, 3, – 4) 


> => > =} > > 
Example 7: If а and b are two vectors such that | a |=| b| -42 and a- b =-1 find the 


5 
angle between а and b. [B.C.A (Rohilkhand) 2004] 


Solution: Let Ө Бе the angle between a and b: Then 


-» 


= 
a-b=-l 
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> =} 
= |a||b|cos@=-1 
& 42 x42 со80--1 


e айыда 
2 


әб-% Г-0<0<2л1| 


-» э. 27 
Hence, the angle between а and b is - 
Example 8: Find the angle between the vector 
> ^ ^ ^ > ^^ ^ 
а =1+ } + Капа b=i-j+k 
> > 
Also the projection of а andb. [B.C.A. (Meerut) 2003, 2005] 


Solution: We have a =1+ + Капа b =1-7+К 


Let Ө is the angle between а and Б, then à. b =| a | | b | cos 0 


> p A SI бү ж ST 
TEES _ (i+ jtkh).Gi-jt+k)_1 1+1 үл 
ESTIS 4343 
= 8-сө (5) -70.529 


a.b (1-)-Ю.(1-14-К) 1-141 1 


22 > > 
We know, the projection of a or b = 


Example 9: Ifa and Б are vectors such аца | =2, | 5 |-3 anda 8-4 find| a - B]. 


[B.C.A. (Kanpur) 2007] 


Solution: |a—b|? - (a- b).(a- b) 
-d4.d-d.b-b.aà-«b. Б-|ар-2(3.5)-БЁ -(4-2x449)-5 


Example 10: If a,b,c are vectors such that |а|=5, |b|-4 and |с|-3 апа еасһ 18 


2 
perpendicular to the sum of the other, two, find | а-Б- Cl. 


Solution: We have 


a L(b +), b L(c+a),and € L(a +b) 
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= 82.(0-2)-0,5.(2-4)-0Оал42.(4-5)-0 
= ГИиЛҮЙ ЭЭГ ande are bo 

[by the distributive law] 
> 2(8.b«b.é«6.d)-0 (2. bb, 3] 


› > > 
|а+Б+с| =(a+b+c).(at+b+c) 


2) ^7 Ы ? т- ээ o? ooo 
=a.ata.bt+a.ct+b.at+b.b+b.ct+c.at+c.bic.c 
> t E э э тү 
=|а|+ь [62 +2(a.b+b. 


=25 +16+9+0= 50 


|a «b + |= 450 2542 


> P => =? . 
à — Ы, prove that a and b are perpendicular to each other. 


[B.C.A. (Meerut) 2008, 2009] 


Example 11: If [а + Б|=| 


Solution: Let | a+ b| =| a -P| . Then 


13+ BÊ 12-52 -(3-5)(3-5)-(3-5)(3-5) 


> a.a+a.b+b.at+b.b =a.a-a.b-b.a+b.b 
> 
E 4a .b-20,420 
> а.Б-0 
> 
=» alb 
у 2 » > » > 
Hence, [a- bl=|a-—bl>aLlb 


Example 12: If à and b are unit vectors and 0 is the angle between them, prove that 


sin (2) - л а- Ы. [B.C.A. (Meerut) 2001, В.С.А. (Kanpur) 2006] 


Solution: We have 


=[1+1-2 xl cos 0] =2(1- cos Ө) 
lâ -DP =4 sin? ч 
2 


=> |4-5|-28ш0/2 
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Example 13: For any vector a in space, show that 


(a.i)i+(a.j)j+(a. Wk =a 


а > 1 ^ ^ 
Solution: Let a = aic æ j+ аз k, then 


: j = (ait а›)+Ю).) = 


a. k=(qitamjt+ aj k). K — a 


(4. у14(4.) )-(а.К) К- ад 1-5) -а,К-а 


Example 14: If a,b,c are unit vectors such that a +B 4 € =0 then find the value of 


> ә 
(a.b+b.c+c.a). 


2 : cy xri» : 
Solution: Since a, b, c are unit vectors, then 


> > 

|а|-151-1с1-1 

Now, a4 bee еб 
> 

> (а+ь+°).(а+6+е)=0 


> > > > > > » > > > > > > > > > > > 
> a.ata.bt+a.ct+tb.at+b.b+b.c+c.at+c.b+ec.c =0 
> тү > - э э ә ә ә 
> Гар-|5 +с +2 (a.b+b.c+e.a) =0 


Example 15: Ifa, b,c be three vectors such that a +b +e =0 and|a | 3/5 55; || =i, 


find angle between a and b. [B.C.A (Meerut) 2009] 


Solution: Let0 be the angle between а and b 


Now, 24b 
> (а+Ь)=-сС 
> (a+b).(a +b) 2 (- €).(- €) 
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= |Га 415  -21а1|5|сов0-16р 
-» 9+2542-3-5-cos Ө = 49 
=> cos 9 = 5 
- Ө=60° 


Hence, the angle between a and b is 60°. 
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Example 16: If a, b,c are three mutually perpendicar vectors of the same magnitude 


> ? >. . А > P2 — 
prove that (a + b + c) is equally inclined to the vectors a, b and c. 


Em 
Solution: We have| a | =|b| =|¢ [Ех 


>? > 
Since a, b, с are mutually perpendicular vectors, then 
> 
m babe =o e (2) 
> > > 
Now, la- bec =(а+6+ с). (а+ 6+ е) 
> 
=a asb bii € +2(а bib.ct+e.a) 
-(ар-|5 +H? Ê [From (1)] 
-3,7 
у 
|а-Ь-с| 2x43 
> ? > >? ә 
Suppose (а + b + с) makes angles 0,,05,0,, with a, Б, с respectively. 
= 
Then, (a+ b+ с).а =| arb с || а | cos6, -(43х).х.сов0, 
> a.atb.at с.а = V¥3x" cos 6 [From (1) and (2)] 
> х? -(43х2) cos 6j 
1 -1f 1 
> cos 0, --- => 0 =cos |— 
үлд trem (s 


Similarly, 65 = cos] and 6. = cos! (=) 


0; 205 =бӨ» = cos (5) 


> > 
Hence, (a +b+ ©) is equally inclined to a, b and с 
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Example 17: Ifa.b = а.с show that a =0 or b =с ora У) 

Solution: We have a.b = a.c 

= 3.62.6 =0 

= а(5-2)-0 

> à =0 or 5-2-0ога (5-2) 

> 2 =0orb=¢ ога (B-t) 


Example 18: Find the angle between A eis 2j -kand B =61 -3) РЕДУ 
[B.C.A (Meerut) 2003, 2008] 


Solution: We have A =2i+2j k, B -бі 3j -2k 
> > 
Let Ө be an angle between A апа В then 
> > FI" x д. А 
_ А.В _ (21-21-К).(61-3)-2К) 
ГАВ VQ? +2)? «ci? {or + (3) «oy 


12-6-2 4 4 
J9449 3x7 21 


> 0- сө (5) 
21 


Example 19: Ifa = 1+2]-3К апаЪ =31- Ї +2К. Show that (a +b) is perpendicular to 


cos Ө = 


m 
(а - b). [B.C.A. (Meerut) 2002, 2005, 2010] 


Solution: We have a = 1+2} ak Bes j*2k 


Then a+b -41-1-К 


a-b --21-3)-5К 


If (a + 5) is perpendicular to (4-5) then show (a+ b). (4-5) -0 


ie, (88Б)(8-Б)-041-1-0)(21-31-58) --8-3-5-0 


Example 20: Using vectors, show that the angle between the two diagonals of a cube is 


cos! (5) [B.C.A. (Delhi) 2002, 2006] 


Solution: Let OA, OB and OC be the coterminous edges of a cube taken, along the axes in 
such a way that OA = OB = OC =a (Let). 
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Then, the coordinates of the vertices of the cube are 
O (0,0,0), А (4,0,0), B (0,а,0), C (0,0, a), P (a, a, а) 
1.0, a, a), M(a,O, a) and N(a, а,0) 
The four diagonals are OP, A L, BM and СМ 
> "ЭРГЭН 
OP -аї-а)-аК 


> > > 
AL =(P.V.of L)- (Р.У. of A) 


= (0i+ aj+ ak) -(ai+0j+0k) 


Fig. 17.12 


=(-ait+aj+ak) 
Let Ө be angle between OP and AL, then 
> > ^ ^ ^ ^ ^ 
OP.AL _ (ait+aj+ak).(-ait+ aj+ ak) 
| ОР || AL | Ve «à eg dca? + а? ee 


0-сов7! (s) 
3 


Similarly, the angle between the other pairs of diagonals are each equal to cos! G) 


cos 0 = 


> > 
Example 21: Let a and b be two non zore vectors, prove that 


Ж 
alb e|a-«b|-|a-b| 


Now, | (44-52 =(a+b).(a+b) 

-а ara beb ар в-1ар-15р [а.Б=Б.а =0] 
Also, | (8-5 -(a- b).(a- b) 

=a.a-a.b-b.a+b.b 

-|al +| | [.a.b=0, а.Б-Б.4| 
Thus, |a+ bf -|a -BÊ 
= [a+ B| =|2 -B| 
21B -14-51-13-5| 
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Conversely, suppose that | a- b| =| 8-5, then 
|a+b| -Ja- b| 2 |a« bP -|a- b 

> > > > 
> (a+ b).(a+ b) =(а-Ъ).(а-Ъ) 
> а.а+а.һЬ+Ь.а+Ь.Ь=а.а-а.һ-Ьһ.а+Ь.Ь 
= 2(3.5-5.4)-0 6.5-5.4) 
- 4(a.b)-0 (4 #0) 
> a.b =0 
=> alb 
Thus, [2+Ы =|8-Ь > alb 


Example 22: Show that the points A(2,-1,1) ,B(,-3,-5), C(3,-4,—4) are the vertices of a 


right- angle triangle. Also, find the remaining angles of the triangle. 


Solution: Let Obe the origin, then [B.C.A. (Meerut) 2009] 
OA =(21-]+ Ñ), ОВ-11-31-58) А(2,-1,1) 


=> A ^ a 
and ОС = (3i-4j-4k) 


d > => ^ ^ Ра 
АВ -(ОВ-ОА)-(-4-21-6К) 


B(1, -3, -5) С(3,-4,-4) 


> > =, ^ ^5 £2 
BC =(OC-OB) =(2i-j+k) Fig. 17.13 


> 


> > ^ A ^ 
СА -(OA-OO) =(-i+3j+5k) 
— — > 
АВ +ВС +СА=0 


This shows that A,B,C are the vertices of a triangle 


> > А A 5 ^ A ^ 
BC. CA =(2i-j+k).(-i+3j+5k) =-2-3+5 =0 


> > 
BC LCA and therefore ZC =90° 
Hence, AABC is right angled at C 


> > 
Now, 2 А is the angle between АВ and АС 


AB. AC =| АВ || АС | cos А 

> > Р Ж ж ж ж Ж 

АВ.АС _ (1-2|-6К):(1-231:3К) _ [35 
\ АВ || АС| (12 + (-2)2 «C6? Ja? «cay +(-5)2 141 


> А =соз | aj 


cos А = 


41 
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> > 
Further, Z B is the angle between BC апа BA 
> > > 
BC.BA =|ВС || АВ | cos В 


_ ВС.ВА _(21-]+Ю.(1+21+6Ю (6 
IBCIIBA| “+114 +36 41 


> В = соз”! m 
41 


Непсе, А = соѕт! і апа В = cos! m 
41 41 


- со8 В 
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Example 23: Find the area of triangle formed by the points А (1,2,3), В (-2,1,-4), and 


С (3,4,-2). 
Solution: We know that 


Area of A АВС =5а sin В, where а = BC апас = ВА. Let О be the origin, then 


> ^ ^ же 2-2 a л a 
OA =i+2j+3k,OB =-2i+j-4k A 
> A ^ ^ 
and ОС-31-4)-2К 
> > > ^ ^ ^ 
ВС = (OC- OB) =(5i+ 3j+2k) B 


зоо = PE Fig. 17.14 
ВА =(OA- OB) = (31 j+ 7k) 


5 
с =|ВА |= 43? +Ê +72 -/59 
a -|BC|- 52 +32 +22 = 438 


> > ^ ^ ^ 4.4 ^ 
_ ВС.ВА _ 61+31+2Ю.(31+1+7Ю _ 32 


СО$ В ------- ------------------- 
IBC | BÀ| J38 459 42249 
1024 [1218 
in B - Nl ?Be i! -| 
Е ыг 2242 12242 
Area of AABC=5acsinB 


= 5x 138 x 59 x 1550 => 7218 square units. 


17.6.1 Application of Scalar Product in Mechanics 


=, 
The work done by a force is а scalar quantity. Suppose that a force Е, acting оп a particle at 


O, displaces it to a point A such that OA = d then. 


Work done by Е to displace the particle by a distance d 


>> ә ә 
W =F.d =| F||d | cos Ө. 
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П Examples 


Example 1: Find the work done by a force Е зах З) -kin moving a particle from the 
point A with position vector (2 = 6j+ 7k) to the point B with position vector (3i - Ї -5 К). 
[B.C.A. (Kanpur) 2001, 2007] 


Solution: Let d be the displacement of the particle in moving from A to B, then 


> > 
d - AB =(P.V.of B) — (P.V.of A) 


-(31-1-5К)-(21-6)-7К)-1-5)-12К 
> ^ ^ ^ 
Апа Е =i+3j-k 
> > ^ ^ 2.5 2 ^ 
-. Work done W = Е.а =(1+31-Ю).(1+5]-12Ю) 2115 +12 = 28 units. 


Example 2: Forces of magnitudes 5 and 3 units, acting in the direction (6i +2) + 3k) and 
(31 =2] + 6k) respectively, acts on particle, which is displaced from the point А(2,-3,-1) to 
В (4,3,1). Find the work done by the forces. 


Solution: Let Е = The resultant force 


d = The displacement 


F _3(61+2]+3Ю 2 3(3i-2j+ 6k) 
|6i+2j+3k|  |3i-2j+6k| 
_301+10]+15К 91-6]+18К 1 


+ 391+4]+33К 
/36:419 | Jéx4s36 7 J ) 


> > 
d =AB =(P.V.of B) -(Р.У.оЁА) 


-(41-3-К)-(21-3)-К)-(21-61-2К) 


> ә 
Total work done = F.d 


=> 391+4]+33Ю.(01+6]+2Ю® 


= =(78+24 +66) 2 24 units. 


wee Vector Algebra 


611 жш 


Example 3: Find work done by the force Е =1+ Ї + k acting on a particle, if it is displaced 


from the point A (3,3,3) and the point B (4,4,4). 


Solution: We have 


Displacement d - AB =(P.V.of B) - (P.V.of A) 


-(41-41-48)-(31-3-3К)-1-1-К 
> ^ ^ ^ 
Е= (1+ ]+Ю 
> > 
Work done = Е.а 
=(i+ j+k).(i+ f+ =1+1+1=3 units. 


Example 4: A force of 3 units, acting parallel to (i + j + k), displaces a particle from point 
A(-2,-34) to the point B(2,3,1). Find the work done. 


Solution: The given force is 
р _За+]+Ю _31+3]+3Ю _ 


we УЗ jk 
|i+ j+k| 43 кы 


> > 
d =АВ =P.V.of B-P.V.of A 
= (21+3j+k)-(-2i-3j+4k =41+6)-3К 
> > 
Work done w= Е.а 


= 3 (i+ j+k). (41+ 6j-3k)= V3 (4+ 6—3) =7\3 units 


Example 5: A particle acted upon by constant force 
P =2145j+6k, О=-1-2]-К 


is displaced from the point A with position vector (41-31-2К) to the point В with 
position vector (6i + j - 3k). Find the total work done by the forces. 


> > ә 
Solution: Let F = Р+ О) =Resultant forces 


-» 


=> Е =(2i+5j+6k) + (-i-2j-k) =i+3j+5k 


> > 
d =AB=P.V. of B- P.V. of A 


= (6i+ j-3k) -(4i-3j-2k) =2i+4j-k 
> > 
Total work done W = F.d 


=(1+3)+5Ю).(21+4)-К)=2+12—-5 =9 units 
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Theorems = 
Theorem 1: (Cosine formula) In ДАВС, if BC =a, CA =b and AB = с, prove the following 


using vector method: 


2 2 2 2 
(i) И (ii) cos B 202 +0 -№) 
2bc 2ca 
2 
(iii) cos С = (e «E -P 
2ab 


Proof: In AABC, Let BC =а, СА -b and AB =<, 


> ЁС -» > > = 
Then, [|BC|2|a|2 4|CA |=| | =b апа|АВ|=|с|=с 


> > > 
(i) С-СА-АВ-0 


- Зар 4-0 

= bec =-a 

= (Б-2)(5-2)-1(-3)-3) 

> b bib.c+e bic.c=a.a 

> | 2-25.2-12р-1ар | 2.8-5.0| 


> | b| 242151 | cos (x- A)«| ef -|ар [-/ angle between Б and € is (т — A)] 


= I? -2be cos А+? 2 d? 
> соз А ж =) 
2bc 
(ii) ВС+СА+АВ=0 
> a4b«é-0 
- а-2--5 
= (@4e)@e С) =(—Ь).(—Ь) 
- а. 34а. 6+6. а+е.6-Ь.Ь 
> |а@+2а.с+с?—=|ь? [-©.а=а.с] 
= [ар +2|а||с| cos(x - B) -| € = [^ angle between а and € is (x — B)] 
= a —2accosB+c? 2 
> cos B - И) 


2ac 
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(іі) BC+CA+AB=0 
- 4-5-2-0 
- 8-5--2 
> (а+ Б). (2+6) =(—©).(—©) 
= — ded beb.deb.b-é.é 
= la Pa23.b«|b? р [-b .2 24 . b] 
> пар «2| | b| cos(x - C) «| bf? =|сЁ [angle between а and b is (x - С)] 
=» a -2abcos C 4 I? = (2 ао шэн 


Theorem 2: (Projection formula) їп AABC, if BC =а, СА=Ь and АВ = prove the 
following, using vector method: 
(i) a=bcosC+ccosB (ii) b=ccosA+acosC 


(iii) c=a cos B +b cos A 


> = = > - -» 
Proof: In ДАВС, Let BC = a, CA = b and AB = c. Then 


> > 
|BC|=|2|=4]|CA|=|b|=b and| AB|=|¢]=c 


> > 


(i) BC+CA+AB=0 
Е 


= atb+c=0 

> а--(5-2) 

=> а.а--а.(Б-С) 

Р |(4р--(4.Б-4.0) коша 
= [а =—{]al.| | cos (x- C) «|a |.| e]. cos (т-В)} 
э |2 Ê =—-{[а|.|Ъ|соз (к-С) «|a |. ©]. соз (т-В)) 

> а^ =abcos C+accos В 

> а=рсо$ С+ссоѕ В 


(ii) ВС-СА-АВ-0 
- 


- 
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=> b.b=-b.(@+2) 
> b.b=-(b.a+b.c) 
> зы 
- 158 -- (|a].|b| COS (x- C) «| b|.|€ | cos (x — Ау) 
> I? = ab cos C + be cos A 
> b=acos C+ccos А 


(iii) Left as an exercise 
Theorem 3: An angle in a semicircle is a right angle. 


Proof: Let O be the centre of a semicircle with BOA as its P 
diameter. 


Let P be a point on the semicircle. Then, ZBPA is an angle in a 
semicircle. 


Take O as the origin. 
Let the position vectors of A and P be а and Y respectively. Fig. 17.17 (a) 
Then, the position vector of B is -а. 

> > > So 

АР = (position vector of P) – (position vector of A) = (ОР-ОА) =( r-a) 


3 
BP = (position vector of P) — (Position vector of B) 


= 
AP. BP =(t-a).(t+ a) 
> > > » » » > > 
= г.г+г.а-а.г-а .а 
= ТР ар [га.гт=т.а] 
=0 [= |x| =| al =radius| 
> > 
= ВР LAP = ZBPA =90° 


Hence, an angle in a semicircle is a right angle. 


Theorem 4: (Pythagoras theorem) Prove Бу vector method that in a right-angled triangle, the 


square of the hypotenuse is equal to the sum of the squares of the other two sides. 
Proof: Consider AOAB, in which ZAOB = 90? 


Then, we have to prove that ОА? + ОВ? = АВ? 
Take O as the origin. 
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Let the position vectors of A апа B be а and р respectively. Then, 
OA =2 and OB = B. B 
» > > > > 
AB -(ОВ-ОА)-(Ь-а) 
OA LOB 22 .b =0 20) 8 
Now, AB? =| АВР 
> > 
= AB . AB [9] 3 А 
Fig. 17. 17 (b) 
- (b-a).(b -a) 
- b b - b a-a b +а.а [by distributive law] 
|bP-22.b«|af [:a.a -a.b] 
=|a?+| bi? [using (1)] 
= ОА? + ОВ? 
Hence, OA? + OB? = АВ? 


Theorem 5: Prove by vector method that in a right-angled triangle, the midpoint of the hypotenuse is 
equidistant from its vertices. [B.C.A. (Indore) 2010] 


Proof: Consider AAOB, in which ZAOB = 90°. Let D be the midpoint of the hypotenuse 
AB. Then, we have to show that OD = DA = DB. 


Take O as the origin. 


Let the position vectors of A and B be a and р respectively. 


a > > > 
Then, а = ОА -OD + ОА 
› » » » » » E 2% 
апа b = ОВ = Ор + DB = Ор -DA [DB - - DA] 
OALOB = a.b =0 8 
» > > > 
= (OD + ОА). (Ор -DA) =0 
D 
» » » » Б 
=>OD.OD -DA.DA =0 x 
5 |OD Ê =|DAP 
5 |OD| =|DA| © Pi A 
Fig. 17. 18 
= OD = DA 
= OD = DA = DB [^D is the midpoint of AB] 


Hence, D is equidistant from O, A and B. 
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Theorem 6: In an isosceles triangle, the median to the base is perpendicular to the base. 


Proof: Consider a A АВС in which ВА = CA 
Let O be the midpoint of BC. 
Then, we have to show that OA LBC. 


Take O as the origin. 
... = = . 
Let the position vectors of А апа С be а апа с respectively. 


Then, P.V. of B is е 


ВА = (P.V. of A)-(P.V.of B) =[а —(—©)]=(а se) 


CA -(Р.У.оБА)-(Р.У.оЁС)-(4-2) 


ВА = СА = ВА? = СА? 


m 
+  |BAP=|CAP 
> > 
= ВА.ВА =СА.СА 
» » » 

> (ағс).(а-с)-(а-с).(а-с) 

> > > > > > > > > > > > > > > > 
> а.аға.с-с.а-с.с-а.а-а.с-с.а-с.с 
э 4a.c 2-02 a.c -0 
= OA LOC, and therefore, OA LBC 
Hence, OA LBC 


[B.C.A. (Delhi) 2011] 


[-OB = OC = о] 


Fig. 17.19 


Theorem 7: If two medians of a triangle are equal then the triangle is isosceles. 


Proof: Let AC and BD Бе two equal medians of A ОАВ. 
Then, we have to prove that OA = OB. 


Take O as the origin. 


Let the position vectors of A and B be а and b respectively. Then, 


P.V. ОО овес 


SU. d 


Is d 
Р.У. of D=OD --ОА -— 
2 2 


-» 
а 


[B.C.A. (Lucknow) 2008] 
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> l> > 
AC = (P. V. of C)~ (P.V. ofA) - (8-3) 
a 1» > 
BD = (P.V. of D) - (P. V. of B) = (23-8) 
О 
AC =BD 
> AC? = BD? D C 
> ә 
> АС.АС=ВО.ВО 
= (1% 2 (1% 2 = $) (2 5] В 
2 5 2 2 Ер, 17.20 
= 1(ъ.ь)+(@.а)-—(Ъ.а)-—(@.Ь) 
4 КА 207 
О (а b- Ea 
40” | 9 7 ow 
>  HBP+RP= 112 P+BP 
- |a? =| bP 
> ОА? = OB? => ОА = OB 


Hence, ЛОАВ is isosceles. 

Theorem 8: Prove by vector method that the altitudes of a triangle are concurrent. 
Proof: Let ДАВС be a triangle in which AD LBC and ВЕ LCA 

Let AD and BE intersect at a point O. 

Join CO and produce it to meet AB at F. 

Then, we have to show that CF 1 AB. 


Take O as the origin. 


Let арс be the position vectors of A,B,C respectively. Then, 


ОА =2,0B - b and OC =? 
> > ә 

ВС = (P. V. of C) - (P. V. of B) -(с-5Ы) and 
> э 
а-с 


СА = (Р.У. of A) - (Р.У. of C) = (à - €) 


= > 
Now, ADLBC ОА LBC 
> > 
= OA.BC -0 
= а.(2-5)-0 
> > 
And, BELCA =ОВ LCA 
> > 
3 ОВ.СА-0 
= Ъ.(а-С)=0 
> ba-be =0 
= a.b-b.¢ =0 [-b.a =a.b] 


Adding (1) and (2), we get 


а.с-5.6-0 >(а В) с =0 


> > 
> ВА.ОС-0 


> > 
> ОСТАВ = CFLAB 


Thus, the altitudes of AABC meet at a point О. 


Hence, the altitudes of a triangle are concurrent. 
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Theorem 9: Prove by vector method that the right bisectors of the sides of a triangle are concurrent. 
Proof: Consider a ДАВС in which D,E,F are the midpoints of BC,CA and АВ 
respectively. Let DO and EO be the perpendicular bisectors of BC and CA respectively, 


intersecting at O. Join OF. 


Then, we have to show that OFLAB. Take O as the origin. Join OA, OB and OC. 


Эс 
Let the position vectors of A,B,C be a, b,c respectively. Then, the position vectors of 


О, Е, Е are 
5 (b + 95 (c+ a) and — (a + Б) respectively. 
OD => +®),0Е- (6+8) апа ОЕ 
> > 
Also, ВС = (Р.У. of C) – (Р.У. of B) = (c- b) 


= > 
СА = (P. V. of A)- (P.V. of C) = (a- 


OD LBC 5 OD.BC -0 


Fig. 17.22 
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— (€+ b).(é-b)-0 
se cob b= 
=|¢P-|bP =0 (1) 
JE LCA -ОЁ-СА-0 
эд(ёка)(8-2)-0 
=(а+ с). (а-с) =0 
>a.a—-c.c=0 
>| f -|è P =0 (2) 
Adding (1) and (2), we get 
|2P-|bP =0 = (a+ b).(a—b) =0 
=7(@+b).@ Б) =0 


= OF BA =0 5 OF LBA, ie., OF LAB 


This shows that OF is also the right bisector of AB. 


Hence, the right bisectors of the sides of a triangle are concurrent. 


Theorem 10: Prove by vector method that the diagonals of a rhombus bisects each other at right 


angles. 
Proof: Let OABC be a rhombus whose diagonals intersect ata С (©) В 
point D. 


Let O be the origin. 


- 
Є 
Let the position vectors of А апа С be aande respectively. Then, 


OA sd ОС=С 


› О 7 Ай 
OB =OA+ AB - OA «OC =(a+ €) [> AB - OC] a (a) 
Fig. 17.23 
Position vector of midpoint of OB = : (a+ €) 
Position vector of midpoint of AC = js €) 


Thus, the midpoints of OB and AC coincide. 


So, the diagonals OB and AC bisects each other. 
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=e > ә, ә > 22 > > 
Now, ОВ.АС-(а-с).(с-а) Г-АС = (Р.У. оҒС)-(Р.У. of A) = (с-а)] 
=(€+a).(€—a) 
-с.С-а.а-|ср-|ар-ОС?-0А2-0 
ГОС = OA, sides of the same rhombus] 
э > 
> OB LAC 


Hence, the diagonals OB and AC bisect each other at right angles. 


Theorem 11: If the diagonal of a parallelogram are equal, prove by vector method that it is a 


rectangle. [B.C.A. (Agra) 2010 (Dec.)] 
Proof: Let OABC be a parallelogram in which diagonal OB = diagonal АС. 

Then, we have to prove that OABC is a rectangle. 

Take O as the origin. 


Let the position vectors of A and C be a and e respectively. Then, 
E = > EN 
OA =a andOC=c 
> > 
AC = (P.V. of C) - (Р.У. of A) = (c- 


» » » » > PES 
OB =OA+ AB = ОА +ОС =(а+ 


> > > > 
= OB .OB = AC. AC O 3 
Fig. 17.24 


= (€+a).(€+a) =(е-а).(е-а) 


> > > > > > > > > > > > 
>c.c+2c.ata.a=c.c-2c.at+a.a 


>4¢.a=-0>5¢.a=0 
= > 
= OC LOA. 


Hence OABC is a rectangle. 


=: Comprehensive Exercise 17.1 
1. Find а. b when: 


(i) d-i-2j«kand b -3i-4j-2K 


(1) @ =i+2j+3kand b = 2j 4k 
(іі) @=14+5kand b =3i-2k 
2. Find the value of à for which a and b are perpendicular where: 


G) 423i -je4kand b --Aie3j«3K 


(i) 2-зі-2|-5і andb--5j«Ak 
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3. Show that the vectors: 
=(21+3]+ 68), = Gi-6j 2i) 
and 1 (61+2]-3Ю) 
are mutually perpendicular unit vectors. 


<> ЖЫЛА АР, ie ет тС xí a 
4. Let a =41+5]-К,Ь =i-4j+5k and c =31+ }-К, find a vector а which is 


perpendicular to both a and b, and is such that d 16-21 


5. Тһе dot product of а vector with the vectors (1+ )-3 k), (1-31-2К) апа 


(21+ Ї + 4k) аге 0,5, 8 respectively. Find the vector. 


6. Find the angle between the vectors а and Р, when: 
: > 2 a? А = ^ q^ £$ 
(i) a =i-2j+3k and b =3i-2j -k 
- > 2 UR 2 =e * ws ^ 
Gi) a =3i+j+2k and b =2i-2j +4k 
7. Ifa =i+2]-3k and b =3i—j+4k then: 
(i) | Calculate the angle between (2 at Б) апа (a+ 2b) 
(ii) Show that (a + 5) апа (а -b) are orthogonal. 
8. Find the angle between а and b when: 
0) |al=2,|b|=landa.b=3 
-» 
(ii) |a | -43,5|-2 and 4.5-46 
> ^ ^ ^ => ^ ^ ^ 
9. Let a =21+3]+2Капа b=i+2j+k. 
> т г > 
Find the projection of (i) a on b and (ii) bona 
10. Find projection of (81+ p in the direction of (i+2j-2k) 


Х_а).(х+а) - 8find |x|. 


11. Ifa is a unit of vector such that ( 
12. Ifa and Б are vectors such that |4|-2, 5|-3 anda.b =4, find|a -B| 


> > > 
13. For any two vectors a and b, prove that (a iby < Гар | bf 


» P > 2? > => > > Pid 
14. Ifa+b+c=0, |a|[23,| b| 25 and|c|=7, find the angle between а and b 


15. If A(2,3,4), В (5,4,-1), С (3,6,2) and D (12,0) be four points, show that AB is 


perpendicular to CD. [B.C.A. (Garhwal) 2004] 
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> ^ ^ ^ 
16. ПАВ =3i-j+2kand the coordinates of A are (0,- 2,- 1), find the coordinates of B. 


17. Find the work done by the force F =2i+j+k in moving a particle from the 


point A with position vector (21+2) + 2k) to point B with position vector 


(31+4]+5Ю). [В.С.А. (Kanpur) 2005] 
= ži Answers = 
1. | (i) 9 (ii) 8 (iii) — 7 
2 (i) 4 =3 (ii) А=—9 


4. |d=7(i-j-& 


5. i+ 2j+k 


6. (i) ву (2| (ii) cos! In 


8. |30? 45° 
27546 EH 

9. |) = Gi) = 

© 

10. 10 
3 

1. =з 

2: /5 

14. | 609 

ШО B(3,-3,D 


WH. 7 units 


17.7 Vector (or Cross) Product of Vectors 


E 
Let à and b be two non-zero, non-parallel vectors and let 0 be the angle between them 


- +», Я ә г? (2u,. ^ 
such thatO < 0 «л, then, the vector product of a and b is defined asa x b =| a ||b|sin0 ñ 


Аа : : > = 
Where А is a unit vector perpendicular to both а and b. 
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Note: 1. If a and Р are parallel or collinear i.e., when 0-0 огӨ-л then we define, 
> > 

axb=0, 

in particular, a xb =0. 


2. Ifa =0 or b =0,we define axb =0. 


> e 1 r 
3. For any vector a, we define a xa = |а| |a|sin8 n =0. 


(i) Angle between two vectors: Let Ө be the angle between a and b then, 
axb =(absin®) ñ, where jal =4, | bI =} 


> D 


> [a x |= (absin9) | n| 
>  |èxb]=(absinð)| ñ| 
| |axb| ЕСІН 
> 8110 = у = = 
A > 
[а || b| 
> > 
> Ө=зїп Ё = 
25 
Га ПЫ 


Ч " : : ОМЫН" 
(ii) Unit vector perpendicular to two given vectors: We have, (a x b) is a vector 
: > л? ; х . > 
perpendicular to both а and b. So, a unit vector n, perpendicular to both a and 


o P 
b is given by n= (а хэ? 


> > 


[ax b| 


Note: There are two vectors, each of magnitude A and perpendicular to each of the vector 


а and Б. namely. 


178 Properties of Vector Product 


Theorems =m 


Theorem 1: Vector product is not commutative. 


> > 
Proof: Let a and b be two non-zero, non-parallel vectors, and let Ө be the angle between 
them, where 0 «0 « x. 
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EN 
Let n be a unit vector perpendicular to both a and b then, 8,5, ñ form right-handed 


system. 
> > 
хХЬ= ([а || b| sing) A 
= a xb = (аріп Ө) А 
> ә 

Again b, a and —й form a right handed system 
> > Yu В 
Бха=([ р || а | $16) (n) 


э > x х 
> a xb=-(basin®) п --(absin0) n 


Note: (1) For any vectors а and b 


(-B)xa =-(b xa)=b х(-а) 
хБ)-т( 


(2) For any scalar т, (m 


Theorem 2: (Distributive law) for any vectors 


a x(b+0)=(axb)+(axe) 


= > ә > > > > > > : 
Proof: Let P =[a x(b+c)-(a x b)-(a хс) | and let г be any arbitary vector. 


Then, О рУ 


-Ү(ах(Б-2)|-Ү(ахЬ)-Ү.(ахд) 


> — 
Yr. Ү 


> ә ә . 
Now, Р =0 =r =0 orP = 0 or( 


| >. : Ж > >. 
Since г is ап arbitary vector, we may choose it in such a way that г #0 апа г is not 


> > 
perpendicular to P. Then, P =0. 


э 2x(b+e)-(@xb)-(@ xe) =0 


> a x(b+e)=(€xb)+(axe) 


» > > » P > 9 
Hence, a x(b+c)=(a хЬ)-(ахс). 
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- ә ә 
Theorem 3: For any three vectors а, b, с 
a х(Б- с) =(а xb)-(a x с) 
Proof: We have 
a x(b-2) =a x[b+(-2)] 
Е (а х b) ах (- €) [by the distributive law] 
= (а xb)«[-(ax€)] 
> ? > > > > > > 
=(а xb)-(a xc) [a х(-с)--(ахс)) 
Hence, ах(Б-2)-ахБ-ахд 
> = > 2 
Theorem 4: Two non-zero vectors a and b are parallel or collinear iff (a x b) =0 
Proof: Let а #0 and b = 0,0 be the angle between them. 
Let us suppose that a and b are parallel or collinear then, Ө =0 or Ө-л 
sin0-0 
a xb -|a|| b|sin à -O 
Thus, whenever two non-zero vectors а and b are parallel or collinear, then 
ах b -0 
25 > 
Conversely, let a and b be non-zero vectors such that 
a xb -0 
Then, axb=0 > |axbl=0 
= |al| blsine=0 
= > 
= sin@=0 [as a +0, b #0] 


= 0=0 ол 
> > 
= а and b are parallel or collinear. 


> > > > > > 
Thus, (a #0, b #0 and a x b 20) 2 (a and b are parallel or collinear). 
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Theorem 5: For any two vectors а and 5, axb 0-а-0 ab Oor à and P are parallel 


or collinear. 


Proof: Let 0 be the angle between a and b, then 
> P m 
axb=0 = (absinð)ñ=0 


=> absin0 20 
а-0 or -0 or sin020 


=» 
= а=0 or b=0 or 020 огт 
=» 


а=0 orb=0 ora and р are parallel or collinear. 


Theorem 6: Let à x b = a x € then it does not imply that b =Сс. 
Proof: axb -ахс 
> (ахЬ)-(ахс)=0 
= ах(5-2)-0 
> > + 
> а=0ог(Ь- с) =0 or а||(Б-с) 
> 
= а=0 огЬ=с ora 1(5-2) 
j (axb) =a хс does not always means that b 2c 


17.8.1 Geometrical Interpretation of Vector Product 
=% > 3 > 
Theorem 1: The area of a parallelogram whose adjacent sides are represented by a and b is| a x b|. 


> э > > 
Proof: Let OA = а, OB = Бала ХАОВ =6. 
Complete the parallelogram OACB. Join AB, Draw BDLOA. 
In A OAB, we have 


base = OA =|a| 
altitude = BD = (ОВ) sin Ө =| Б|зїпӨ B С 
-. area of AOAB = 5 x base x altitude ДА 
b 
1-52. 1 : l> 2 D 
= 121161510 =z absin6=—|axb| ор А 
4- 
-. area of parallelogram ОАСВ =2 x (area of AOAB) Fig. 1 7.25 
> > 
=|a xb]. 


: : > а 
Hence, the area of a parallelogram whose adjacent sides are represented by a and b is 


given by|axbl. 


Note: (4хЬ) is called the vector area of the parallelogram. 
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э э 922 =» E ER 
Theorem 2: The area of AOAB, where ОА =а and OB = b is z! axb]. 
> > 2 > 

Proof: In A OAB, OA = a, OB = b and let ХАОВ -0 
Draw BL LOA ? Б 
In А ОАВ, we have a>. 

> : : 35 e А 
base = OA =| a|, and altitude = BL = (OB) sin Ө =| b|sin® О з Ж 

Fig. 17.26 


"7 area ofAOAB- 7 X base Х altitude = >| 1Б|ялд-214х5 


Note: 1. + (ax Б) is called the vector area of А ОАВ 


2. Area of A AOB is given by 


| > > 1 > » 1 » » 
510A xOB|- 5 |BO xBA|=; |AO xAB| 


Theorem 3: The vector area of quadrilateral ABCD with diagonal AC and BD is 5 (AC x BD). 
Proof: Vector area of a quadrilateral ABCD 


= (vector area of A ABC) + (vector area of A ACD) 
D С 


Fig. 17.27 


1 > > 1 » > 
= 5 (AB x AC) + > (АСхАр) 

1 > > D 1.2 > > 
=-5 ACxAB) + ; (ACX AD) = [АСХ(АБ — AB)] 


1: > > = — 
= 5 (AC xBD) [-AB «BD = AD] 


17.8.2 Vector Product of an Orthonormal Vector Triad 
For mutually perpendicular unit vector i, i К, we have 
іхі-іхі- КхК-0 


tok ЖК 
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and 


Fig. 17.28 


17.8.3 Vector Product in Terms of Components 


Theorem 1: Let а =m ita j+ a kand b =hit by j+ К, then 


ВИВА a xb = (41+ ay j+ ak) x(hit bj b k) 
= ay (AX i) + а, oj) +48 GR) + а Gxi) + а (јх) 
+ mb (jx k) + as (k xi) + ау, (Кх j) + (kxk) 


= (ay by – 3) i+ (ah aba) {+ (aby -ah )k 


1 J k 
= м d» а 
h b b 


Theorem 2: /f0 is the angle between the vectors 


a =qi+ a j+ ak and B = bi j+ bk then 


NAMUR CR LN GA 
(ay +08 +в) +b +B) 


Proof: We have 


P i Ї k 
axb-|a а) а 
h b В 


= (aby — ahy i+ (44) — abs) {+ (а -mh ) k 
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> |a x BP = (аЬ; asy Y. + (ay -qb + (aby -oh )? 
=> (ab sin 6)? = (2% — 1) + (а, -4b + (abo — ab y 
т gin? 9 = (obs 80) (48 - bs Y + (bp - ah 
[а | bP 


_ (wh 3)? + (ah - abs y. + (Gy -mh 
(а + ay +03) (bp + by +В) 


“4: [bs -mb Y, + (6 -ab Ý + (aby -oh 
= ын | (4 +й +) +102 +0) 


> 
Theorem 3: (Lagrange's identity) For any vector a and b prove that 


оо T. 
laxb['zJal|bl-(a.b) = 
э ә ә > 
a.b b.b 


[B.C.A (Meerut) 2002, 2004] 


Proof: Let Ө be the angle between a and р: then 


= (13| b|sin6) à.(| à|| Blsin 0) А 

=|a P | bP sin? (8.8) lined 
-|aP | b? sin? ө 

-|aP | bP (1- cos? ө) 

-|aP |bP-|3P | BP cos? o 


-|aP | b?-(@. by _@) 


ыр wl 

= #1 

ol 81 
wl 


му 
су a} 


- а. > 


-(ар |b|- (a 


Б)? = [From (1) and (2)] 


ol ®} 
т| ci 
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э ә 
Theorem 4: For any three vectors a,b, 
— 
b 


a x(b+ ©) + х(е+ a)+ éx(a+b) =0 
Proof: We have 


Em 
à x(b $e) +b х(с+а)+с x (a+b) 


» ә >> Qo ә э ә ә > > ЖЕН | 
=axb+axc+bxc+bxa+cxa+t+c xb [bydistributive law] 
=a xb (Бхе) (ёха) (axb) (b хс) (Сха)=0 


>> ә > ? > 
Theorem 5: If a, b, c are vectors such that a + b + с =O, then prove that 


2хЬ)-(5хе)-(еха 


( 


х 


) 


Proof: We havea +b+e =0 > ярые 
= (2+ b)xb - (- €) x (b) 
= (axb) +b x b -(- €)x(b) 
> axb+0=b xe 
= axb=bxe 40) 
Also, ai bee SO а рес 
= (b+e)xe =(-a)xe 
= bxe+exe --(dxQ) (ехе =0)] 
= bxé=exa (2) 
Hence from (1) and (2), we get 
axb=bxe=cxa 
Theorem 6: For any two vectors à and b 
(4— b) x (a-& b) =2 (a x b) 
Proof: We have (4-5) х(а +b) 
-axacaxb-bxa-bxb [by distributive law] 
=(axb-b xa) 
=(axb+axb) (axb sp xa) 
-2 (ax b) 


= 2 (vector area of parallelogram with adjacent sides а and 5). 


= Vector Algebra 


651 жш 


> > > 
Theorem 7: The points A, В, C with position vector а, b and с respectively are collinear if and 


only if (bx €) + (€x a) +(axb) =0. 


Proof: We have 


ә > 


АВ = (Р.У. of B) - (P.V. of A) = 6-8) 


> 


BC = (P.V. of C) - (P.V. of B) = (@ - B) 


Now, A,B,C are collinear 


e AB and BC are parallel 

ө (уе уы 
e (b а)хс (b a)xb =0 
e (bx ¢)-(a хе) - (b xb) « (ax b) -0 
e (b xà) (x2) «(d xb)-0 


=$ 


Theorem 8: When a.b =0 and àxb = 0, then a ziiard =0 


[by distributive law] 


[by distributive law] 


Proof: As a.b -0 and 4х b =0, 

> a =0 or b=0 or a Lb ам a=0 or b=0 or a || b 
E E 

=> a 


› > › > — » » » » ж > 
Theorem 9: [fa.b=a.c,axb=axc anda #0 then = с 


> > э > 
=0 or b=0 [. a Lb and a || b can never so hold together]. 


[B.C.A. (Rohilkhand) 2004] 


Proof: We have a D =a.c anda #0 


> 3.b-A3.6 ed) 

> а.(Б-2)-0 anda #0 
= (B- €) =0 or a ЦБ-2) 
> bee or à 106-6) 


" » > > > > 
Again a xb =axc anda #0 


=> (ахБ)-(4хс)-Оал43 #0 


> х(Б-2)-Оал43 #0 
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> b-é-0 or a || (5-2) 
э B=? ога || (5-2) _.(2) 


J л? » » » » эр » 
Hence from (1) and (2) we conclude that either b = c ога I(b- с) апаа || (6-с) 


rS > : э > 
7 b = с [since a cannot be both parallel and perpendicular to (b – с)]. 


Theorem 10: Ifaxb =exd and axe sb xd, show that (3-4) is parallel to (b 2) it is 
given that a # d and b = c. [B.C.A (Delhi) 2003] 
Proof: axb=e xd and a xé-b xd 

= axd-axe=exd-—bxd 

= ах(Б-2)-(5-2)х4--0 

M Водар суе 

= (2 -d)x(b -à)-0 

- (4-4) || (5-2) 


Непсе, (3-4) is parallel to (b -€) 


Theorem 11: If ra ur are the position vectors of А,В,С of a triangle ABC then the area of 
triangle ABC is 


ЯГ : om» s : А 
Also, the condition for points a, b, c to be collinear is 


a xb+b хе+еха =0 
Proof: Let 0 be the origin, then 
ОА =2, OB = b and OC - € 
АВ =(b- d) and AC =(С-а) 
So, the vector area of the triangle ABC 
= 5 AB «АС 56-8) х(е -2) 


э > 2 ť> > э ә ә 
--| хс-БЬха-ахс-аха| 
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= ВхёкахБиха [axa =0] 


=[#хБ+Ьхё +e ха] 
2. area of the triangle ABC=518 xb4 b xé4 ©ха| 


Further, let А,В,С be collinear. 


Then, the vector area of triangle А В C is 0. 


>? ә 
Theorem 12: Let А, В, С ре three non-collinear points with position vectors a,b,c respectively 


then the length of the perpendicular from C on AB is 


э ? ? > > > 
|АХЬ-Бхс-сха 


> > 


|b-a 


Proof: Let P be the length of the perpendicular from C to AB. 


А 1 Y 1 ә ~ 
Then, area of the triangle АВС = 2 Р(АВ) = 2 p| AB| = 7 pl b-a| 


: 1 > у 
Also, area of the triangle ABC = |ахь+Ьхс+сха| 


2 
>, 1 
а 

2 


or p= 


== Examples 


(Cross Product) 
Example 1: Find the unit vector perpendicular to both the vectors а -4i- j +3k and 


Ъ= (21+21-К. [B.C.A (Meerut) 2008, В.С.А (Kanpur) 2002] 


2 с : : > 3 
Solution: We know that a unit vector is perpendicular to both a and b 
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ij k 

m 
Now, axb=l4 -1 3 
2 = 


= (1-6)1+ (6+4) + (8+2)К 


=-5i+10j+10k 


|a xb|= (5) + 10? +(10)2 =15 


2. a unit vector is perpendicular to both а and b 
э ә ^ ^ ^ ^ x 5 
| axb (-51410)-10К) (-1-2)-2К) 
15 3 


> > 

|ахЫ) 

Ё Қ К > > 

Note: Another unit vector perpendicular to each of the given vectors a and b 


> > 
х) 10:21:58) 
[à xb] 

ax 


Example 2: Find the unit vector perpendicular to the plane of vectors а and в үуһеге 


a =i-j+2kand Б-21-31--К 
[B.C.A. (Meerut) 2009 | 


as 
Solution: We know that a unit vector perpendicular to both а and b 


o axb 

|a xb| 
БР” i j k 
Now ахЬ-11-1 2 
2 3-1 


-10-6)-14-1) -К(3-2) 


=-51+5]+5К 


|a хь|=\/(-5)? + (5 + (5)? 2548 


: A > P 
-. a unit vector perpendicular to both a and b 


> > А х А 
_ axb _ -51+5]+5К 
|a xb] 548 
dedu 


43 
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Example 3: If а= 1-2]+3К апа b =21+3]-5К then find a xb verify that a and 


> P : 
(ах b) are perpendicular to each other. [B.C.A. (Indra Prastha) 2006, 2009] 
1232 
m 
Solution: We have axb=|1-2 3 
2 3-5 
=i(10-9)+ j(6+5)+k(3 +4) 
Thus, a xb =(i+11j+7k) 
Now a .(ax b) =(i-2]+3k).(i+ 11) + 7k) 
-1-22-21-0 
> a 1(4х5) 


Example 4: If a =41+3]+2КапаЬ =3i+2k find| bx2a| 


Solution: We have b = (3i+2k) and 2a = (81 + 6) + 4k) 


20 i jk | | : 
Бх2а-|3 0:21-1(0-12)-106-12)-К(8-0) 
864 
=-121+4]+18К 


| Бх24|-4(12) + (4? + 08? = J484 =22 


Непсе, |b х2а|-22 
> а» > > 2 А н > > 
Example 5: ІҢ a|=2,|b|=7and(a xb) =(31+2 } + 6k), find the angle between a and b. 


Solution: Let Ө be the angle between а and Р, then 


a xb =3i+2]+6k 


= | х Б|-432 +22 +62 2449 =7 


> [а|[Б|зїпө =7 
: 7 7 1 
=> sin 8 = ——— 2x7 2 
= 
ЕУ 
хос 1 T 
> Ө = 5іп | )=ө- 
2 6 


> 3*. TX 
Hence, the angle between a and b is —. 
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Example 6: Find the value of À for which the vectors а=1+ Aj 4 3k and b =31+ 2) +9k 


are parallel. [B.C.A. (Rohilkhand) 2007] 


Solution: Since a and b are parallel then Зур -0 


i- 1 

= ] X 
3 2 

1(91:-6)-1(9-9) -К(2-33)-0 

э 93:-6-0,2-33-0 


> А = 


ом 


Hence, the required value of À is =. 


Example 7: Find а vector of magnitude 15, which is perpendicular to both the vectors 


(41 ] + 8К) and (-j+k). 
Solution: Let a = (41 - Ї + 8К) and b = (| - k) 


= 
A unit vector perpendicular to both а and b 


_(@xb) 
ЕСІП 
i j k 
> А А А 
axb-|4-1 81-71-4)-4К 
0-11 


|ахБ|-449 16-16 -481-9 


2. a unit vector perpendicular to both a and b 
_ 71-4]-4К 
9 
2. а vector of magnitudes 15 and perpendicular to both а and b 


ISI Rei) o d 4j 4k) 
9 3 
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Example 8: Let a -i-j b =3] 
perpendicular to both a and b and ld =] 
MEN 
Solution: We haveaxb-|l -1 0 = (їч j+3k) 
0 3 -1 


axb (161438) 


lax) VELL 

a Safe 
The required vector d = ыз poesi) 

vil 
>> a д #@+]+38 
Then с.а =1 > (7i-k). = 
МІ 

> (--0-3)х-411 

Л1 
= Хосе 

4 
7. the required vector is 4 -M ык) 

4 411 


фе 2% 
=—(i+ j+3k). 
grit к) 


657 жш 


3)-К and © =71- К Find a vector a such that it is 


TS ^ ^ > ж A ж 
Example 9: Іп АОАВ ‚ОА =31+2]- Капа ОВ =i+3j+kfind the area of the triangle. 


П КР 
Solution: Area of А ОАВ 4 (ОА ов) 


ij k 

> > 
Now, OAxOB=|3 2-1 
13 1 


=(2+3)i-(3+)j+(9-2)k 
=5i-4j+7k 


IN c 55 24 7{ 
arca of AOAB=| (OA хөв) = |51-3]+ Zk 


1 

2 

[25 49 490 
- -4---- 

4 4 2 


ES 10 units 
2 
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Example 10: Find the area of triangle whose vertices are A (1,1,1), В (1,2,3) and C (2,3, 1). 
Solution: We have 
> хо АСА дә д дол 
А =(1+ j+ k),B =(i+2j+3k) and 
> ж А А; 
C =(21+3]+ К) 
АВ - P.V. ofB - P.V. of A- (i42j «319 - (i j« f) 
=01+)+2К 
AC - P.V.of C -P.V.of А=(21+3]+К)-(1+)+ КЮ) 
=1+ 2) +0k 


12-3 > 
Area of triangle АВС - 2 (АВ х Ac) 


№ = =e 
Жэ 


ll 

| 
- O m» 
C 259 


=5 {© 4)} i+ j {2-0}+ 0-1) 
-|- 211-58 
2 


421 


- ue Square units 


Example 11: Show that the three points5i + 6) + 7К, 71- 8) + 9kand3i+ 20) + 5kare 
collinear. [B.C.A. (Meerut) 2006] 
Solution: Let Я-514 6j + 7k 


=> ^ А 
Ь=71-8)+9К 


а =3i+ 20j+5k 
>> > 
We know that the point A, B, С with position vectors a, b, с respectively are collinear if 
and only if a xb+bxe+exa =0. 
i ik 
E a A x 
Now, axb=|5 6 7 -1101-41-82К ЕСІ) 
7-8 9 
к 
> +» 2 Е Р 
Ьхс=|7 -8 9|--2201-8)-164К ...(2) 
3 20 5 


e Vector Algebra 659 ж-ш 
i jk 
ёха =3 20 5|=1101+4)-82К (3) 
5 6 7 
(+ (2) + (3) -зхь+ьхе+еха =0 


Hence, given points are collinear. 
Example 12: Using vector method, show that the points A(2,— 1,3), В (4,3,1) and C(3,1,2) 
are collinear. 


Solution: We know, the points А,В,С are collinear €» area of a triangle is zero 


-» 


^ ^ А > ^ ^ a > ^ ^ ^ 
Моуу, A =2i-j+3k, В-41-31-К, C=3i+ j+2k 


AB = Р.У. of B- P.V. of A= (41+31+- (21-1+3® 
=21+4]-2К 


AC - P.V. of C-P.V. of A=(314 j42Í9 - Qi - 743% 


= (i-2j-k) 
ij k i j K 
> > > 
АВхАС-|2 4 -2|=2 |1 2-1-2х0-0 
Ї Зы 1 2-1 


= 
Thus, AB and AC are parallel vectors, having a common point, A. 


Hence, the points А,В,С are collinear. 


Example 13: Show that the three points i 2) | 3k, 214 З) 4k and -7}+10k are 
collinear. [B.C.A. (Meerut) 2008] 


Solution: Let 


-» 
с 


-01-7)-10К 


: : - 222 . , | 
We know that the points А,В,С with position vectors, a, b, с respectively are collinear iff 


(axb)+(bxe)+(ex2) -0 
ijk 
Now, axb=|1 -2 3|21(8-9)43(6--4) K(3 +4) 
2 4-4 


--1410)-7К 4) 
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ij k 
> 3 ” А х 
Бхе= |2 3-4-21-20)-14К 29) 
0-7 10 
ij К 
éxa-|0 -7 10/=i(-214+20)+ }(10-0)+ K(0 +7) 
1-2 3 
--1410)-7К 23) 


(1) + (2) + (3) -(ахЬу-(Бхе)ғ(еха)-0. 
Hence given points are collinear. 


Example 14: Show that the points having position vectors 


2-2 6:38). C2043 b42 €), (-82 13 b) 
E 


2 
are collinear, whatever be a, b, с. [B.C.A. (Meerut) 2003] 


Solution: Let A, B, C be the given points whose position vectors are 


C=-82+13b+0¢ 
Then . АВ =(P.V.of B)- (P.V. of A) =(-2243b +27) - (2 -2B +37) 
ви boc) 
Р 
AC =(P.V.of C) - (P.V. of А) 


-(-83:13Б)-(4-20 436) --98 +15b-3¢ 


a bc 
E > 
АВХАС -1-3 5-1 
-9 15-3 


=@ (-15+15)+Ъ (9-9) € (-45 +45) 
=0+0+0=0 


> > 
-. АВ and АС are parallel vectors, having a common point A, hence the points А,В,С are 


collinear. 
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Example 15: Find the scalar components of a unit vector which is perpendicular to each 
of the vectors 1-21- Капа (31 - Ї + 2k). 


Solution: Let à =i +2j- kand b =3i-j+2k 


E 
Then, the vector perpendicular to each of a and b are 


+ (d xb) 
|a x b| 
id 
> ә А А А 
Now, (4х5)-11 2 -1|-3i-5j-7k 
Sui d 


|2 xb| 249325 +49 = J83 


(31-51-79) 
483 

31-5)-7К а E 
483 483 


Example 16: Find the area of the parallelogram whose adjacent sides are represented by 


each of the vectors + is perpendicular to both а and Ъ. Therefore, the 


required components are 


the vectors (1 -3) + k) and (1 + 1 + k). 
Solution: Let A B C D be the parallelogram whose adjacent sides be given by the vectors. 
> ^ ^ ^ > ^ ^ ^ 
AB =(1-3ј+ k) and AD =(i+ j+ k) 


E E Ыы 
2. area of parallelogram A B C D = | ABx AD| D € 


=|-41+4k| A 
Fig. 17.29 
= 432 square units 
Example 17: Find the area of the parallelogram whose diagonals are represented by the 


vectors 
d; -4i- j- 3k) and dy =(-2i+ j-2k) 


үә > 
Solution: Area of parallelogram = 219%х%1 


1 1 k 
Now, djxd, =| 4 -І -3|1-51-14)-2К 
1 -2 
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Area of the parallelogram = —|dj x dy| 


425 + (14)? +4 = ; 022 E square units. 


E 
Vector moment (or torque)- Let F be the force acting at a point P, and let A be a given 


point outside the line of action of Е Then we define moment of Е applied at Р about point 
A= AP x Е. 
Example 18: Find the moment of F about the point (2,-1,3), when the force 
F =3i+2j-4k is acting at the point (1, —1, 2). 
> > 2 
Solution: We know that moment of F applied at P about A = (AP x Е). Now, the force 


F =31+ 2) -4k is applied at the point P(L—1,2) we have to find the moment of Е about 
the point А(2,-1,3). Now, 


АР -(Р.У.оЁР)-(Р.У.оЕА)-0-1-2)-121-1-38) 


=(—1-Ю 
i j К 
> > > 
Moment of Е applied at Р about А=(АРхЕ)=|-1 0 -I 
3 2 -4 


= (0+2)1-(4+3)7+ (-2 -0)k =(2i-7j-2k) 


Example 19: Find the vector moment of three forces (1 + 2j -3 Ю, (21 + 3j + 4k) and 


(-i - Ї + k), acting on a particle at а point Р(0, 1, 2). about the point А(1,-2,0). 


Solution: Let F be the resultant of the given forces. Then 


Е=(1+21-3Ю + 21+3]+4Ю +(—1-]+Ю 
=(@1+4]+2Ю) 


- > > 
Moment of F applied at P about A = (AP x F) 


where AP -(Р.У.оЁр)- (P.V.of A) 
=(01+)+2®Ю)-(1-2)+0Ю =(—1+3)+2Ю) 


2. the required vector moment 


20 i j k 2 | 
-(АРХЕ)-1-1 3 21-(6-8і-(4-2)-Қ(-4-6) 
2 4 


=-21+6]-10К. 
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Example 20: Find the moment of the couple consisting of the forces F -31-21-К 
acting through the point (i - Ї - k) and – Е acting through the point (21 - 3j - k). 


Solution: Let A and B be the points with position vector (i-j+ К) апа (2i-3j-k) 


respectively. 
ES 
Then, BA = (Р.У. of A)- (Р.У. of B) 
-(-j«19-Qi-3j- I9 =(—1+2)+2Ю) 
> ^ ^ 
Also F =3i+2j-k 


> э 
2. Moment of the couple = BA x Е 


ijk 
--12 2 
3 2-1 


= (-2 -4)i-(1-6)j+(-2 -6)k = (-6i+ 5j - 8k) 


Magnitude of this moment = 436-25 +64 =V125 = 5 V5. 


17.8.4 Solving Geometrical Problems Using Vectors Method 


Theorem 1: (Sine rule) In a triangle ABC, prove by vector method that 


= "T - E: ; where BC =a, СА = b and AB = с 
біл А sinB sinC 
> > = 
Proof: Let BC = 2,CA = b and AB = с. Then 
=> > > 
а-Б-с-8С-СА-АВ-0 
Now, a+b+e=0 
> ах(а+ b+ с) = 2х0 
(л-В ? С 
Creve ere e 
” 1 Fig. 17.30 
> axb=-axe [> axa =0] 
= 86-08 а) 
Again, а+р+с=0 
» > » > > 
> Ьх(а-Б-с)-5х0 


И И шу $ » 
> bxa+bxb+bxc =0 


— 644 B.C.A Mathematics-I (Unified) === 
> -2xb+bxe=0 [ bxb=Oandbxa --2 xb] 
> bxe -axb (2) 
axb=bxe=exa [From (1) and (2)] 
= |a xb] =|Ьхс|=|©ха| 
> absin(n — C) = be sin(m — A) = саѕіп(л — B) 
> арѕіп С = bc sin A = casin B 
> ише ны шы [dividing each by abc] 
с а b 
a b с 
> — 


sinA sinB sinc 
Theorem 2: The parallelograms on the same base and between the same parallels are equal in area. 


Proof: Let ABCD and ABEF be two parallelograms on the same base AB, and between the 
same parallels AB and DE. Then, 


vector area of parallelogram ABEF 


D F E E 
A B 
Fig. 17.31 
-» > 
= AB x АЕ 
-» 
= АВ х х(Ар+ DF) 
-(АВ x(AD) + (АВ DF) [by the distributive law] 
> > > > > > 
= ABx AD Г-АВ || DF 2 AB xDF =0] 


= vector area of || gm ABCD 
Hence, area (|| gm ABEF) = area (|| gm ABCD) 


Theorem 3: К D, Е, F are the midpoints of the sides BC, СА ала АВ respectively of А ABC then 


area (ADEF) = — 2 ага (ДАВС). 


Proof: Let А be the origin, and let the position vectors of B and C be b and c respectively. 


see Vector Algebra 645 шшш 
Е т = еэ» [=> : 
Then, the position vectors of D, E, F are z +c), 2 с and 2 b receptively. 
3 A 
DE =(P.V. of E) - (P.V. of D) 
m (b+ c) =--Ь 
2 F E 
Ен 
DF -(P.V. of F) - (P.V. of D) 
ME B D C 
2 2 2 Fig. 17.32 


1 > > 
Vector area of A DEF = 2 (DE x DF) 


=] (vector area of А АВС) 
area (A DEF) = : area (AABC) 


Theorem 4: For any two angles © and B, sin (о — B) = sin о cos B — cos о sin В. 
[B.C.A. (Indra Prastha) 2011] 


Proof: Draw a circle of unit radius with its center at the 
origin O. Let P and Q be two points on the circle such that 
ZPOX =a, Z ООХ = p and ZPOQ = (a – B), as shown in 
the figure 7.33. 


Р(соѕ о, sin о) 


Let i and ) be unit vectors along OX and OY Qicos В, sin В) 
respectively, and let k be a unit vector perpendicular to 


the XOY plane. Then i ) : k forma right-handed triad. Х 
> > 
Also, ОР =|OP|=1 and OQ=|OQ|=1 


Draw PM LOX and QN LOX Fig. 17.33 


= = > ” 
Now, OP =O M+MP -(OM)i +(MP)j 


= ((OP) cos a)i + {(OP) sin aj = (cos о)і + (sina)j 


> > 22 4 ^4 
OQ -ОМ- МО =(ON)i+(NQ)j 
= ((OQ) cos B} + {(OQ) sin B}j = (cos В)і + (sinp)j 


OQxOP -|OQ || OP [sin(a В) = 1.151 (0 В) К 
= sin(a - B)k (1) 
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"EM i j k 
Also, ОО ХОР = | соз В sinB 0 
cosa sina 0 
= (sina cos В — cos oc sin B) k. (2) 
From (1) and (2) we get 
sin(a — pk = (sinat cos В – cos & sin pk 
> | sin(o. - B) К =| (sina cos B — cosa sin B) k| 
= sin(a —B) = (sin о cos В – cosa sin В) 
Theorem 5: For any two angles © and В, sin(a + В) -віпо cos В + cos о. sin B. 


Proof: Draw a circle of unit radius with its centre at the origin O. Let OP and OQ make 


angles © and В with OX, о in the anticlockwise direction and В in the clockwise direction. 
Then, “РОО = (a +В). 


> > 
Also, OP =|OP|=1 and ОО =|ОО]|=1 
Draw PMLOX and QN LOX 


Let i and j be unit vectors along OX and OY 


respectively, and let k be a unit vector perpendicular to 
the XOY-plane. 


Then, i, i k form a right-handed triad. 


> > > ^ ^ 
Now, ОР=ОМ+МР =(ОМ)1+(МР)) 
= { (ОР) cos a}i+ (OP) sina} | 


= (cosa) 1+ (sina) | Г-ОР =] 
And, OQ =ON+NQ =(ON) i+ (NQ)(-}) 
= {(O.Q) cos B} i- (OQ) sin В}) 

= (cos В) i- (sinp)j -І“ОО-Ц 


OQ xOP = {(созВ)1-— (віп В)} x(coso) i (sino) jj 
= (cos @ cos В) (ix i) + (sinat cos B) (ix j) 
-(сов a sin B) (jx i) — (sin a sin p) (jx ) 
= (sina cos В) К+ (cos a cos В) К 


[- ixi 2 jxj 20, ix = K and jxi- -K] 


= (sin & cos В + cos & sin pk 
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(OQ) OP |sin Z POQ} k = (sin a cos B+ cos © sin pk 
sin(a + В) К- (sina sin В + cos æ sin В) k 
|sin(o + В) К -|8 æ sin В + cos о sin В| К 


sin(a + В) =(sina cos В + cos о sin В) 


=: Comprehensive Exercise 17.2 


1. 


Find (ах Б) and | ах Ы, when: 

(i) @ =24+]+3kand b =31+5j-2k 

(i) @=% -7ĵ+7kand b=3i -27+2К 

(ii) а =314+4jand b=i+ j+k 

Е 
а 


E ^ ^ ^ 2 ^ ^ ^ E E 5 > 
If a =3i+4j-7k and b =6i+2j-3k then find (a x b). Verify that b and a x b 


are perpendicular to each other. 


> > 
Find the unit vectors perpendicular to both a and b, when: 


(i) a-i-2j«3Kand 5-1-2)-К [B.C.A. (Meerut) 2000] 
(1) a =4i+2j-k and b =i+4j-k [B.C.A. (Kanpur) 2001] 
(іі) а =2i+j-2k and Б =3i-j+k [B.C.A (Rohilkhand) 2007] 


Find the unit vectors perpendicular to the plane of the vectors a -21-6)-3К 
апа Б -41-31-К 
Find a vector of magnitude 6 which is perpendicular to both the vectors 


a -4i- j-3kand Б =-2i+j-2k 
Ifa -1-2)-3К and b = i-3k then find |bx2 al 
If |a|=5, | b|=13 and |a xB|=25, find a. b 


Leta = i+4j+2k,b -3i-2j«7k and c -2i-j«4Kk. Find a vector 4 such that 


=> — > 2 
it is perpendicular to both a and b and с.а =18. 


Find the value of à and p which (21+ 6j+27k) x(i+ A j-- uk) =0. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
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Find the area of the parallelogram whose adjacent sides are respectively by the 


vectors: 

-» ^ ^ ^ > ^ ^ ^ 
(1) а=31+ j-2k and b=i-3j+4k 
(1) a4 -21 and 5-3) 
Find the area of the parallelogram whose diagonals are represented by the 
vectors: 
(i) 4|-31-1-2Кал44, -1-3)-4К 
(1) dj =i-3j+2kanddy --1-2) 
Using vectors, find the area of A ABC, whose vertices are 
(i) А(3,-1,2), B(L-1-3) and С(4,-3, 1) 
(ii) A(L2,3), B (2,5,- 1) and (C-112) 
Find the unit vector perpendicular to the plane ABC, where the points А,В,С 
аге (3,- 2), (,-1,-3) and (4, - 3,1) respectively. 
Show that the points having position vector (-2 а+3 Б +5 €), (a +2 Б +3 ©) 
апа (7а -с) are collinear, whatever be a, Bec. 
Using vector method, show that the given points A,B,C are collinear where: 
(i) A(3,-5,1), В(-1,0,8) and С(7,-10,-6) 
(1) A(6,-7,-1),B (2,-3,landC (4,-5,0). [B.C.A. (Delhi) 2001, 2005] 
Show that the points A,B,C with position vectors (31-2]+4Ю, (is je К) апа 
(-i+4j-2k) respectively are collinear. [B.C.A.(Meerut) 2004] 


> ^ ^ ^ 
Find the moments of the force F =1- ] + К, acting at a point P with position 


vector (41 + 3j 225 about the point A(LO 1). 


A force F =21+ 3j -Кї8 acting at the point (2,-1,4). Find its moment about the 
point (1, - 2, 1). 

Two unlike forces (31 + p and (3i - k) of equal magnitude are acting on a body at 
points (i + 2) - К) апа (21 - Ї + 3k) respectively. Find the moment of couple 


formed by these force. Also, find the magnitude of moment of the couple. 
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= f^Answers 

1. | (i) gxb 2 C17i*13j4 7k) and | àx b| 213 43 

(ii) ax b 219 (j+ Å) and| ax b| -19 J2 

(iii) ахБ-(41-3)-К) and| ax b| - 26 
2. |ахЬ=(21—-51)-30ЁЮ) 
3. 10) чүү je Kk) (ii) + am (21+3)+14Ю) 

(iii) tex (14-8j +5k) 
А £2 (i-2}+ 6k) 5. +2(-1+2ј+2 
6. |4419 208800 
% d -641-21-28К 9. һ=З,и= 2” 
10. | (i) 1043 square units (ii) 6 square units. 
1. (1) 5 V3 square units (ii) E 21 square units. 
12. (1) 59165 square units (ii) : 155 square units. 
13. -i-2jt4k 17. о 6k 

КОЙ 

18. | -10i+7j+k 19. (31-11)-9К),4211 units. 


17.9 Product of Three Vectors 


17.9.1 Scalar Triple Product 


Scalar triple product of three vectors a,b,c is defined as (ax ус and is denoted Бу 


[a, b, c] Or [a b c] i.e. Га, b, c] -а (b x c) = scalar quantity. 


Geometrically it represents the volume of a parallelopide whose coterminous edges are 


represented by а, 4, с. 


— 650 B.C.A Mathematics-I (Unified) амаа 


Theorems к= 
(Scalar Triple Product) 


Theorem 1: For any three vectors 


(axb).¢ = 


>} 
c4 
x 
б 


i.e. dot and cross are interchanges. 


232 с : : 
Proof: Let a,b,c form a right-handed system, representing the coterminous edges of a 


parallelopide of volume V. 


Then V =( 


2.592 : 2 : 
Again, b,c,a forma right-handed system representing the coterminous edges of the same 


parallelopiped. 


5 
Hence, (ax b). c-a (ax c) 


Theorem 2: To show that 


(axb).¢ -(bx с) ‚а = (сх a).b 


The scalar triple product of three vectors remains unchanged as long as their cyclic order remains 
unchanged. 


Proof: Let a,b,c form a right-handed system, representing the coterminous edges of a 
rectangular parallelepiped of volume У. 


=> 


Then V 2(axb).c 


=> > ә > 3 72 а : Р 
Now, b, с, а as well as c, а, b form a right-handed system representing the coterminous 


edges of the same parallelopiped 


V -4р хе).а and V -(дха).5 
Thus (а xb). € =(bx суа =(Схауа 
Непсе, [а Б c] -[b с а] -Ге а b] 


Theorem 3: The scalar triple product changes in sign but not in magnitude when the cyclic order of 


vectors is changed. 


> р ә 
Proof: For any three vectors a, b, с we have 


>> 


[a b с]= [Б са]= [са b] 


se Vector Algebra 


Ге b a]--[a b c] and [а c Б|--(а Б c] 


Theorem 4: The scalar triple product vanished if any two of its vectors are equal 


i.e. [a a b]=0,[a b a]-Oand[b a a]=0 
Proof: We have [2 a b] -(a xa) b =0.b =0 


And [b 


> > > 
Hence, [a a b] =[a b а] -10 а а] =0 
Theorem 5: The scalar triple product vanishes if any two of its vectors are parallel or collinear. 
> > > 
Proof: Let а, b, € be three vectors such that a || b or а and b are collinear. 


= > 
Then а =m b for some scalar m 


[а b С1-1т Б, Б, c] - (m bx b). c ]-0. c =0. 


Theorem 6: The necessary and sufficient condition for three non-zero, non- collinear vectors а, b, c 


to be coplanar is that [a b c] =0 


2232 72.22: : 
Proof: Let a, b, с be three non-zero, non-parallel vectors. Then b x с is perpendicular to 


the plane of Б and c 


> (bx €) La [2 а, b, € are coplanar] 
> а.(6хе)=0 
= [2 b c]=0. 


>? ә ; 
Conversely, Let a, b, с be three non-zero, non-collinear vectors such that 


[a b €] - 0. 
Then, [a b С =0] -а.(Бхс)-0 
= a=Oorbxe=Oor Бхеіз 
> Бхс-ОогБхсї3 [a #0] 
> (bxa)la 
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Thus, (b хе) is perpendicular to a. 
But, (b хс) is perpendicular to the plane of bande 


= 
^. a must lie in the plane of b and c. 


> > ә 
Hence, а, b, c must Бе coplanar. 


Theorem 7: (Scale triple product in terms of components) 


= ж ж a > ^ ^ ^ 
Let a-aqitajtak b=hit+hjt+hk 
and € =Gitcjtogk. 
5 а © а 
Тһеп [abc]=|h № В 
Я © 63 
ij 
Proof: We have ax = а а) а = i (aby -mh )+ | (а-а) +k (ab — ah) 
hob by 


[a, b, <] =(ахь).е 


= (ab — agby) с + (azh -abs )с> + (aby -ah ) сз 
= а (сз — су) + dy (ва — сз) + a (дс) — с) 


а 4 аж 
=|) № В 
а O & 


> 2 А 45-17 5 А > 3 A ^ 
Note: For three vectors a = qit+mj+@k, b=hit+thj+bkand с =ġi+cj+ck to Бе 


coplanar we have to show 


а а) a 
b b М|-0 
а O 6 


© 
OM Examples 


(Scalar Triple Product) 


Example 1: Show that the vectors is З) + Ak, 915 ) +2kand4i- 7) +10Каге coplanar. 
[B.C.A. (Meerut) 2008] 


Solution: Let 


=41-7]+10К 


= Vector Algebra 655 жш 
1-3 4 
>= 
(а Һс|-|2 -1 2|=1(-10+14)+3 (20-8) +4 (-14 +4) 
4 -7 10 
=4+36-40 =0 


Hence, the given vectors are coplanar. 


Example 2: Show that the vectors 51+ 6j + 7k, 71- 8) +9kand3i+ 20) +5Каге coplanar. 
[B.C.A. (Meerut) 2007] 


Solution: Let a=5i + 6) +7К 


b -7i-8j-9k 
z 
с 


=31+20)+5К 
s p 67 
[a bc]=|7 -8 91-5(-40-180) +6 (27-35) +7(140 +24) 
3 205 


-5х-220-6х-8-7х164 
=-1100-48 + 1148 =0 


Example 3: Show that the four points with position vectors 
(41-5) Ю, ( Ї k), (31 H 91+4К) апа A(-i+j + k) are coplanar. 
[B.C.A. (Delhi) 2003, 2007] 


Solution: Let the given vector are the points А, B, C, D then points A, B, C, D are coplanar 


> > > 
> AB, AC, AD are coplanar 
> > > 
> [AB, AC, AD]=0 
Now, AB = (Р.У. of B) – (P.V. of A) 


=(-j-k)-(41+5j+k) =(4i-6j-2k) 


АС= BV of C- P.V. of A 


= (31+9j+4k)-(4i+5 j+ k) =(-i+4j+3k) 
E 


AD = (P. V. of D) - (D. V. of A) 
= (-41+47+4К) - (4i 5j k) - -8i - j - 3K) 


-4 -6 -2 
“> > = 
[AB,AC,AD]=|-l 4 3 

=8: <I 3 


=—4 (12 +3)+6(-3 +24)-2 (+32) 20 


> > ә 
EA AB, AC, AD are coplanar. 
Hence, the points A, B, C, D are coplanar. 
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Example 4: Find the value of À so that the vectors 
a-2i-3j« k, b = 1+2]-3К and € = j+ 1k аге coplanar. 
[B.C.A. (Rohilkhand) 2005] 


Solution: The given vectors will be coplanar if [a, b,c] =0 


Now, [а b c]20 
2 —3 Ї 

> 1 2 -3/=0 
0 1 À 


2 (24 +3) +3 (+0) +1(1-0) 20 
э 7+7=0 > А=-1. 


Example 5: Prove that [1 j k] 21 
Solution: 2. G, j К=@х).К=К.К=1 
Example 6: If a = 2i+j+3k,b=—i+2j+kand € --314 j4 2k, find [a b c]. 


Solution: We have 


р 1 3 
[а®с]=|-1 2 1 
a 2 


=2 (4-1)+1(-3+2)+3 (-1+6)=6-1+15 =20. 


Example 7: Find the value of à so that four points with position vectors 
(- 6i+ 3j + 2k), (3i + Aj + 4k), (51 + 7) + 3k) and (-13i + 17) - k) are coplanar. 


Solution: Let the given points be A, B, C, D respectively, then 
AB - P.V. of B- P.V. of A 
= (3i+ Aj+4k) - (261 3j - 2k) 291 ( -3)j - 2k. 
AC- P. V. of C -P.V. of A = (514 7j 3k) -(- 6143] 2k) 
=11 +47+К 
AD - P.V. of D- P.V. of A-(-131«17j - k) -(-61« 3j 2k) 
=-7i+14j-3k 
> > > 
Now A,B,C,D are coplanar <> [AB, AC, AD] =0 
9 1-3 3 
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<> 9(-12-14)-(A-3) (-33 +7) +2 (11x14 4 28) 20 
e 26 +52 20 
e Х--2 


Example 8: Find the volume of parallelopiped whose edges are represented Бу 


a =2i-3j+k 


and 


Solution: Here, volume of parallelepiped is 


J a3 
4 
Га Ьс|-|1 -1 2 
MESS. 


-2(1-2)43(-1-4)41(142) 2 -2-15 +3 --14. 


Example 9: Show that the points А (–1,4,-3), B (3,2,-5), С(-3,8,-5) and D (-3,2,1) 


are coplanar. 


Solution: Let the position vectors of А = 1+4) 3К,8-31-2) 5k C=( 31-8) 5k) 
and D =(-3i+2j+h). 


AB - P.V. of B- P.V. of А-(31421-58)-(-1-4/-38)-41-21-2К 


AC - P. V. of C -P.V. of A = (-31+81-5® - (1+41-3Ю - 2j « 4j- 2k) 


=> ^ ^ А A A А А А А 
AD - P.V. of D- P.V. of A=(-3 i+ 2j+k)-(-i+ 4j-3k - 21-2] 4k) 


4-3 —2 

> > > 

[AB, AC, AD] =|-2 4 -2|=4(16-4)+2(-8-4)-2(4+8)=48-24-24=0 
4 с-2 4 


= A,B,C,D are coplanar. 


Example 10: If 8,5,2 be any three vectors, then prove that 
[a+b,b+c,c+a]=2[a,b,c] [B.C.A. (Meerut) 2004] 
Solution: L.H.S. = [a+ Б, b+ ce + al 


э ә o э o - » » » 
+Ь).{Бхс + Бха+схс+сха} 


Э+Ь). {6 хе+ьха+0+еха} [ 


-а (Бх 2)-а .(2x b)+ а.(ех а) 


+b.(bxe) + b.(bxa)4 b.(@x2) 


— 656 
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=(abe]-[aab]+[acal+[bbec]+[bba]+[beal 
zm bb [a a b]=0 
=2[2 b c] 
=К.Н.5. 
Example 11: Show that 8,5,2 are coplanar if and only if (a+ Б), (b + с), (c+ a) are 
coplanar. 
Solution: Let (a+ Б), (b ке) Жез а) are coplanar 
= [а + Б, b+ с, c+ а] =0 
e (a4 b).[(b +с)х(с +a)]=0 
e (a+ b) [bx C+ bxatexetex а| -0 
> a.(bxe)+a.(bxa)+O0+a.(e xa) 
+ b.(bxe)+ b.(bxa)+ b.(exa)=0 
e [gbé]«[2 ba]«[a C a] [Db c]- [D b c] «(b é à)-0 
e [2 be]+[a bc]=0 
e 2[2 b €]-0, 220 
> [гЪС]=0 


Example 12: For any three vectors a, b, © show that the vectors (а- b),(b- ©) ; (с- а) 


аге coplanar. 


Solution: For (3-5) (Б €)(c- a) to be coplanar we have to show 
lab, bee c-u]e0 


-» 


(а b,b c, e а)=(а b).[(b с)х(с a)] 


=> — > 
-(a- b).[ bx с-Бха-сСхс-сх а] 


-(а- b).[ bx с-Бха-0-ех а] 


> > > 


=a.(bx 2)-а.(Бха)-а .(сха) 
—Б.(®х ©)+ Б.(Бха)-Б.(©ха) 
>>> >> 
=[abc]-0+0+0+0-[bca] 
-(а56)-(а b €] -0 


4 => > > > 
Hence, (a - b, b- с, c - a) are coplanar. 
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Е 
Example 13: Show that a, Б, © аге non-coplanar if and only if а + b, b + с, С+а аге 


non-coplanar. 


z > р > 
Solution: Let a,b,c аге non-coplanar 


opo 
e [a b c] z0 
ә ә ә 
e 2[a b с] #0 
» » » > > > 
e [a+b,b+c,c+a]#0 
> PP? 22 > 
= a+b,b+c,c +a are non-coplanar. 


Examplel4: If a be are the position vectors of points A,B,C, prove that 


(a x b +bxe+ex a) is a vector perpendicular to the plane of triangle ABC. 


Р > э Q o > —. 3 
Solution: We have to show that (a x b + b x c + c Xa) is perpendicular to each of the 


23:55 > 
vectors AB, BC and CA. 


АВ =(БВ-а), BUS -B) and CÀ aa) 

Now, (axb+bxe+exa).(b-a) 
=(axb).(b—a)+(bxe).(b—a)+(exa).(b—a) 
=(axb).b-(axb).a+(bxe). b-(bxc).a« (cxa).b-(exa).a 
-0-0-0-[b e a]+[e a b]-0 [b € a]=[c a b] 

Similarly (axb+ bx e exa).(c- b)-0 

and (ax b bxeexa).(a- c)-0. 


Thus, (a xb+bxe+et+ a) is perpendicular to each one of the vector AB,BC and CA 


and therefore, it is perpendicular to the plane of A ABC. 


35 = >> »- т » 
Example 15: For any three vectors a, b, c prove that[a,b+c,a+b+c]=0. 


> > 
Solution: We have [a, b+c,at b+ c] 


-[2x(b €)].(24 6+ 6) 


=[(axb)+(axe)].(a+ В+ €) 


=(ax Б). а+(ах С). а+ (ах b).b + (ax с). D+ (ax b).c + (ax С). с 


=[abal+[acal+[abb]+[acbl+[abc]+lace] 
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=0+0+0+[a € b] +[a b c] +0 
=[a Ве] [а b е] 
-0 

Непсе, Га, b + с, a+ B+ с|-0 


=: Comprehensive Exercise 17.3 


(Vectors) 


(i) Ifa =2i-j+k, Б-1-31-56, с-31-41-4К, then find a.(bx € 


). 


-» 
с 


(ii) If a =51-4]+К,Б=-41+3)-2К,с =i-2j-7k then find a (b x 


). 
Find the volume of the parallelopiped whose edges аге: 
(1) 1-2)+3К, 21:1-К jak 
(ii) @1-3)+К, i- i+ ]- ÀJ. 
> 4 a a > "Nr ^ 
Show that the vector а =i+3j+k, b 22i-j-k, c =7j+3k are parallel to the 
same plane. 


Find the scalar P such that the vector 21-]+К, 1+2)-3К, 314 р)-5К аге 


coplanar. 


Prove following four points are coplanar: 


t › 


(i) -2-44b-3€,3132b-3c0,-32:8b-36, -34 32b € 


(ii) 24-35-6,8-25-32,3а-45-22,4-68-62 
(iii) А(4,5,1),В(0,-1,-|),С(3,9,4) and D(-4, 4, 4). 
Find the value of X for which the four points with position vectors (i + 2) + ЗЮ), 


(3i-j+2k),(-2i+ n t Ю апа (61-4) 42K) are coplanar. 


=: Answers 


1. (90 000 
2 G)12 (ii) -14 
4. gm 

6. |r=3 
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17.9.2 Vector Triple Product of Vectors 


y cm LX » > > + > 
If a, b, c be any three vectors then ax(bx c) and (ax b) x c) etc. are known as vector 
triple products. 


= 
Theorem 1: For any three vectors a a, b,c 


(i) a x(bxe)=(a.c)b-(a. bye 


(ii) (6хе)ха = (В. а)с (е. a) Б 


Proof: Let a =Hitaj + ask, b =hi+bj+ bk and € =qi+cej+czk 


SE 
; E 
() bxé-|h b А |= (с о) і+ (а cb) + küÜ а) 
а о 8 
=41+4,]+4К 
Where d = сз зс, do = су — bes, da = he, -bc 
1 ] К 
ах(Бхе) а а) а; 
а dy а; 
= (44 — ayy) i+ (в4 -а4;)]+ (ай, -аа,) К 
= Pit P,j+P3k 
Where В = (4245 — tado), Р, = (4 = ads), Po = (ado = td) 
Now, В = (454, -а;%) 


= а) (bic) — рс) -a (bei — hes) 
= (ac) + 303) b — (ay by + ahs) с 
= (aq + йусу + A303) В - (4h + aby +43) д 


Thus, Р, =(a.c)b, -(a.b)c, 
Similarly, Р, 2 (2 .Q)by - (8 .b)o 
Р, =(@.С)Ь - (3.5) 
a x(bxe) =[(a.c)b -(a.b)q]it[(a.c) by - (a .b)o]j 
+[(@.€)b, - (d. b)e]k 
=(а.с) 


) (bit by j+ bk) – - (a .b) (Git Cy j + czk) 
Б 


—(а.Б) c 


=(а.с) 


Непсе, ах(Бх ©)=(а. 2)5-(а.5) с 
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ol 
ю 
^. 
| 
©) 
р 


Непсе, (Б х c) xa zi 


e 
MTS Examples 


(Vector Triple Product) 


Example 1: Verify that ах(Бхс)-(а.с)Б-(а..Б)с given a =i+2j+3k, 


b=2i-j+kand € =3i+2j-5k. 


ij k 
Solution: bxc |2 -1 1|1-1(5-2)-1(3-10)-К(4-3) 
3 2-5 
=31+137+7К 
ij k 
1.Н.5-ах(Бхс)-1:2.:31-1(-25)-2-7К 
3 13 7 
а.с-3-4-15--8 
a.b =2-243 =3 


R.H.S -(а.с) Б-(а.5) с 
=-8(21-]+К)-3 (31+21-5) 
=-251+21+7К 

1.Н.5-8.Н.5 


Example 2: Show that a x(b х ©) + bx(e x а)+ Сх(а x b) -0. 


[B.C.A. (Meerut) 2005] 


Solution: We have a x(bxe)+ bx(e Xa) + e x(a xb) 


> 


ШЕ в-во ДЕН a -(c.a) 8|-o 


Example 3: Show that (a x b)x c= a x(b x ©) if and only if(a хе) x b =Oorifa and c 


are collinear. 


Solution: (a xb)xe 2a x(b xc) if- x(a xb)ea x(bxc) 


= Vector Algebra 


if -|© Б) а-(с dBf a ё)Б-(а Б) с 

if (е ауь-(е Буа-(а c)b-(a b) c 

if (@.Б)а =(а.Б)с 

if (b.c)a—(b.a) с-0 Since c. b=b.canda.b=b.a 
if bx(axe)=0 ie if (ахс)хБ-0 

if either 5-0 ог ахс=0. 


Виї b z 0, therefore a xc =0 which is possible only if а =le 


B » » » » » » 
since ахс-ісхс-і(схс)-0 


> > е 
Hence, а апа с are collinear. 


Example 4: Prove that ix(a xi)+jx(axj)+kx(axk)=2a 


Solution: We have ix(a xi)+jx(a xf + Кх(а х К) 


avd ^ ^. - 


-6.)a-ü.à)i-(.pa-(.a)j*(k.K)a -(K. 


-а (a.ijita (a.j)j+a (a .k)k 


> > 
а-а 
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[B.C.A. (Meerut) 2000] 


a)k 


Example 5: ША, b, € be three non-parallel unit vectors such that â x (a хс) = ;b find the 


angle which á makes with b and ê respectively. 


[B.C.A. (Meerut) 2002, 2005, 2008] 


Solution: Let 6, be the angle between а and band let Ө, be the angle between а апас, then 


ax(bxé)=56 
B а.ӘБ-а.Бе--ь 
=> E 2-2) а Бе 
2 
> â.b=0andâ ё-у=0 
> А.Б =0 and a.é =% 


y 


là || b| cos ө =0 and |â||ĉ] cos 65 - 
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> cos 0, =0 and cos 8, = № [> |а|=|Ь|=|ё|=1 
> 0; =% ап40, =% 
Непсе, 0; 21/2 and0, =х /3 


Example 6: Prove that [a x b, b x с, сх а] = Га, Б, ер 


2) 


Solution: We have (b х с) х(с х а) - d xx a) , where d= (b x 


2 
хс.а) ”-(Бхс.с) а 


ә ә ә 
Example 7: For any three vectors a, b, с prove that 


(axb)xe=ax(bxe) e bx(exa)=0. 


Solution: (ax Б) хе=а x(b x c) 

e ~¢x(axb)=a x(bxc) 

e -[(€.b)a (е.а) В] (a.c) b-(a.b)c 

e (с.а) Б-(е.Б)а -(a.c) b - (a.b) c 

e (2.€)b-(b.c)a-(a.c)b-(b.a)c 

e (b a) € - (b.c) а-0 

e bx(exa)=0 

Hence, (a xb)xe-ax(bxc)ebx(exa)-0 


Example 8: For any two vectors a and b, prove that 
a x[a x(a xb)]-(a .a) (b xa). 
Solution: We have 


a x[a x(a xb)]-a x[(a.b)a -(a.a) b] 


2 (а . Б) (ах а) -(а : a) (ах b) 


= Vector Algebra 


=-(a.a)(axb) [аха=0] 
=(a.a)(bxa) 

Hence, a x[a x(a xb)] 2 (a.a)(bxa) 

Example 9: For any four vectors a,b,c, а prove that 


a x[b x(c xd)] -(b.d)(a xc)-(b.c)(a xd). 


Solution: We have а x [b х(е х d)] E ax[(b : а) c- (Б. с) d] 


-(Б.44(ах2)-(Б.С)(ах4) 


Непсе, 


a x[b x(c xd)] 2 (b.d)(axc)-(b.c)(a xd) 


Example 10: For any vectors a,b,c,d prove that 
a.c a.d 

(axb).(exe)=| | 
а.а Б.а 


> 


Solution: We have (а xb). (е xd) =(a xb). г, where (еха)= т 
=a.(bxr) 
=a .[bx(exd)] 
=a .[(b.d)¢-(b.c)d] 
=(a.c)(b.d)-(b.c)(a.d) 


el 


-» > 
a a 
>> ә 
b.c b 


Example 11: For any four vectors a,b,c, 4 prove that 


(axb)x(exd)=[a bd] с-Їа b c] d 


Solution: We have (а xb) x(e xd) = гх(с х а), where T =a xb 


-(Т .d) с-(Ү. c) d 


-[(2 xb).d] c -[(ax b).c]d 


= [а b d] с-[а Б c] d. 


665 жш 
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Example 12: If a and b are vectors such that 


-» 


Б-0. 


(а х Б) xb- (b x a) xa, then prove that ах 


Solution: We have (ax Б) xb- (b x a) xa 


> (axb)xb=-(axb)xa 

> (axb)xb+(axb)xa=0 

> (axb)x(a+b)=0 

> (axb)=0 ог(а+Ь)=0 or (a x b) || (a+b) (1) 
Now, а+Б=0 >а=-Ь эахБ--5х5-0. 


Also, (a x b) being a vector perpendicular to both а and b, it is perpendicular to (a+ Б) р 
Thus, (ax Б) can not be parallel to (a+ b) 


> 2 
Hence, axb=0 


%%% 


